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ROOT SYSTEMS AND ALCOVED POLYTOPES

Let & = ®¢, be the root system of type C,,, with simple

roots
a; =2e;and ,q; = ¢; —e;_1, for2 <i < n.

For this set of simple roots, the highest root is § = 2e,,.
The affine Coxeter arrangement g consists of the
hyperplanes

Hop={z €R"|(2,a) =k}, fora e ®* ke Z.
These hyperplanes subdivide R™ into the alcoves of Hg.

Definition (Lam and Postnikov). A polytope P C R" is
an alcoved polytope if it is the union of alcoves of H.
Equivalently, P is defined by inequalities of the form
o < (z,a) < by fora € ®* and a,, b, € Z.

Example. The fundamental alcove
Ao ={z€R"|0< (z,0) < l,a € D}

is an alcoved polytope.

The fundamental parallelepiped is
I, :={z e R" |0< 2z, 20 — 1, ..., Ty —Tp_1 < 1}.
We denote by Z¢, the weak order on the alcoves in II,, with
base region A,.
The type C hypersimplices are
Ac,k={rell, |k—1<2z, <k},
and the type C half-open hypersimplices are
A’ka ={zell, | k—1<2z, <k},
exceptat k = 1, for which Ay, | := Ac, 1.
The lattice generated by the vertices of the fundamental

alcove A, = A¢g,1is A = 1Z" and is exactly the collec-
tion of vertices of the alcoves of He.
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Let A C R™ be a lattice. The Ehrhart polynomial of a

lattice polytope P is Lp(r) = L (r) == [rP N Al.
The h*-polynomial of P is
Bp(t) i= (1 — IS L)
r>0

It has positive coefficients (Stanley) and Vol(P)

= h3(1).

Definition 1
Forn > 1, let

Y1) € [}

X, ={weB, |w”

.

TwO FORMULAS FOR THE /*-POLYNOMIALS OF A/(v B

Using generating functions, we prove the following.

— Theorem 2

Foralln>1land k > 1,

0= X
weXy:
fexc(w)=k—1

where desy denotes the Coxeter descent of 93,, and

fexc(w) := 2|{i € [n—1] | w; > i}|+|{i € [n] | w; < 0}]

is the flag-excedance statistic of Foata and Han.

We obtain another formula of the h*-polynomials of the
hypersimplices using a shelling of their alcove triangula-
tions.

Theorem 3

Forn>1landk > 1,

h*A’C (t) _ Z tbasc(w).
" weXy,:
cdes(w™ )=k

See details below.

Forn eN,let [n] := {m,---,1,1,--- ,n}. Fori,j € [n],
i< AL i < k < j for some k € [n], and

i denotes the cyclic successor of i in [n].

— Definition 4
The big ascent set of w € X, is
BAsc(w) :={i € {T} U [n] | w; < w;+}.

We write basc(w) := | BAsc(w)].

— Definition 5

Let — be the following binary relation on X,:
we say u — w, with w = wyws ... wy_ 1wy, if

1€ BAsc(w) and u = wWiwy...w,_1w,; Or
i€ BAsc(w) andwu=...w,_1wi41WWit2...; OF
n € BAsc(w) and u = wiws...w,_110,.
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The posets (X,,, <) for n = 2,3 with ~ denoting BAsc.

Example. 1y, (t) =5t + 5t2.
-

— Theorem 6

The relation — is the cover relation of a partial order on X,,, and there is an poset isomorphism A : X,, — Z¢,.
Moreover, for every w € X,,, the alcove A(w) lies inside the hypersimplex Ac, cdes(w-1)-

\_

Lam and Postnikov defined the circular descent statistic.
Explicitly, in our setting, we have the following

+ appears before i in

i € CDes(w
Wy WWY - - Wh.

1=
We prove Theorem 6 by explicitly constructing the ver-

tices v!(w), ..., v (w) of A(w) recursively as follows.
First, v (w) = (v} (w), -+ , v+ (w)) where

o (w) ‘ TﬁCDes(w’l)L

fori=1,2,...,n
Then, for k € [n], let

o (w) = 0" (W) + Lew, = v"THW) + 3 (w, + -+ ew,)-
Example 8. Let w = 5312442135. One has CDes(w™!)

{3,2,1,2}. Since CDes(w ') N[5, T] = {2, 3}, then v5(w) =
(0,1,2,2,2). The other v* = v'(w) are

1
5 6 5
v? =0 +265—(O,1,2,2,2),

1
4 5 5
vt = ——2&57(0 1,2,2,2),

1
3 11395
v? =0t +§617(§ 15:2,3)
2_ .3 113495
vi=v"— ~e2 = (35,3, 5,2,35) and,
1_ 2.l 11355
vl =0 +264—(272,2,212-

.

Denote the type BC Eulerian numbers by
Bug = [{w € By, | desw(w) = k}|.

Using a bijection between X, and its complement and
connections between flag statistic and Coxeter descents,
we proved the following surprising relation.

Proposition 7. Foralln > 1and k > 0,
Bn,k = V()I(AC,”Zkfl) + 2V01(AC,,,2k) + VOI(ACMQ)H,1)7

where Vol(Ac,, ;) = 0 whenever j < Lor j > 2n — 1.
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Theorem 9. Forall n > 2, the map Y,,_1 — Y, : w — wn
is a poset embedding. Moreover, the colimit in the category of
posets of the diagram (Y1 — Y — Y3 — ...) is the lattice of
strict partitions.

.
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