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Introduction

Higher Rank Non-Symmetric Macdonald Polynomials

The study of Macdonald polynomials has been a central subject in algebraic combina-
torics since their introduction by Macdonald [6]. Cherednik [3] showed that the study
of Macdonald polynomials is intimately tied to the structure of double affine Hecke
algebras. In particular, non-symmetric Macdonald polynomials E,(z1, - -+ ,x,;q,t) may
defined as (suitably normalized) weight vectors for certain operators Y; on the polyno-

mial ring Q(q, t)[zi, - - - , '], Here we Studya hlgher rank generalization of Macdonald
polynomials Ee(x11,-+ ,@1p, 3 Tr1, 0, Trni Q1 -+, @, ) INMultiple sets of variables

and their symmetric, by which we mean Hecke—invariant, analogues. We prove that
many of the desirable properties of usual Macdonald polynomials hold in greater gener-
ality. This work generalizes the vector-valued Macdonald polynomials of Dunkl-Luque
4] as well as the author’s prior work [1].

Set-Up

Let @n = &, X Z" denote the extended affine symmetric group. We embed Z" (non-
trivially) as the set of minimal length coset representatives 6,,/&,,. For¢ > 1ando € G,
we define W7 : (F*)" — (IF*)" by the following:

- \Iﬂr( ) — (Qg_lofm@h T 7an—1)
Qi1 Oy ) " Ve = Ve Yy

For u® = (pY, -+ u") € (Z") define a,e € (F*)" by e - \Pg (),
For u € 7" define T), inductively via Tig ... o) == 1, T () = TjT, |f pi > iy, and
T

= mT,. Forallr > 1, the set {a,.|u® € (Z")"} are the Y—vveights of VIW(q, -, q).

Theorem 2 [BW 25]

Lett, g1, g0, g3, - - - be afamily of algebraically independent commuting free variables. We
work overthe field F := Q(t, 1, ¢2, g3, - - ). Leteq, - - -, e, denote the standard coordinate
basis vectors of Z™. Forn > 1, r > 1 we define the space of rank r Laurent polynomials

by Flayy, -2, - 2y, ar] = Flzy,---,z,] where we use the shorthand z; =
(@, -+, ;). Further, for a € Z" we write z¢ := &} - - - 2. We consider the natural
r-dimensional grading on Flz,,--- ,z,] given by deg(z¢" -+ 22 := (JaV], - ,]al?|)
where ]oz ] = d§)+ —I—()z?(@) c Z. Foreveryl <i<randl <j <n-—1wewrite
¢ Fla,] — Flz;] for the operator

o gl

Ei(ah) = m = -
J( z) @]aj%] $Z7]+1

Similarly, we let (&,,)" act on Flz,,--- ,x,] by permuting the indices of the variables. In
particular, we write s; for the simple transposmon si=( j+1).

,Tn_l,Xlﬂ, ce ,Xnﬂ, € End (Flz,,--- ,z,]) by

) =T

Define operators Ti, - - -

-T _S®r (1_t)z7/;(1);®k®§j®1®rlk>
(r)

> (r) 1)
u X?,(&l o o .zll?;lj ) :: xlz ozl o o .x/’L
(1) () ey om0 (1) () ) (r)
M . Hn n Mn Hn-1 Pn Mg Hp—1
"z ezl ) =g g Li1L1g Ty L1 Lpo " Trn -
Example

2e9 __e1—ey ._—eot2ey 2e1 . es—e1 ._—e1+2ey
Ti(x 7%y 7 Xg ) =X X" ' Xg

. AR 2 2 2 2 2 g2
<1—t)( e1 52 61X €2+ 64_|_X€1X8X362+ 64_|_X61X§1 62K362+ 64_|_X€1X§1 egzgeﬁt 64)

Define the Cherednik operators Y=, - -
}/Z' = tn_zﬂ_l . o

Theorem 1 [BW 251

7Yni1 € knd (F[£1, T 7£r]) by
Tyl - T

The space Flxy,---,xz,] along with the action by the operators T;, X' V! de-
fines a representation V")(qy, - - - ,¢.) for the type GL, double affine Hecke algebra
D,(q1) with parameters (¢, t). Furthermore, V" (q, - - - , g,) is Y-semisimple with one-

dimensional Y-weight spaces.

There exists a unique family of higher rank Laurent polynomials

{Eﬂ(l),..-’u(r)<£17 e qly 5 gy t)‘ r>1, (:u<1>7 T ”u(?‘)) < (Zn)r}

satisfying the following properties:

" Forr=1landp e Z" Ez;;q1,t) = E (211, -+, 10 q1,t) 1S the usual
non-symmetric Macdonald polynomial for u following the conventions of
Haiman-Haglund-Loehr [5].

