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0. Notation

Fq : finite field of cardinality q.
Mn(Fq) : n× n matrices over Fq.

µ, λ : Integer partitions.
λ′ : Partition conjugate to λ.

ℓ(λ) : Number of parts of λ.
hλ : Complete homogeneous symmetric function.
pλ : Power sum symmetric function.

Pλ(x; q, t) : Macdonald symmetric function.
Pλ(x; t) : Hall-Littlewood symmetric function.
Wλ(x; q) : q-Whittaker symmetric function, Pλ(x; q, 0).
W̃λ(x; q) : Hall dual of q-Whittaker function.
H̃λ(x; t) : Modified Hall-Littlewood symmetric function.

ω : Involution on symmetric functions satisfying ωsλ = sλ′.
⟨f, g⟩ : Hall scalar product of symmetric functions f and g.
f ◦ g : Plethystic substitution of g into f .

∆ : A square matrix over Fq.
F∆(x) : invariant flag generating function for ∆ ∈ Mn(Fq).
n

k



q

: Number of k-dimensional subspaces of Fnq .

1. Main Problem
Definition: Given a matrix ∆ ∈ Mn(Fq), a subspace W of Fnq has
∆-profile µ = (µ1, µ2, . . .) if
dim(W + ∆W + · · · + ∆j−1W ) = µ1 + µ2 + · · · + µj for j ≥ 1.

Let σ(µ,∆) denote the number of subspaces with ∆-profile µ.
Theorem: If ∆ is regular nilpotent (nilpotent with one-dimensional
null space), then

σ(µ,∆) =
∏

i≥2
qµ

2
i


µi−1
µi



q

.

Theorem: If ∆ is simple (has irreducible characteristic polynomial),

σ(µ,∆) = qn − 1
qµ1 − 1

∏

i≥2
qµ

2
i−µi


µi−1
µi



q

.

Bender, Coley, Robbins and Rumsey [2, p. 2] proved the above
theorems and posed the following problem in 1992.
Problem: Given µ and ∆, determine σ(µ,∆).

2. Invariant flag generating function
The action of ∆ on Fnq defines an Fq[t]-module on Fnq which is iso-
morphic to a direct sum

k⊕

i=1

ℓi⊕

j=1

Fq[t]
(gλi,ji )

,

where gi(t) ∈ Fq[t] are distinct monic irreducible polynomials and
the sequence λi = (λi,1, λi,2, . . . , λi,ℓi) is an integer partition for each
1 ≤ i ≤ k. Let di denote the degree of gi for 1 ≤ i ≤ k.
Definition: The invariant flag generating function F∆(x) is a sym-
metric function in the variables x = (x1, x2, . . .) defined by

F∆(x) :=
k∏

i=1
H̃λi(xdi1 , x

di
2 , . . . ; qdi) =

k∏

i=1
pdi ◦ H̃λi(x; q),

where H̃λ(x; t) denotes a modified Hall-Littlewood function.

3. General solution to main problem
Theorem (S. R. [3]): For each partition µ,

σ(µ,∆) = (−1)
∑

j≥2 µjq
∑

j≥2 (µj2 )⟨F∆(x), W̃µ(x; q)hn−|µ|⟩,
for each prime power q and each matrix ∆ ∈ Mn(Fq).
Here hλ and W̃λ denote the complete homogeneous symmetric func-
tion and dual (with respect to the Hall scalar product) q-Whittaker
symmetric function.
Several symmetric functions such as the power sum symmetric func-
tions, the complete homogeneous symmetric functions and products
of modified Hall-Littlewood functions arise as F∆(x) for suitably
chosen ∆. When µ is a partition of n, the theorem above entails new
combinatorial interpretations of the coefficients in the q-Whittaker
expansions of each of these symmetric functions.

4. Krylov Subspace Methods
Let ∆ ∈ Mn(Fq) and consider a subset S = {v1, . . . , vk} ⊂ Fnq . The truncated Krylov subspace of order ℓ generated by S is defined by

Kry(∆, S, ℓ) :=




k∑

i=1
fi(∆)vi : fi(x) ∈ Fq[x] and deg fi < ℓ



 .

Let ψk,ℓ(∆) denote the probability of selecting a k-tuple of vectors uniformly at random from Fnq such that Kry(∆, S, ℓ) = Fnq . Estimating
ψk,ℓ(∆) is crucial for analyzing a class of algorithms called Krylov subspace methods. These can be traced back to work by Lagrange, Euler,
Gauss, Hilbert and von Neumann, among others (Liesen and Strakoš [6, p. 8]). For instance, the Number Field Sieve [5] depends on Krylov
subspace methods. Another example is Wiedemann’s algorithm, used to determine the minimal polynomials of large matrices over finite fields.
Theorem (S. R. [3]): For each matrix ∆ ∈ Mn(Fq), we have ψk,ℓ(∆) = ⟨F∆(x), G(n, k, ℓ)⟩, where

G(n, k, ℓ) := q−nk ∑

µ⊢n
ℓ(µ)≤ℓ

(−1)n−µ1(q − 1)µ1q
∑

j≥1 (µj2 )

 k

µ1



q

[µ1]q!W̃µ(x; q).

5. Anti-invariant subspaces
Definition: Given ∆ ∈ Mn(Fq) and a positive integer k, a subspace
W of Fnq is k-fold ∆-anti-invariant if

dim(W + ∆W + · · · + ∆kW ) = (k + 1) · dimW.

Anti-invariant subspaces were originally defined (for k = 1) by Bar-
ría and Halmos [1].
Theorem (S. R. [3]): For ∆ ∈ Mn(Fq), the number of k-fold ∆-anti-
invariant subspaces of dimension m equals

(−1)mkqk(
m
2)⟨ωF∆(x), P((k+1)m,1n−m(k+1))(x; q)⟩.
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