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Abstract

We define a multivariable generalization of the Eulerian polynomials using linear and descent based
statistics of permutations and establish the connection with the («, t)-Eulerian polynomials based on
cyclic and excedance based statistics of permutations. As applications of this connection, we obtain
the exponential generating function for the multivariable Eulerian polynomials and v-positive formulas
of two variants of Eulerian polynomials. We also show that enumerating the cycle André permutations
with respect to the number of drops, fixed points and cycles gives rise to the normalised ~-vectors of
the («, t)-Eulerian polynomials. Our result generalizes and unifies several recent results in the literature.

Introduction

For any positive integer n, we denote the symmetric group of [n] :={1,2,...,n} by &,. Foro € &,,
the integer i € [n — 1] is called a descent (des) if (i) > o(i + 1); an ascent (asc) if o(i) < o(i + 1); an
excedance (exc) if i < o(i). It is well-known that the Eulerian polynomials A, (x) have the following
combinatorial interpretations:

An(a:) — Z xasc(a) _ Z xdes(a) _ Z xexc(a). (1)

oeB, occB, ce6y

Let M,, be the set of permutations ¢ € &,, such that the first descent (if any) of o appears at
a‘l(n). The binomial-Eulerian polynomials were introduced by Postnikov, Reiner, and Williams as the
h-polynomials of stellohedrons, and can also be defined as in the following

n
Ap(z) = Z pdeslo) — 1 4 4 Z (Z) Am(x). (2)
ceMp 11 m=1
It is well-knownthat the Eulerian polynomials A, (x) have the following v-positive expansion
/2] /2]
Appr(@) =Y njal(L+2)" % = N Ddy, jal(1+2)" (3)
J=0 j=0

where v, ; is the number of permutations without double descents having j descents in &,, 1 and dy, ;
is the number of Andre permutations with j descents in &4 It is also known that the polynomials
An(x) have the following gamma positive formula

Ap(x) =Y Anjal (1+2)" %, (4)
7=0

where 7,, ; is the number of o € M1 such that o has j descents and no double descents. For

o € Sy, anindex i € [n] is a drop (drop) of o if i > o (i); a fixed point (fix) of ¢ if i = o(i). We shall also

consider a permutation o € &, as aword o = o1 ...0, With g; := o(i) for ¢ € [n]. Say that a letter g;

is a left-to-right maximum (Irmax) of o if o; > o; for every j < i; a right-to-left maximum (rlmax) of o if

o; > o forevery j > i.

In the middle of 19/0’s Carlitz-Scoville considered several multivariate Eulerian polynomials, among
which are the so-called (a, 3)-Eulerian polynomials

Ap(z.y| . B) = Z £75¢(0),,des(0) o max(@)—1 grmax(o)—1. (52)
0€G6n 41
and the following («, t)-Eulerian polynomials,
AY 2yt | @) = Z 2&Xc(0) drop(o)fix(o) o cye(o) (5b)
ceS),
where cyc(o) denotes the number of cycles of o.
For a permutation o = o7 ... oy, € Sy, we say that an index i € [n] is a cycle peak (cpk) of o if o~ 1(i) <

i > o(i); cycle valley (cval) of o if 671(i) > i < o(i): cycle double ascent (cda) of o if 0~ 1(3) < i < o(i);
cycle double descent (cdd) of o if o~ (i) > i > o(i). Note that cpk(o) = cval(o).

Theorem 1
If xy = wjuo and x + y = ug + uy, then
Ay (gt a) = Z (u1u2)0pk(a>u§da<0>ude<0>tﬁX<")ozcyc("). (6)
eSS,

let o =01 ...0, € G, with the boundary condition 0 — 0. A letter g; € [n] is a

= left-to-right-maximum-peak (Imaxpk) if o; is a left-to-right maximum and also a peak;
= right-to-left-maximum-peak (rmaxpk) if o; is a right-to-left maximum and also a peak;

= |eft-to-right-maximum-double-ascent (Imaxda) if o; is a left-to-right maximum and also a double
ascent;

= right-to-left-maximum-double-descent (rmaxdd) if o; is a right-to-left maximum and also a double
descent.

Let u = (uq, ug, us3, uyg) and define the generalized Eulerian polynomial

Ap(u, f,g,t]| e, B) = Z (ulw)val(a)uga(@ujd(a) flmaxpk(o)~1 rmaxpk(o) ~1

0€6n41

« imaxda(o)+rmaxdd(o) lmax(a)—lﬁrmax(a)—l.

@

The following is our second main result.

