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Introduction

Classical work of Hodge [1] described a particular
set of bases for the homogeneous coordinate rings
of the Grassmannian Gr(k,n) and its Schubert va-
rieties under the Plicker embedding. Building on
Hodge’s ideas, Seshadri initiated the study of stan-
dard monomial theory (SMT), with the aim of giv-
ing standard monomial bases for the space of global
sections of line bundles over a flag variety G/ P.
The main goal of our work is to extend the work of
Hodge to positroid varieties in Gr(k,n), based
on works of Knutson—Lam—Speyer. We prove:

e an explicit description of standard monomials
for positroid varieties based on semistandard
Young tableaux.

e an explicit Grobner basis for positroid varieties
with respect to the Hodge degeneration.

e a connection between the promotion (resp.
evacuation) on rectangular semistandard

Young tableaux and rotations (resp.
reflections) of positroid varieties.

e a formula for characters of cyclic Demazure
modules, resolving a problem of Lam.

Pliucker Coordinates

For k <n € Z-,, the Grassmannian Gr(k, n) is
Gr(k,n) ={W C C":dim(W) = k}.

We can represent V' € Gr(k,n) by a full rank k£ x n
matrix

~—

Vi=l|vyvy--- v, =

where V is the row span of V. The Pliicker em-
bedding is the map Gr(k,n) — P(A*(C")) send-
ing V to |wy A - A wgl.

Set R(k,n) .= Clla] : a € ([Z])] to be the homo-
gencous coordinate ring of P(A¥(C")). We use the

convention that for any permutation o € S,

[a(,<1), CLU(Q), Cee ag(k>] — (—1)6(0) - [al, Cee ak].
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We will often represent m = [17_,[a"")] € R(k,n) as
a k x d tableau, where column 7 is strictly increasing
with entries in al”) for all .

LS| <= [1,2,6]-[3,4,5)
214

0[5

Denote B(k,n,d) the set of semistandard tableaux
of shape k x d with entries in |n|.
The homogeneous coordinate ring of Gr(k,n) is

C|Gr(k,n)] = R(k,n)/J. It is the direct sum of

its graded pieces:

ClGr(k,n)] = 53% ClGr(k, n)ly,

Let <, be a degree revlex monomial order on
R(k,n). For a subvariety X C Gr(k,n), let Jx
be its defining ideal under the Pliucker embedding.
A monomial m = I1¢,[a"")] is called a standard
monomial for X if m ¢ init_ (Jx).

Theorem |[1]

The monomials {m € B(k,n,d)} are the degree
d standard monomials for Gr(k,n). They form a

basis of C|Gr(k,n)|q4.

Positroid Varieties

For 1 <1,9 < n, define the cyclic interval
i J] it <7
n\[j+1,i—1] ifi>j

The positroid varieties 11y are a special family of
subvarieties of Gr(k,n).

[ivj]o —

-they contain Schubert varieties as special cases

-rotation /reflection of positroid varieties are
positroid varieties
-each positroid variety 1l¢ can be written as:
= Hygesr, (1)
(4,7)€ess(f)
where

[T o< = 1V € Gr(k, n) : rank(Vj; o) < 1}
Let Jr C R(k,n) be the defining ideal of I1;.

Clll;] = R(k,n)/J; = § Cl fa

Standard Monomials

For a cyclic interval S = [, 7]° and r < ||i, 7]°|, set

oSV i=[j+1,i— 1]

orY :=n—k—|[,j]°| +r

o For m = 12 ,[a'] € R(k,n), define m" to be
jg:l[a(i)v] € R(n — k,n), where al)V = n \a(i)
for all ¢ € [d].

For a SSY'T, a generalized antidiagonal for the
rank condition |z, j| < r is a vertical strip of size

r+ 1 with entries in |7, j| that are strictly increasing
from NE to SW.

Example

Let n =5, k = 3, and consider the positroid
variety Il y<o. The following m € B(k,n,d)
contains a generalized antidiagonal for the rank
condition |2, 4| < 2:

21 [172] [172] [112] [1[1]2
3. [213], [313], [314]. [2[3]4].
4| [4]5| [4[5| [4[5] [4]5]5

For S = |1, 7]°, define Bg<,(n, k, d) to be the set of
monomials m corresponding to SSY T of shape k£ x d
with entries in |n| such that

-m does not have any generalized antidiagonal for
S<riti <y;

-m" does not have any generalized antidiagonal
for SV <rVifi>j;

Define

Bf(ka Uz d) — ﬂ B[i,j]oﬁr(f)i,j(kv Uz d)

(4.7)€ess(f)

Theorem |[2]

The monomials {m € By(k,n,d)} are the degree
d standard monomials for 11¢. They form a basis

of C[Hf]d

Promotion

Let promotion be the map prom : B(k,n,d) —
B(k,n,d) defined as follows:

-If m € B(k,n,d) does not contain n, then
increase each entry of m by 1.

-If m contains n, replace each n with e and
perform the jeu de taquin (jdt) slide:

y

% ; it b < cor a,bdo not exist,
alc| |
el 7\ |
s if b > c or a,c do not exist

until no longer possible. Replace each e with 0
and increase all entries by 1.

Let evacuation be the map evac : B(k,n,d) —

B(k,n,d) defined by:

e first replace every entry x with n+1 —«
e then rotate the tableau by 180°.

)

Theorem |2]

Promotion (resp. evacuation) bijects the set of
standard monomials for a positroid variety 1l;
and those of its cyclic shift x(II;) (resp. its re-
flection Il = wy - [1).

Example

Consider the positroid variety Il y<; C Gr(3,7),
then X(Hf) — H[375]§2 and wq - 11y = H[4,6]§2-

112 112 112 112 0]2 113
3I5|—=13|5|—=|3|e|—|e|3|—|1|3|—1]2|4|
4|7 4| e 415 415 415 510
112 7106 114
evac |3 |o|— 5|3 |— |35
417 411 6|7
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