
O
n

z
-
S

u
p

e
r
s
t
a
b

le
a
n

d
C

r
it

ic
a
l

C
o
n

fi
g
u

r
a
t
io

n
s

o
f

C
h

ip
F

ir
in

g
P

a
ir

s

Z
a
c
h

B
e
n
to

n
1,

J
a
n
e

K
w

a
k

2,
S
u
h
o

O
h

3,
M

a
te

o
T

o
rre

s
4,

M
c
k
in

le
y

X
ie

5

1S
ta

n
fo

rd
U

n
iv

e
rs

ity,
2U

n
iv

e
rs

ity
o
f

C
a
lifo

rn
ia

,
L
o
s

A
n
g
e
le

s
,

3T
e
x
a
s

S
ta

te
U

n
iv

e
rs

ity,
4U

n
iv

e
rs

ity
o
f

D
e
la

w
a
re

,
5T

e
x
a
s

A
&

M
U

n
iv

e
rs

ity

A
b

o
u

t
O

u
r

P
r
o

je
c
t

C
h

ip
fi

r
in

g
is

a
gam

e
played

on
graphs

where
’chips’are

placed
on

each
vertex

and
distributed

across
the

graph
through

’firings’.
This

gam
e

sim
ulates

exchange
between

entities
and

has
applications

in
fields

like
biology,physics,and

even
business

com
m

u-
nications.

W
e

study
chip

firing
on

s
ig

n
e
d

g
r
a
p

h
s—

that
is,graphs

with
positively

or
negatively

signed
edges.

C
h

ip
F

ir
in

g
B

a
s
ic

s

Im
agineplacing

som
enum

berofpokerchipson
each

vertex
ofa

signed
graph.Labelone

ofthe
vertices

q:
this

is
the

s
in

k
vertex,and

it
can

be
thought

ofas
having

unlim
ited

chips.To
fi

r
e

a
vertex,we

do
the

following
to

each
ofitsneighbors:

I
O

vera
positive

edge,m
ove

a
chip

from
the

fired
vertex

to
itsneighbor.

I
O

vera
negative

edge,rem
ove

one
chip

from
both

vertices.

Forexam
ple,here

we
fire

vertex
2:

6(v1 )
4(v2 )

q
5(v3 )

≠

+
≠

+
+

æ
5(v1 )

2(v2 )

q
6(v3 )

≠

+
≠

+
+

W
erepresentthestateofthegam

easa
c
o

n
fi

g
u

r
a
t
io

n,which
isan

integralvectorthat
encodesthe

num
berofchipson

each
vertex.

N
ote

thatwe
do

notinclude
the

sink
q

in
configurations,since

we
do

notputchipson
it.

4(v1 )
2(v2 )

q
1(v3 )

≠

+
≠

+
+

æ

Qcccccccccca

421

Rddddddddddb

W
e

define
v
a
lid

s
ig

n
e
d

c
o

n
fi

g
u

r
a
t
io

n
s

on
a

signed
graph

with
respect

to
the

all-
positivegraph

G
+ :Let

M
betheLaplacian

of
G

+ ,and
L

betheLaplacian
of

G
„ .Then,

s̨
isvalid

only
when

M
L

≠
1s̨

hasno
negative

entries.

The
setofallvalid

signed
configurationsiscalled

S
+.N

ote
thatwe

frequently
use

a
dif-

ferentsetofvalid
configurations,

R
+

=
{M

L
≠

1s̨
:s̨

œ
S

+},to
analyze

the
relationships

between
m

ultiple
signed

graphs.

O
u

r
G

o
a
ls

Research
on

signed
chip

firing
began

in
2022

with
[1].

