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Abstract

The Redei-Berge function in noncommuting variables

The deletion-contraction property

Recently, Stanley and Grinberg introduced a symmetric function associated with
digraphs. They named it the Redei-Berge symmetric function, in honor of two
mathematicians, whose results about the number of Hamiltonian paths in a di-
graph they managed to deduce in a new way - using the theory of symmet-
ric functions. This function, however, does not satisfy the deletion-contraction
property, which is a very powerful tool for proving various identities using in-
duction.

We introduce an analogue of this function in noncommuting variables which
does have such property. Furthermore, it specializes to the ordinary Redei-Berge
function when the variables are allowed to commute. This modification allows us
to further generalize properties that are already proved for the original function
and to deduce many new ones.

Digraphs

A digraph X is a pair X = (V, E), where:

= V' is a finite set, called the set of vertices
= Fisa collection E CV x V, called the set of edges.

A V-listing is a list of all elements of V with no repetitions. The set of all V —listings
is denoted as Xy .

For a V-listing o = (o7, . ) € Xy, the X —descent set is the set
XDes(o) = {1 <i<n—1|(0;,0,11) € E}.
fXisl— 2— 3, then

Example :
XDes(1,2,3) = {1,2}  XDes(1,3,2) =0 XDes(2,1,3) =0
XDes(2,3,1) = {1}  XDes(3,1,2) = {2} XDes(3,2,1) = 0.

Ordinary Redei-Berge function

The Redei-Berge symmetric function of a digraph X = (V, E) is

Ux =Y Fxpeo),

geLyY
where Fy's are the fundamental quasisymmetric functions.

Example: If X'is 1 — 2 — 3, then Ux = 3Fy + Fpy + Foy + Fuy-

Noncommutative symmetric functions

Let I1, denote the lattice of set partitions of [n] = {1,2,...,n} ordered by refine-
ment.

For = € II,,, the noncommutative monomial symmetric function, m, is
My = MU T\ T, -

where the sum is over all sequences iy, 4, . . ., i, of positive integers such that i; =
iy, if and only if j and k are in the same block of 7.

Their span is called the algebra of noncommutative symmetric functions.

The noncommutative power sum symmetric function p, is

Pr= M M.

T<o

Let X = (V, E) be a digraph. For f: V — P, a V-listing o = (071, .
called (f, X)—friendly if

floy) < floz) < -+ < f(on) and
f(o;) < f(oj41) for each j € [n — 1] satisfying (0}, 0j11) € E.

.,0,) € Xy is

Let Xy (f, X) denote the set of all (f, X)—friendly V —listings.

For a digraph X = (V, E) with vertices labeled vy, vy, ..., v, in fixed order, its
Redei-Berge function in noncommuting variables is

Wx = M M T )T f (o) T f ()

fVoPoeZy(f.X)

Allowing the variables commute transforms Wy to Ux.

Example : If D,, = ([n],0) is the discrete digraph with n vertices,

with 7l = 1!

Some properties of Iy

For X = (V,E) and Y = (V', E') we define the product X - Y as the digraph on
the disjoint union V' L V" with the set of edges EU E'U {(u,v) | u € V,v € V'}.
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The opposite digraph of a digraph X = (V, E) is the digraph X = (V, E'), where
E ={(v,u) | (u,v) € E}.
For any two labeled digraphs X and Y,
Wyy =Wy - Wy and Wy = Wya.

Decomposition techniques

The deletion of an edge e € E from a digraph X = (V, E) is the digraph X \ e =
(V.E\ {e})
The contraction of an edge ¢ = (u,v) € E from a digraph X = (V, E) is the
digraph X/e = (V', E'), where V' = V' \ {u, v} U{e} and E’ contains all edges in
E with vertices different from u,v € V' and additionally for w # w, v we have
= (w,e) € E'if and only if (w,u) € E and
* (e,w) € E'if and only if (v,w) € E.
If X = (V,E) is any digraph with vertices labeled vy, v, ..., v, such that e =
(vp-1,vy) is an edge in X, then

Wx = Wx\e — Wxye T,
where 1 is a linear operation defined on monomials with (z; z;, .
TiTi, .. T T

in1) T=

1—m2 le————2 1 (2,3)

Digraphs X, X \ (2,3) and X/(2,3) respectively

Expansion in the power sum basis

Let X = (V, E) be a digraph and let Sy be the group of permutations of V. We
define

>of 0 is a

wivﬁMv ={o €Sy | each
If X = (V, E) is a digraph with labeled vertices v;,

Wx= > (D" P

with (o) = 32, (€(y) — 1), where the summation runs over all cycles v of o that
are cycles in X, ¢(v) denotes the length of the cycle y and Type(c) is the partition
of V whose blocks correspond to the cycles of the unique cycle decomposition
of o.

le of X or a cycle of X}.

Contact information

If X = (V, E) is a labeled digraph that is not a disjoint union of paths, then
Wy= Y (=) Wy

If ey, e, ..., epis alist of edges that form a directed cycle in a digraph X = (V) E),
then

Wis.
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