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e The Schubert problem asks for combinatorial interpretations
of the sfructure constants ¢, € Zx, In The expansion o, - o, =
2w CuoOw With respect to the Schubert classes o, € H*(G/B; Z).

e Boolean elements plays a crucial role in the study of Schulbert
calculus. For instance, the Schubert variety X, is a toric variety
if and only if w is boolean (4), and the Schubert variety X, 1)
is L;-spherical if and only if ¢ is boolean (2, 3).

Goal: Make progress tfowards the Schubert problem in the

poolean case. ,
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e A Weyl group element w € W is boolean if and only if w is G
product of distfinct simple reflections.

e The boolean diagram B(w) of a boolean element w € W:
€.J. W = 85352545557 € W(E7)

e Define two kinds of boolean insertions and their multiplicities
mul() and weights wt() as follows:

= Non-equivariant boolean insertions:
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For the Dynkin diagram of type C,, there are two edges from

ay TO a3 and one edge from a3 10 ay.
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= Equivariant boolean insertions:

O & = =) O & = )
% e% Q3 Uy % o o% Q'3 QU4 mul = 1, Wt = 2t2 —+ 2t3 -+ t4

where t, = w, — so(Wa).

Let G be a complex, connected, reductive algebraic group and B be a Borel subgroup
of G with a maximal torus T and the Weyl group W = Ng(T)/T.

Theorem 1 (Torus equivariant cohomology version) For boolean elements u,v,w € W,

> mul(u W w) - wh(u W w), If there exists a boolean insertion path v W

d¥ = S(v)
u,v U~~>wW
0, otherwise
. , : : S
where the summation is over all boolean inserfion parhs u ) w.

Corollary 1 (Cohomology version) For boolean elements u,v,w € W,

S . . . . . , S
> mul(u W w), If there exists a non-equivariant boolean insertion path v W
Cg,v — us«(fg)w
0, otherwise
where the summation is over all non-equivariant boolean insertion parths u % w.

The implementation of Corollary 1 yields a multiplicity-free result in type A.
Corollary 2 (Multiplicity-free) For boolean elements u, v, w in the Weyl group of type A,

. ; ; . : : S S
., = 1 If There exist non-equivariant boolean insertion PArhs u Y and v Y w; ¢, =0

oftherwise.
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e Step 1: The equivariant Chevalley’s formula (1, p.351, Theorem 19.1.2) indicates that

gl (& JT6) = Do mul(u < wywi(u < w).

pes U w
e Step 2: A very unigque property of boolean elements: If u o w and v & w, then
alee)=led(a IT &) =l (( I &.)&) =led(( IT &) ( IT &)
peS(v) aeS(u) aeS(u) peS(v)

Reason: For distinct boolean pairs (v',v) and (u”,v”) such that S(u') = S(u") and 5(v') =
S(v"), the Schubert expansions of &, - & and &,» - £,» Share no common boolean ferms.
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It suffices fo show the following fact: In type A,,, fix an ordering S = {5;,--- , 8,} of A set
of simple roots S C A, then there exists at most one non-equivariant boolean insertion

path u 2 for any boolean elements u, w € W.

Assume that there are two distinct non-equivariant boolean insertion paths v = ¥
w22y — g and w = o 2 o0 L2y ) — o which firstly dliffer at the i-th step.
e Case 1: B(u'™) and B(v'"™)) possess reverse directions on some common edges.

e Case 2:
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u'™) has more vertices than v on the left of ;.. So do «!”, v and 8, whenever i > i
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e Goal: In Type Ajz, let u = 548353811512, S = {2,3,6,7,8, 12} and
W = S756S5554595359535115135192: Figure out a boolean insertion pCITh
S , :
u ~ w If exists.

e Runtime: O(n?).

o e s @ mmmly @ mmmly @ mmml- @ mmmly- @ <¢uum @ mmm)- @ O 0 ¢uum @ == @
eBw):1 2 3 4 5 6 7T 8 9 10 11 12 13

Each inserfion should yield a new boolean diagram contained

N B(w).
o Inifialize: S — {2.3.6,7.8, 12}
Bu:1 2 31 5 ¢ 7 8 9 10 112 13

eStep 1: Insert all the verfices ¢ such fthat all the possible
boolean insertions B ~» can only add a unique vertex into B.

nu 5w, § = {3,6,7,8,12

o e eowmmPp @ O O O [ O O o <¢umeo O
BuWy: 1 57371 5 ¢ 7 8 9 10 112 13
s 5 u?, § = {37,812}

O e <fem @ - @ O ° O [ O O o <¢umeo O
Bu®)y:1 2731 5 ¢ 7 8 9 10 112 13
nu® 5 0, § = {3,8,12)

(3) . O— 0 <m0 =@ O O @—n-@ O O o ¢uumeo O

Bw“):1 2 3 4 5 6 7 8 9 10 11 12 13
au® 5w, S = {3,12)

O ¢ gmmo==po O ¢ mmd— 0 <m0 ==p—o O o ¢umeo O
BuWy: 1 27371 5 6 78 0 10 112 13

o Step 2: Write S = {1, < --- < i} (S = {3,12} In our example)
and B(w)\ B = {51 < -+ < gt B(w) \ B = {5,13} In our ex-
ample). Do B & B' (k= 1,--- ,m) such that the newly added
vertex in B'is exactly j, and that B’ C B(w) if possible.

nul® ), § = {12}

OO <@ =l @ =l @ )@ @ uun-@ mul@ O o ¢guumueo O
Bu®): 1 3T 31 5 6 78 9 10 112 13
12
-u(5) A U(G), S —

O—Q—«—Q—*—Q—W—Q—*‘ O
Bu9)y: 1 27 31T 5 6 718 9 10 112 B

e Result: A boolean insertion path

0) .2, 1.5 2.0 .06 5 @7

(5) 12

u = ul S = .
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