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Ehrhart Theory
Non-equivariant Ehrhart theory
Q ⊂ Rd : lattice polytope of dimension d

Ehr(Q; t) := 1 +
∑
m≥1

|mQ ∩ Zd|tm =
h∗Q(t)

(1 − t)d+1

The polynomial h∗Q(t) is called the h∗-polynomial of Q.
• h∗Q(t) ∈ Z≥0[t] with degree ≤ d
• h∗Q(t) : palindromic⇐⇒ ∃r ∈ Z>0 s.t. rQ is reflexive

Equivariant Ehrhart theory
G : finite group acting linearly on Zd i.e. ∃ρ : G → GL(Zd)
Q ⊂ Rd : lattice poly. of dim d invariant under G-action
RG : the complex ring of virtual characters of G
χmQ ∈ RG : the character of the representation associated
with the permutation of mQ ∩ Zd by G for m ∈ Z>0� �

Ehr(Q, ρ; t) := 1 +
∑
m≥1

χmQtm ∈ RG[[t]]

h
∗(Q, ρ; t) := Ehr(Q, ρ; t) · (1 − t) det(I − ρt)� �

The series (sometimes, polynomial) h∗(Q, ρ; t) ∈ RG[[t]] is
called the equivariant h∗-series/polynomial of Q w.r.t. G.

REMARK For g ∈ G, let Qg = {x ∈ Q : g · x = x}. Then

Ehr(Q, ρ; t)(g) = Ehr(Qg; t) for ∀g ∈ G

• g(t) =
∑s

i=0 biti ∈ RG[t] : effective
def
⇐⇒ each bi is an actual

character, i.e., bi ∈
∑
χ:irr. char. Z≥0χ.

γ-nonnegativity
Let f (t) =

∑s
i=0 aiti ∈ Z≥0[t] with ai = as−i (∀i). Then

∃γ0, . . . ,∃γ⌊s/2⌋ s.t. f (t) =
∑⌊s/2⌋

i=0 γiti(1 + t)s−2i.

f (t) : γ-nonnegative
def
⇐⇒ γi ≥ 0 (∀i)

γ( f ; t) :=
∑⌊s/2⌋

i=0 γiti : γ-polynomial of f (t)

EXAMPLE Q = [0, 1]3 G = S3 ↷ Z
3

=⇒ Ehr(Q, ρ; t)(e) = Ehr(Q; t) =
1 + 4t + t2

(1 − t)4

(det(I − ρ(e)t) = (1 − t)3)

Ehr(Q, ρ; t)((1 2)) = Ehr(Q(1 2); t) =
1 + t

(1 − t)3 =
1 + 2t + t2

(1 − t)2(1 − t2)
(det(I − ρ((1 2))t) = (1 − t2)(1 − t))

Ehr(Q, ρ; t)((1 2 3)) = Ehr(Q(1 2 3); t) =
1

(1 − t)2 =
1 + t + t2

(1 − t)(1 − t3)
(det(I − ρ((1 2 3))t) = 1 − t3)

Hence, h∗(Q, ρ; t) = 1 + (2 + χ)t + t2 = 1 · (1 + t)2 + χ · t1

S3 1 sgn χ

e 1 1 2
(1 2) 1 −1 0

(1 2 3) 1 1 −1

Order polytopes
P = {p1, . . . , pd} : poset equipped with a partial order ≺

O(P) :=
{
(xi) ∈ [0, 1]d : xi ≤ x j if p j ⪯ pi in P

}
We call O(P) the order polytope of P ([3]).

P : graded
def
⇐⇒ every maximal saturated chain in P has the

same length
Theorem ([1])� �
P : graded poset ⇒ h∗

O(P)(t) is γ-nonnegative� �
Main Result

Our Goal
Find a good class of polytopes with group actions
having effective γ-polynomials.

Theorem (see [2])� �
P : graded poset G : a subgroup of Aut(P)
Then h∗(O(P), ρ; t) is γ-effective.� �

Example
G = D3(� S3) = ⟨σ, τ : σ3 = τ2 = e⟩
P = {p1≺p5≻p2≺p6≻p3≺p4≻p1} G↷ P as follows:

p1 p2 p3

p4 p5 p6

The action by σ

p1 p2 p3

p4 p5 p6

The action by τ

p2 = p3p1

p6p4 = p5

The quotient poset P/τThe quotient poset P/σ

p4 = p5 = p6

p1 = p2 = p3

Then G↷ Z6 makes O(P) invariant.

Ehr(O(P), ρ; t)(e) = Ehr(O(P); t) =
1 + 11t + 24t2 + 11t3 + t4

(1 − t)7

Ehr(O(P), ρ; t)(τ) = Ehr(O(P/τ); t) =
1 + 5t + 8t2 + 5t3 + t4

(1 − t)3(1 − t2)2

Ehr(O(P), ρ; t)(σ) = Ehr(O(P/σ); t) =
1 + 2t + 3t2 + 2t3 + t4

(1 − t)(1 − t3)2

Hence,
h
∗(O(P), ρ; t) = 1 + t4 + (5 + 3χ)(t + t3) + (9 + sgn + 7χ)t2

= 1 · (1 + t)4 + (1 + 3χ) · t(1 + t)2 + (1 + sgn + χ) · t2
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