O
urresearch

thissum
m

erbuilds
on

theirwork,finding
answersto

the
two

m
ain

questionsleftto
usfrom

theirpaper:

I
V

e
r
t
e
x

s
w

it
c
h

in
g:G

raphsthatare
s
w

itc
h
in

g
e
q
u
iv

a
le

n
t

alwayshave
the

sam
e

criticalgroup
structure.W

hatisthe
relationship

between
the

superstable
configurationsofthese

graphs?
(T

heorem
1

)

I
D

u
a
lit

y:There
isa

naturalbijection
between

superstable
and

critical
configurationsforunsigned

graphs,butno
such

duality
hasbeen

found
forsigned

graphsuntilnow.In
ourresearch,we

constructed
a

bijection
between

superstable
and

criticalconfigurationsforsigned
graphsthatnaturally

extendsthe
unsigned

duality.
(T

heorem
2

)

G
„

=
1

2

q
3

≠

+
≠

+
+

Switch
v3

≠≠≠≠æ
G

Â
=

1
2

q
3

≠

+
+

≠
+

F
ig

u
re

1
:

T
w

o
s
w

itc
h
in

g
e
q
u
iv

a
le

n
t

s
ig

n
e
d

g
ra

p
h
s
.

S
p

e
c
ia

l
C

o
n

fi
g

u
r
a
t
io

n
s

a
n

d
C

r
it

ic
a
l

G
r
o

u
p

s

A
s
u

p
e
r
s
t
a
b

le
c
o

n
fi

g
u

r
a
t
io

n
isone

where
firing

any
setofverticesresultsin

an
invalid

configuration.
A

c
r
it

ic
a
l

c
o

n
fi

g
u

r
a
t
io

n
isone

thatisboth
s
t
a
b

le
and

r
e
c
u

r
r
e
n

t.

I
A

s
ta

b
le

configuration
isone

such
thatfiring

any
vertex

resultsin
an

invalid
configuration.

I
A

r
e
c
u
r
r
e
n
t

configuration
isone

where,afterfiring
the

sink
q,itispossible

to
return

to
the

sam
e

configuration
aftersom

e
num

berofvalid
non-sink

firings.

G
iven

a
signed

graph
G

„ ,we
denote

the
setofsuperstable

and
criticalconfigurationsin

R
+

assstab(G
„ )and

crit(G
„ )respectively.

Forunsigned
graphs,there

isa
duality

between
superstable

and
criticalconfigurations:

flip
:sstab(G

)æ
crit(G

),
flip(s̨)=

c̨
m

ax ≠
s̨

where
c̨m

ax isthe
configuration

with
deg≠

1
chipsateach

vertex.

Configurations
c̨

and
d̨

are
fi

r
in

g
-
e
q

u
iv

a
le

n
t

(̨c
≥

L
d̨)ifthere

issom
e

sequence
offiringsthattransform

s
c̨

into
d̨.A

lternatively,
c̨

and
d̨

arefiring-equivalentwhen
L

≠
1(̨c≠

d̨)isan
integervector.Each

equivalenceclassunder≥
L

containsexactly
onesuperstable

configuration
and

exactly
one

criticalconfiguration.

W
e

can
m

ake
this

set
of

equivalence
classes

a
group

by
giving

it
a

group
operation.

A
naturaloperation

is
sim

ply
adding

the
configurationsterm

wise.The
group

isdenoted
K

(G
).

C
o

m
p

u
t
in

g
S

p
e
c
ia

l
C

o
n

fi
g

u
r
a
t
io

n
s

A
lthough

verifyingthataconfiguration
issuperstableiseasy,com

putingallofthesuperstableconfigurationsofsom
e

G
„ isachallenge.

To
find

them
,we

m
ustcom

pare
G

„
to

itsunsigned
graph

G
+ .H

ere
isthe

process:

1
Find

allthe
superstable

vectorsof
G

+ .Thiscan
be

done
easily

by
chip

firing
untilyou

can’tanym
ore.

2
M

ark
a

unitsquare
on

the
tip

ofeach
superstable

vector.Fittingly,these
squaresare

denoted
⇤

v̨ .
3

Transform
the

m
arked

spacesby
L

M
1,and

find
the

integralpointsin
each

parallelogram
.A

ny
integralpointsfound

are
superstable

configurationsin
S

+.
N

ote
that,while

squaresare
used

in
thisexam

ple,the
dim

ension
ofthe

search
space

isthe
num

berofnon-sink
verticesin

the
graph.W

e
would

actually
be

searching
n

≠
1

dim
ensionalpolyhedra.

