A charge monomial basis of the Garsia—Procesi ring
Mitsuki Hanada®

IDepartment of Mathematics, UC Berkeley

Combinatorial Definitions

¢ A standard Young tableau (SYT) of shape A - n

is a filling of A where {1,...,n} appear exactly once
and the entries are increasing within the rows and
columns.

A=(4,2,1)

For a permutation o € S, the Major index statistic
is maj(0) = Yigzo,, i

The Robinson-Schensted correspondence gives
a bijection

Sy & {(P.Q) | P.Q € SYT,,shape(P) = shape(Q)}
where o — (P(0),Q(0)).

Charge

The Charge statistic on permutations is related to maj by
maj(o) = charge(w) for o = rev(w™).

The charge word c(w) of w is a labeling of w given by:
o label 1 by 0,
@ if we label 7 by k, we label 7 + 1 by
k+1 ifi4 1is to the right of ¢
k if i is to the left of ¢
The word consisting of these labels is the charge word ¢
w=42153
c(w)y=10021
Here are some facts about charge:
e charge(w) is the sum of the entries in c(w).
e For SYT T, define charge(T) := charge(rw(T')) where
rw(T) is the row reading word of T'.
o If P(w) = P(w'), then charge(w) = charge(w’).

Frobenius character

For a S, representation V', the Frobenius character of V/
(Frob(V)) is a symmetric function encoding its decomposi-
tion into irreducibles via the map ch(V)) — s,[X].

Frob(Vig,) @ Vii11) = s2.1) + S

For graded V' = @®4>0V}, the graded Frobenius charac-
ter Frob, (V) is Frob, (V) = 3 ¢ Frob(V}).

d>0

The coinvariant ring

The coinvariant ring Rj. is defined to be
Ry = Cx|/{er(x) for ke {l,--- ,n})
where ex(x) = ¥ mpmy,- oz,
i <ig< e <ig
As S,-representations, Ry» is isomorphic to...
o Regular rep of S,,(ungraded)
o Cohomology ring of the flag variety (as graded S, reps)

Monomial bases of coinvariant ring

Remark

o Hilby(Rin) = [n],! where [k], = (1+q+---¢"*).

° m,ﬂovcﬁw?v = ﬂmWS, Qn:pqmn@ummrmvﬁﬂv

There are two well-known monomial base of Ry», both in-
dexed by permutations o € S,

o Artin basis
(o= T =}
i<j,0:>0;

where deg(f,) = inv(o).

® Descent basis
{gox) = II =0 20}
1L,07>04]

where deg(g,) = maj(

Why are these bases nice?

Both bases are compatible with the Hilbert series of Ryn:

> ¢ = 3 ¢"I) = [n]y! = Hilby(Ry).

€S, g€Ss,

Garsia—Procesi rings
For p = n, the Garsia-Procesi ring R, are quotients of
the coinvariant ring, defined to be:
R, = Cix/I,
where the ideal I, is generated by
{ea(S) | S C{zr,. oz}, [S] — plgy () <d < |S[}
where pf(p) is the number of boxes that are not in the first

(n — k) columns of the Young diagram of p.

As S,-representations, R, is isomorphic to...

e the induction of the trivial 1 ﬁw: (ungraded)
e Cohomology ring of Springer fibers indexed by p
(Springer fiber C Flag variety)

Modified Hall-Littlewood polynomials

For pu = n, we have
Froby(R,) = H,[X;q]
where H,[X; q] is the modified Hall-Littlewood polynomial.

Theorem (Lascoux 1989)

HX;q= Y ¢ D5y,

TeSYT,
ctype(T")2p

where T* denotes the transpose of 7.

The catabolizability type ctype(T') of a SYT is a parti-
tion. There exists a cocharge/shape preserving bijection:

{T € SYT, | ctype(T)>pu} <> {S € SSYT with weight si}.

Question

Find a description of a monomial basis of R, that is
o a subset of the Artin basis/Descent basis,
e compatible with

ﬁmcvaAmtv = M ___Emaqvma:mvmqo
TesSYT,
ctype(T")p
IEV:AN\L = M Q&.E%?P
wes,

ctype(P(w)')=p

Theorem

The set
x| w e Sy, ctype(P(w)') & u}

is a monomial basis of R,,.

There is an alternative construction of this basis due to
Carlsson-Chou [1] but it is not compatible with Hilby(R,,).

Example: basis of R, for = (2,1,1)

S {w | Pw) = S} {a") | P(w) = S}

{2134, 2314, 2341} {322, 2028, 2023}

{2143, 2413} {2y, 0wy}

{4213, 4231, 2431} {1y, 21as, Tow3}

{3214, 3241, 3421} {ay, @y, 2}

{4321} {1}

‘Why is this basis nice?

o It is a subset of the descent basis of Ryn. (charge <>
maj)
o It is compatible with
Hiby(R,) = Y ¢™*

wes,
ctype(P(w)")>p

o It gives an elementary proof of Froby(R,,) = H, WX
that only depends on the ungraded Frobenius
character.

This gives the first direct connection between the struc-
ture of R, as a ring and the combinatorial formula for
H,[X:q).

Froby(R,) = M@;NU q|

For CS,-module V', Froby(V') is determined by
Hilby(N, V) = {es, Froby(V))

for all v F n, where N, = ¥,¢g sgn(o)o.

We also know

(ey, Hu[X;ql) = > g,
weS,
ctype(P(w)")>p
des(w)C{m itz et}

Proposition

Let p, vy F n. The set
{Nx®) | w e S, ctype(P(w)') > p,

des(w) C {yi, M+, M+ +w-1})
is a basis of N, R, where des(w) = {i | w; > wij1}.

This implies the following:

Corollary

Proof.
Hilby(NyR,) = M gheete), o

weS,
ctype(P(w)')>p
des(w)C{y1,71+920 M1+ }

Note that des(w) = des(Q(w)). There are 3 SYT @Q such
that des(Q) C {2} = {m:}:

We have two pairs (P, Q) where P, Q are the same shape
v & w=2314¢ clw) = 0102,
& ow=2413 < ¢

The basis of Ny Ry, is {N,(z227), Ny (2224)}.

= 0101.
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