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Abstract

We give a conjectural construction of a monomial basis for
the coinvariant ring Rﬁ,l’z), for the symmetric group &,
acting on one set of bosonic (commuting) and two sets of
fermionic (anticommuting) variables. Our construction
interpolates between the modified Motzkin path basis for

R;D,z) of Kim and Rhoades [2022] and the super-Artin basis

for R,(,l’l) conjectured by Sagan and Swanson [2024] and
proven by Angarone et al. [2024]. We prove that our
proposed basis has cardinality 2" 1!, and show how it
gives a combinatorial expression for the Hilbert series. We

. . . 12
also conjecture a Frobenius series for R,(1 ),

Background

The classical coinvariant ring R{O = Clxy]/(Clxa)S7) is the

quotient of a polynomial ring in n variables

xy = {x1,...,%,} by &,-invariant polynomials with no
constant term. It has dimension 7!, Hilbert series [1]!, and
Frobenius series Yy Lresyr(1) g™a(Ms,. An important
basis of the classical coinvariant ring is the Artin basis.
Haiman [1994] introduced the diagonal coinvariant ring
R,(,Z/O) = Clxn, yu|/(Clxn, yn]$">, where &, acts diagonally
by permuting the indices of the variables. Haiman [2002]
proved that R,(,2 ) has dimension (n+1)"~1, Hilbert series
(Vg(en), ), and Frobenius series V ¢(e,). Haglund and
Loehr [2005] conjectured a combinatorial formula for its
Hilbert series, which was proven when Carlsson and Mellit
[2018] gave a combinatorial formula for V(ey). A
monomial basis was given by Carlsson and Oblomkov
[2018].

Recently, there has been interest (see Bergeron [2020]) in
extending the setting to include coinvariant rings with k sets
of n commuting variables xy, Y, zu, . .. and j sets of n
anticommuting variables 6, ;,, py, . . . (which commute with
Xu, Yn, Zn, - - .)- We denote this by

K
Rgz ) :C[xn/ Y Zn, - On, gannr .. ]

k ]
J(Clxn, Y Zn, - O, Eny oy - - )5
k j

Then R,(lk’j) isa GL; x GL/v X &,-module.
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Modified Motzkin Path Basis for R'"?

The set of modified Motzkin paths of length n, I1(1n) g, is the
set of all paths 77 = (py, . .., pu) in Z2 where p; is:

(a) an up-step (1,1),

(b) a horizontal step (1,0) with decoration 6;,

(c) a horizontal step (1,0) with decoration &;,

(d) or a down-step (1, —1) with decoration 6;¢;,

where the first step must be an up-step, and subsequently,
the path never goes below the horizontal line y = 1.

Define the weight wt(p;) of a step p; of a modified Motzkin
path to be its decoration, or 1 if it does not have one. Define
the weight wt(7r) of a modified Motzkin path the product of
the weights of each step.

Definition (Kim and Rhoades [2022]). The modified Motzkin
path basis B,(,U'Z) is the set of all weights of the modified
Motzkin paths 7t € I1(1)~, that is,

BY? = {wt(r) | 7 € TT(n)0}.
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Figure 1: The basis Bgo,z)_

Theorem (Kim and Rhoades [2022]). The modified Motzkin

path basis basis BS,U’Z) is a basis for RE,O’Z).

Super-Artin Basis for REIM)

Let x(P) be 1if P is true, and 0 otherwise. Let 67 denote the
ordered product 0y, - - - 0y, for T = {t; < - -- < t;}. For any
T C {2,...,n}, define the a-sequence
a(T) = (21(T), ..., a,(T)) recursively by the initial
condition a1(T) = 0and for2 <i <mn,
a(T) = a1 (T) + x(i ¢ T).

Definition (Sagan and Swanson [2024]). The super-Artin set
is

B = [x%0r| T C {2,...,n}

and a < a(T) componentwise}.
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Figure 2: The basis B,

Theorem (Angarone et al. [2024]). The super-Artin set B£,1’1>

a basis for R,(ql’l>4

Conjectural Basis for RE}’Z)

Let {5 denote the ordered product g, - - - {s, for
S={s1<---<sg}.Forany T,S C {2,...,n}, define the
generalized a-sequence a(T,S) = (x1(T,S), ..., an(T,S))
recursively by the initial condition (T, S) = 0 and for
2<i<m,
ai(T,5) = a;1(T,8) =1+ x(i ¢ T) + x(i £ 5).
Definition. We let
B = {x*0r¢s |0r¢s € By
and 0 < w; < o;(T,S)V1<i<n}.
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Figure 3: The basis Bél’z).

Conjecture. The set Bg,l’z) is a basis for R,(,m).

Define
stair,(77) := [k+1],
kea(T(m),S(m))

is

where T(7r) and S(7r) consist of the indices of 6; and ; in the
weight of 7. Let deg,(7r) = |T(7)| and deg;(7) = |S(7)|.
Proposition. Assuming the Conjecture,
Hilb(R$?; g;u,0) = Y udee(mydes M shair, (7).
mell(n)wg

We prove that BE,I’Z)

Theorem. The cardinality of B is 2"~1n!.

has Zabrocki’s conjectured dimension.

The fundamental quasisymmetric function Qg , is defined by

QS,n = Z

a<ay<--<ap,
a;<ajyqifi€s

ZayZay " " Zays

(1,2)

forasubsetS C {1,...,n—1}. Forany b € B, "/, write

n
b=+]xvelch.
i=1
Define i to be an ascent of b if one of the following occurs:

*Bi < Bivt
* Bi=Bi+1=1land a; > a1+ 741 0r

*pi=Pir1=0and a; < ajp1+ Vig1
Forb € Bg,]’z), we say that

Asc(b) :={i€{1,...,n—1} | iis an ascent of b}.
Conjecture.

Frob(Ry ™ q;u,0) = 1wt ol lgdenllio i,
beBi?
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