W
hilethism

ethod
works,itisslow.Finding

theintegralpointsin
a

polyhedron
becom

esexponentially
harderwith

added
dim

ensions,
so

finding
a

way
to

reduce
the

dim
ension

willim
prove

e�
ciency

by
ordersofm

agnitude.

Ifa
vertex

hasonly
positive

incidentedges(thatis,itis
lo

c
a
lly

p
o
s
itiv

e),then
the

entry
corresponding

to
thatvertex

willalways
be

integralin
the

preim
age

ofany
signed

configuration.This
allowsusto

substantially
reduce

the
tim

e
ittakesto

com
pute

superstablesforgraphswith
locally

positive
vertices.

O
ptim

ize
≠≠≠≠æ

V
e
r
t
e
x

S
w

it
c
h

in
g

I
s
o

m
o

r
p

h
is

m

V
e
r
t
e
x

s
w

it
c
h

in
g

isan
operation

on
signed

graphs.To
switch

a
vertex

v,invertthe
sign

ofevery
edge

incidentto
v.Two

graphs
G

„
and

G
Â

are
s
w

it
c
h

in
g

e
q

u
iv

a
le

n
t

ifsom
esequenceofvertex

switchestransform
s

G
„

into
G

Â
(Figure

1
).A

notherdefinition
isiftheLaplacians

L
„

and
L

Â
satisfy

L
„

=
Ê

L
Â Ê

forsom
ediagonalm

atrix
Ê

whose
v-th

diagonalentry
is≠

1
ifvertex

v
isflipped,

and
1

otherwise.

T
h

e
o

r
e
m

1
:

S
w

it
c
h

in
g

I
s
o

m
o

r
p

h
is

m

T
heorem

1.
G

iv
e
n

tw
o

s
w

itc
h
in

g
-e

q
u
iv

a
le

n
t

g
r
a
p
h
s

G
„

a
n
d

G
Â

s
u
c
h

th
a
t

L
„

=
Ê

L
Â Ê

,
th

e
m

a
p

⁄
:v

‘æ
Ê

v

is
a
n

is
o
m

o
r
p
h
is

m
b
e
tw

e
e
n

K
(G

„ )
a
n
d

K
(G

Â )
.

This
isom

orphism
allows

us
to

com
pute

specialconfigurations
faster.

G
iven

a
signed

graph,find
som

e
switching

equivalent
graph

with
a

m
axim

alnum
beroflocally

positivevertices.O
n

thisnew
graph

weapply
thedim

ension
reduction

described
in

“C
om

puting
Special

C
onfigurations”

to
com

pute
superstables

of
that

switching
equivalent

graph.
Finally,

we
use

the
vertex

switching
isom

orphism
to

convertthose
superstablesback

into
superstablesofthe

originalgraph.

S
ig

n
e
d

D
u

a
lit

y

W
ecan

constructa
duality

between
signed

superstableand
criticalconfigurations.First,

we
willdefine

the
m

ap
µ

thatisan
involution

on
the

setofsuperstable
configurationsof

the
underlying

unsigned
graph

G
+ :

µ(s̨)=
Y______]______[ s̨

if{L
M

≠
12s̨}

=
{L

M
≠

1c̨m
ax },

sstab(̨cm
ax ≠

s̨)
otherwise

where
sstab(̨cm

ax
≠

s̨)
refers

to
the

unique
superstable

configuration
that

is
firing-

equivalentto
c̨m

ax ≠
s̨.Then,wecan

definetheduality
sflip

thatm
apssigned

superstable
configurationsto

signed
criticalconfigurationsin

R
+.

T
h

e
o

r
e
m

2
:

S
ig

n
e
d

D
u

a
lit

y

T
heorem

2.
G

iv
e
n

a
s
ig

n
e
d

g
r
a
p
h

G
„
,

th
e

m
a
p

sflip
:

sstab(G
„ )

æ
crit(G

„ )
g
iv

e
n

b
y

s̨
‘æ

c̨
m

a
x ≠

µ(Âs̨Ê)+
{s̨}

b
ije

c
ts

th
e

s
u
p
e
r
s
ta

b
le

a
n
d

c
r
itic

a
l

c
o
n
fi
g
u
r
a
tio

n
s

o
f

G
„
.

