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Outline Type A result Lusztig nonnegativity
* Bloch and Karp [BK] showed that

two natural notions of nonnegativ- | MM )

ity coincide for many partial flag
varieties of type A.

Our goal is a type B and C analogue of: We describe a parameterization of the Lusztig positive part of *Fl.,, using the
following matrices, which come from a choice of Chevalley generators for the Lie
algebra of the appropriate type. Making this choice corresponds to choosing a
Flag Variety 1. The Pliicker positive and Lusztig positive type A flag varieties coincide: pinning of the linear algebraic group of the appropriate type.

Fl., = Fl." Let E; ; be the matrix with a 1 in row ¢, column j and zeros elsewhere.

(A) yf(t> = [+ tEi,i+1 fori € [n — 1]

Theorem ([BK]). The following are equivalent:

Lusztig Positive

* Type B or C partial flag varieties
can be realized as a subset of type
A partial flag varieties satistying
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2. The Pliicker non-negative and Lusztig non-negative type A flag varieties coincide:

J

some extra conditions. Fl,, = FL.." B) 4 (t) =1 +tEii1 + tEmiiznsr—i fori € [n — 1],
* There are two analogous notions of nonnegativity for type B and C 3. The rank vector consists of consecutive integers: yp () =1+ V2t pi1 + V2t Epiinro + By o
partial flag varieties. — (a,a+ 1 b) ~ -~ o (C) yf(t) =I+tE; i1+ tEy_jom—iy1forie n—1].
* Key Idea: For each definition of nonnegativity, we show that the non- ST BB e L2 n-2 n-1 yO(t) = I+ tE, i1
negative part of the type B or C flag variety lies within the corre- oo
: - : 1000
sponding nonnegative type A flag variety. For example, when n = 2, yB(t) = <§ é g § g) and < (1) = (8 I 8)
* We conclude that in many cases, the two notions coincide. 00001 U
Main result The following equations hold:
- (BBEG)). Let n > 3. Then the follow o v (1) = yz“(z)y%‘}mj(t)\,/ €l =1y (t) =y (B i(t), i€ n—1]
o eorem .Let n > 3. Then the following are equivalent: U (t) = Y5 (5)Yna (V 20y (J5) Un () = Y ()
Flag Varieties 1. SOFLY ., = SOFI!, 2. SOFLZ) . = SOF.", V2 Y1 V2
) Tk = ) e A lg Vorhy P& A i A Rl o e e 4B, 0 . Le Lo e o comget o
r
5. r=(a,a+1,...,n) oo e w8 o o [ eie ’ ey 75 . O
Flp, = {L, C - - C L, CR" | dim(L;) = r; fori € [K]}. b srobomo b2 me2aslom the roots of the appropriate type. [Alterngtzvely, one may take i to be any sufficiently
long random sequence in n — 1| (type A) or in |n] (types B or C)].
! For n = 2, items 1 and 2 are no longer equivalent to the rest.
1 ’ . : : . og 0 . . .
(B) Let EP be the (2n+1) x (2n 4+ 1) symmetric matrix | Leti = (¢1,...,iy). The Lusztig positive flag variety, due to Lusztig [Lus], is:
—1
i N
>0 -
The Type B Flag Variety of rank r is: . . X, = H yi(t;) | Vi €[N], t;>0
Pliicker Nonegativity -1
SOFlLont1 = {(L1, ..., L) € Fliyp | vE°w =0 Vo, w € Ly} . We represent flags in % Fl,.,, by n x n matrices (non-ungiuely). The Lusztig nonnegative flag variety is:
F=(L XL = %Fl.
— 1c...ch) r;n 0
L M N L; = rowspan(first r; rows of M)
(C) Let E¢ be the (2n) x (2n) skew-symmetric matrix | L b Z
1
-1 The Pliicker coordinates of F' are certain minors of M. Specifically, for each
The Type C Flag Variety of rank r is: i € |k, take all the r; x r; minors of M inrows 1,...,r;.
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Example

Letn = 2 and r = (1,2). We give an example of a flag in SpFl(ﬁ?Q);Q _ SpFlﬁE?;z- We We can obser.ve that this mgtrix represents a ﬂag in SpFl 23 For in- Conversely, observe that for matrices of this form,
start with an expression for the longest word in the type C' Weyl group, s;s»s15,. For | Stance, applying the form £ to the first 2 rows gives P, (Pyy)? P, Py,
positive parameters a, b, ¢, d, construct a Lusztig positive flag represented by: (1)(bc) — (a+c)(b+d) + (ab+ ad + cd)(1) — (abc)(0) = 0. a= 5 b= 5 C= 5 and d = o

o ) o . 23 24 23 24

y< (a)yS (D)y" (c)yS (d) = (é % % §> <é g (113 §> <é g § §) (é g 51)1 §) — (é agc abﬁ%dj @G ) Observe that this is also Pliicker positive. For instance, Moreover, one can show that the Pliickers in these expressions uniquely
0001 000 1 0001 000 1 0 0 09 P, =a+c, P, = abc, Py = be, Py = b2, and Py, = beld. determine all others. Thus, Pliicker positivity implies Lusztig positivity.
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