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Plethysm

Sum of plethysm coefficients

Permutation equivalence

Plethysm is a binary operation (f,g) — f[g] on the ring of symmetric functions
A. Expressed in terms of the power sum symmetric functions p,,, plethysm is
the unique operation satisfying

= for n,m > 1, pn[pm] = Pnm;
= form > 1, g — pylg] is a Q-algebra homomorphism A — A;
= forg € A, f — flg] is a Q-algebra homomorphism A — A.

We are interested in the decomposition of the plethysm of Schur functions

salsul = D a5 s
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for a partition A F n. In particular, we investigate the sum

Z ay - ()
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Wreath products

Let &,, denote the symmetric group on n elements.

Let &, &,, denote the wreath product of &,, with &,. We can realize it as a
subgroup of &,,, as follows:

For 1 <i < n, define
Pi={(i—Dm+1,...,im}.

We have inclusions &7, < 6,16, < &,,,, where &7, and &,,1 &, are identified

with the stabilizers of (P, ..., P,) and {Py,...,P,} respectively under the nat-
ural &,,,,-actions.

Representation theory of G,

The irreducible characters x* of &, are indexed by partitions A F n.

The Frobenius characteristic map gives a bridge between the ring of symmetric
functions A and the representations of symmetric groups. The Schur function s
corresponds to x* under this map.

All irreducible representations of &,, can be realized over Q.
Hence, the Frobenius-Schur indicator tx* of each irreducible character y* is 1:

1 .
o = ] Z Mo?) = 1.

0€G,

Plethysm coefficients

The plethysm coefficients in our case of interest are given by the inner product
@ = (¢ G, Iig 2,

where Ind and Inf denote the induction and inflation of characters respectively.

Let M (n, m) denote the set of n x n non-negative integer matrices with whose
row and column sums are all equal to m.

We identify &,, with the group of n x n permutation matrices.
Define N™: &, — Z by

N"(0) = #{A € M(n,m) | c AT = A},
where AT is the transpose of A.
Theorem. N™ is a character of &,. Moreover for A + n,

N = D
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Lattice points in polytopes

Let M, (R>) denote the set of n x n matrices with entries in Rx.
For o € &,, define the rational convex polytope
P(o) = {A € M,(Rsp) | A has row sums equal to 1 and 0 AT = A}.
N"™(o) is the number of integer lattice points in the dialate mP(o).
Thus, m — N™(o) is an Ehrhart quasipolynomial.

It also follows that (%) is a quasipolynomial in m.

Example

For n = 3, the quasipolynomials (¥) have been computed in [1].

Forn = 6 and A = 6, we compute using SageMath and the above theorem
that

T 243653 " 243653 y 91173671 4y
g = m m m
o Gm ™ 1434705592320000 31882346496000 573882236928000
B2, 3805030510 . 1496MOGT o,
m 7 N
2942985830400 220723937280000 1337720832000
1072677673 4 14723521 350041981 - 6
m — m° 4+ — m' + O(m’).
2006581248000 7431782400 59719680000
Proof sketch

Define the function 6 : &,,, — C by 8(c) = #{r € &, | 7> = o}. Then
(X" 0) =" =1s00=3,,,x" and

v Sy SCIRICHINP
E as = (0, Indg"s, Infg" ™" x%).
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By Frobenius reciprocity and a bit of manipulation,
S G 1 1 9
(0, ndgris, g x*) = — 3 (m#{r €6 |0 € G’,ﬁ,}> Xo).
‘o€, N
The proof is completed by constructing a surjective m!"-to-1 map
{r€6,, |0 e} = {Aec Mn,m)|cAT = A}.

m
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Call two matrices A, B € M(n,m) permutation equivalent and write A ~ B if
A can be transformed into B by row and column permutations.

Let T(n,m) = {A € M(n,m) | A ~ AT} denote the subset of matrices in
M (n,m) that are permutation equivalent to their transpose.
Theorem. In the case A = n,

> ah, = (1,N™e, = #T(n,m)/~.
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Example

We compute that 83[83] = 89 + 872 + Sp3 + S522 + S441-
Correspondingly, there are five elements of 7'(3, 3)/~, represented by

300 300 210 210 111
030f,{o21],]111],lto2],[111
003 012 012 021 111

Assigning matrices to partitions

Question. Can we define a function ¢y, :

afy = #(dnm) " (v)?

T(n,m)/~ — {v b nm} such that

An analogous problem

Young’s rule implies that

<5m>” = Z Ky sy

vEnm
where K, denote the Kostka numbers.

The RSK algorithm can be used to assign a partition v = nm to each n x n non-
negative integer symmetric matrix A with row and column sums m. Namely, we
apply the RSK algorithm to A and take v to be the shape of either of the resulting
tableaux.

This shows that
> Ky = N"(1s,).
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