N
otonly

issflip
a

bijection
between

superstableand
criticalconfigurationsin

R
+,italso

recoverstheusualunsigned
duality

(theflip
m

ap)when
weapply

itto
an

unsigned
graph!

F
r
a
c
k

e
t
s

a
n

d
F

ix
e
d

P
o

in
t
s

If
s̨

œ
sstab(G

)
is

a
configuration

where
L

M
≠

1(2s̨
≠

c̨m
ax )

is
integral,then

the
m

ap
µ

in
the

signed
duality

m
aps

s̨
to

itself;we
callsuch

a
configuration

a
fi

x
e
d

p
o

in
t.

To
analyze

the
num

ber
offixed

points
ofa

signed
graph,we

willstudy
structures

called
frackets.

G
iven

a
chip-firing

pair(L
,M

)and
a

fractionalvector
f̨,the

L
-
fr

a
c
k

e
t

F
Lf̨

isthesubset
ofK

(L)
consisting

ofevery
equivalence

class
that

has
a

vector
representation

v̨
œ

Z
n

such
that

M
L

≠
1v̨

hasfractionalpart
f̨.

The
z
e
r
o

fr
a
c
k

e
t

F
0 ofa

chip
firing

pair(L
,M

)isthe
collection

ofintegralvectors
v̨

such
that

L
M

≠
1v̨

isalso
integral.

Then,the
configuration

s̨
isa

fixed
pointifand

only
if

c̨m
ax ≠

2s̨
œ

F
0 .Thefirststep

to
finding

thenum
beroffixed

pointsisto
study

thesize
ofthe

zero
fracket:

T
heorem

3.
L

e
t

(L
,M

)
b
e

a
n
y

c
h
ip

-fi
r
in

g
p
a
ir

.
L

e
t

p
M

b
e

th
e

p
r
o
d
u
c
t

o
f

th
e

in
v
a
r
ia

n
t

fa
c
to

r
s

o
fK

(M
)/F

M0
e
x
c
lu

d
in

g
th

e
la

r
g
e
s
t

in
v
a
r
ia

n
t

fa
c
to

r
,

a
n
d

le
t

p
L

b
e

th
e

p
r
o
d
u
c
t

o
f

th
e

in
v
a
r
ia

n
t

fa
c
to

r
s

o
f

K
(M

)/F
M0

e
x
c
lu

d
in

g
th

e
la

r
g
e
s
t

in
v
a
r
ia

n
t

fa
c
to

r
.

T
h
e
n
,|F

L0 |=
gcd(|L|M

L
≠

1,|M
|L

M
≠

1)
gcd(p

M
,p

L )
.

The
size

ofthe
zero

fracketisrelated
to

the
num

beroffixed
points:

P
roposition

1.
I
f

th
e
r
e

a
r
e

s
o
lu

tio
n
s

to
c̨

m
a
x ≠

2s̨
œ

F
0 ,

th
e
n

th
e

n
u
m

b
e
r

o
f

u
n
iq

u
e

s
o
lu

tio
n
s

u
p

to
fi
r
in

g
-e

q
u
iv

a
le

n
c
e

is
e
q
u
a
l
to

|F
0 |d

,
w

h
e
r
e

d
is

th
e

n
u
m

b
e
r

o
f

e
le

m
e
n
ts

o
fK

(G
)/F

0
w

ith
o
r
d
e
r

a
t

m
o
s
t

2
.

Both
ofthe

above
results

are
m

ost
usefulwhen

we
have

a
guarantee

that
K

(G
)/F

0
is

cyclic—
forexam

ple,when
K

(G
)iscyclic.W

hen
thisoccurs,wecan

apply
T

heorem
3

with
p

=
1

to
find

the
size

of
F

0 ,and
we

can
also

easily
find

the
num

berofelem
entsof

K
(G

)/F
0 with

orderatm
ost2

depending
on

whetherK
(G

)/F
0 hasodd

oreven
order.
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