" Each EM(u’...,ﬂ(r)@h R 7N SR
vveight Q1) . ()

= Forevery p € Z" and (W
polynomials g, depending on p and (8%, - - -

B g, (&
=21 T Eg ... go(Zo; -

G, t) € V<”“>(q1, .-+, qy) IS @ Y-weight vector with

., B e (Z™)", we have for some higher rank Laurent
. B") the triangular expansion

£7~+1; qd1, - 5 4r+1, t)

s Qr+1, t) -+ ZEY%@% e 7£r+1)'
Y<K

y Lpi 1,42, -

Example

Higher Rank Symmetric Macdonald Polynomials

Denote by &, the set of all (), W) e (Z)" such that vV is weakly decreasing
and for all 1 < j < r — 1 whenever v/ = v} we have /" > U We write
<I>ff)+ = d\ N (zn,)". For v* € Y we define the rank r symmetric Macdonald polynomial

P,. as an explicit scalar multiple of e™/(E,.).

Define the space Wé”(ql, oo qy) = €M (Vﬁ(ql, ce ,qr)) of rank r symmetric poly-

nomials with non-negative degree. Here symmetric means Hecke-invariant. Write
Ap =W (Y4 4+Y) = (L4t +-- ")) e,

Theorem 3 [BW 25]

The set of higher rank symmetric Macdonald polynomials {P, } form a A,-
weight basis for WTS )(ql, .-+ qr) with distinct spectrum.
Define the projection maps on higher rank polynomials
( dgl),---,ag) ozgr),m,oz?(f) 1 r
H(m(x(f‘(l) x -XO‘(T)) = 4 z§ o | O‘fzil == O‘v(w)rl =0
- - 0 otherwise.

Define W (g, -+, q,) = lim W”(J”(ql, .-+, q,) as the (r-dimensionally) graded inverse
limit along the maps 1™ and write A := lim,_ A,,.

We may naturally include sets as @\, — CIDfAZAlL+ and define &) := lim_, ®\/. as the

directed union. We represent elements v* € &) as

V.:(V1(1>7°'° 7V7<1?’°”’VY)7"' 7V7(17;)>

for m; > 0 with m({? # 0 and write £(v°*) = max{n, - - - nr} Given v* € @) and
n > £(v°®) we write ¢,(v°) = (V{D, e ,uﬁfj, 0,---,0]-- \ul e ,M%), 0,---,0) € CD%TZF
Using techniques similar to those of Schiffmann-Vasserot [ /] and the author’s prior

work [1] we show the following:

Theorem 4 [BW 25]

. _ 2 2
E(o,1,o>,(2,1,0) (&a X9, 41, 42, t) = X129 1222 —+ (75 — 1)331,25172,1932,3 - ( 2) L1,2T21X22%2 3

1 — C]Qt
+< l— 3 ) ; +( 1—t )(1—75)
L1,1L9 923 L1,1221X22L2 3
1 — qugg °t~2 > 1 — qig; "t 1 — got*

has Y-weight Q(0,1,0),(2,1,0) = ((12 y 44 i , Qo 75)

Properties

For all u* € (Z") Let (u, -+, ul") € (Z")T, 1<j<n-—1and1<?¢<r—1suchthat
si(pl) = p for1 <i < {—1ands, () > p The following hold:

. E';T(Iu(l))”u( )7- — Q1 XlT‘-E

__ . t—1
] Elu(l)’...’M(f—l),Sj(lu(ﬁ))”u(f—l—l)’...,M(T) — <T7 + i O‘M’(j) ) E,LL.
)

ae(j+1

The above are higher rank analogues of the Knop-Sahi relations.

Furthermore, the stability properties hold:

m EO,,LL'(&D .« .
= E,U.;O(ib “ .

s Lry1,d1, " 5 Qr41, t) — E,LL'(£27 s Lea 1,42y 0 5 Qe t)

s Lry1,d1, "7 5y Qr+1, t) — Eu'(@l; Ly q1, gy t)

FPSAC 2025

For all v* € <I>£QL+,

( (1) ()
[P0 = < Pt ) 0 ) Vng1 = = Vg =0
0 otherwise.

Furthermore, the space W)(qy, - - -, g-) admits an action by the positive elliptic Hall
algebra £ of Burban-Schiffmann [2]. Forall» > 1, W) (g, --- ,¢q,) is a graded Et-
module with simple A-spectrum. The A-weight vectors are given for v* € ®1") by the
rank r symmetric Macdonald functions P, := lim,, P,e.
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