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1. Edge-bicolored graphs

4.

Connection
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Given two disjoint finite sets S and / of labels, an [ S,/ ]-labeled

edge-bicolored graph is a tuple (V, Eg, E), where
o the vertex set V is a partition of S U 7,
o Egis a partition of S into blocks of size 2, &
Many ways to
assign labels to

o Eris a partition of 7" into blocks of size 2.
the same graph
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where £*, is the set of all edge-bicolored graphs with vertex degrees
at least 3 and Euler characteristic —n.
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B | Aut(G)| =8

& = set of isomorphism classes of graphs

5. Asymptotics

The non-zero monomials in g

4 determine the graphs involved
in the expression for A,,.

2. Generating function ;

The generating function for graphs with given bidegrees is
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where Z a, (A) x°y" = exp Z u,w%

s5,t>0 u,w>0 uw.
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Let us restrict to k-regular graphs, i.e., restrict to g(x, y) of the form
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where W is the set of non-degenerate critical points of g in C - R?
closest to the origin, and Hg is the Hessian matrix.

3. Exponential integral

Phase
] . transitions ¥ Ay~
t I(z) = 27[] exp (z g(x,y)) dxdy . - N
1 n
[ 0<t<3 (i\/&o) — 64 (5)
marginal likelihood integral Zero-dimensional path mtegral g n
(Bayesian statistics) (Quantum field theory) R L [o-3 91—3 I'(n) 81 1642
J Ty 4 24 x \ =322+104 -3\ 312-181+3
. : 3 :
6. Critical Ising model s G r( 222
\ ) =TT 7 V2i-6\ 3
2 2 4 2.2 4
X X Xy )Y
X, )=——-—"—+—+1—+1"—
e R VTR To Ty &
Corresponding to (algebraic) A
Y ] . A 0g
geometric properties of g(x, y) —(x,)=0
ox
Jg
—(x,y)=0
0y( y)
1 1
A= 7 A= 3 A=4
References

“Bivariate exponential integrals and edge-bicolored graphs” M. Borinsky, C. Meroni, M. Wiesmann,

Le Matematiche, 80 (1), 167-187 (2025)