Theorem 2

If xy = wjug and z + y = ug + uy, then

_acyce aus + Suy
Anlt £t ) = A7 (.0, 9 e af + ). 7)
Sketch of the proof

We prove Theorem 1 by combining a variant of Foata's fundamental transformation with cyclic valley
hopping and Theorem 2 by establishing a bijection.
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A symmetric (o, t)-Eulerian identity

Define two kinds of («, t)-Eulerian numbers as follows:

n\ ¢ cyc(o) fix(o)
_ E 1<k <
</€>oz,t . t ( = n>, (83)
O'EGn
exc(o)=n—k
and asc
n _ rmax (o) rmaxdd(o) 1< k<
<k>w, Z; oM () (1<k<n) (8b)
ocOn

asc(o)=n—k
It is easy to see that A (x,y, t(z +y) | ) is symmetric in z and y because the involution ¥ : ¢ — ¢~}
for o € &, satisfies (exc, drop, fix) o = (drop, exc, fix) e~ 1. We have the following (a, t)-analog of

Chung-Graham-Knuth's symmetric Eulerian identity.

Theorem 3

(Ko™ s = il 7

For integers a,b > 0, we have

and

v-positivity of (o, t)-Eulerian polynomials

Define the (a,t)-Eulerian polynomials Ap(z,y,¢|a) and the (a,t)-binomial-Eulerian polynomials
An(z,y,t| a) by, respectively,

Ap (z,y,t| o) = Z leasc(a)ydes(a)tlmaxda(a)Jrrrmamld(a)Cvlmax(a)+1“rnaz><(a)—27 (10)
0€6p+1

Zn(ili’, Yt ) = Z :Casc(a)ydes(a)tlmaxda(a)Jrrmade(a)&lmax(0)+rmax(0)—2. (11)
cEMp 11

From Theorem 1 and 2, we derive the following combinatorial interpretations of the coefficients in the
v-expansion of Ap(x,y,t|a) and Ap(x,y,t| a).

Theorem 4
For 0 < j < [n/2], we have
[n/2]
An(z,y,ta) = jlas ) zy) (@ +y)" >, (122)
j=0
) n/2 | |
An(w,yt]a) = Fo o t)@y) (z+y)" Y, (12b)
=0
where
an(oz, £) = Z OélmaX(J)Jrrmax(a)—2trmaxdd(a) (13a)
0cG gizl?asc: 9
_ Z Qcyc(a)—ﬁx((f)acyc(a)tﬁx(a); (13b)
066%(712;0:]-
and
%w-(oz, ) = Z omax(o)—1lyrmaxdd(o) _ Z o 0ve (0)4ix(0) (13¢)
oeM ga—bi—:l(,)asc: j o0& %?2}(200:]'

with ngslggj ={0 € &, :stl(c) =0 and st2(c) = 5} for X € {&, M}.

v-vetcor of («, t)-Eulerian polynomials and cycle André permutations

For 0 < j < [n/2], letd, j(a,t) = ”ynjj(oz,t)/Qj, then, Eq. (12a) reads
[n/2]
An(w,y,tla) =y 2dy jla,t)(ay) (x+y)" Y. (14)
7=0
For a fixed x € [n], say that 0 € &,, is an André permutation of the first kind (resp. second kind) if o
has no double descents, i.e., o,_1 > 0; > 0,41, and each factorisation u A\(x) x p(x) v of o has property

" \x) =0if p(x) =10,
* max(A\(z)) < max(p(z)) (resp. min(p(x)) < min(A(x))) if M(x) #£ 0,

where A(z) and p(x) are the the maximal contiguous subword immediately to the left (resp. right) of
x whose letters are all greater than z. Let Al (resp. A2) be the set of André permutations of the first
(resp. second) kind in &,,. A right-to-left minimum (rmin) of ¢ is an element ¢, such that o; > o;if
j > i. Aletter g; € [n] is a right-to-left-minimum-da (rminda) of ¢ if it is a double ascent and o; is a
rmin. Let C' = (aq,...,a;) be a cycle of A with a1 = min{ay,...,a.}. Then, cycle C is called an André
cycle if the word ay...a; is an André permutation of the first kind. We say that a permutation is a
cycle André permutation if it is a product of disjoint André cycles. Let CA,, be the set of cycle André
permutations of |n).

Theorem 5

For0 < j < [n/2], we have

dn,j(% t) = E tﬁx(a)&cyc(a) _ E trminda(a)oérmin(a)—lj (i=1,2). (15)
droi(a):j Ze“(él%%)—l
es(o)=j
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