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ﬂ Coxeter groups background f *{ (u, v)-Bruhat path }— —‘ Main result ’—

o Coxeter system (W, 5) : W=< 5| R>=<sy,...,8, | (si5))" = e >, Given two elements u,v € W; a (u, v)-Bruhat path is any (directed) path in B(W) starting from the
where m;; = 1 and mj; = my; > 2, if i # j; vertex e and whose edges have labels in the set T (u) U Ty (v). The conjecture holds for Coxeter groups of type I, A, Fy, Hj.

e Reflections: T'= {wsw™' | w e W,s € S}, S = {simple reflections}; We denote by Viy(u, v) the set of vertices of all the (u, v)-Bruhat paths in B(W). We checked the cases Fy and Hj with the open-source software SageMath [5].

eLength of w € W: ((w) =min{k € N |[w = s;,5;,- -5, 5;, € S};

o Left-reflection set of w € W: Ty(w) = {t € T | {(tw) < L(w)}; s

o Bruhat graph B(V): the directed graph having W as vertex set and for “ The conJecture " ‘i Idea of pI’OOf for type A ’7
any u,v € W, an edge u L5 v if and only if there is ¢ € T such that

v = tu and (u) < {(v);
e Weak order (W, <g): u <g v if there are s;,, S, . . ., 5;, € S such that Let W be a finite Coxeter group and u,v € W. Then
TL(U \/R 'U) =TnN Vw(u, ’U).

Let 0,7 € S, and J' denote the transitive closure of J C T'; then

—U = US;, S
—l(us;, -+ 5) < L(us;, -+~ si5;,,), forany j € {1,2,... k —1}.

TL(O' VR T) = (TL(0'> U TL(T))tC.

Remark: this conjecture states that the left-reflection set of the join u Vg v in the poset (W, <g) is the

Remark: left-reflection sets characterize the weak order: set, of reflections reached by all possible (u, v)-Bruhat paths. Remark: J is transitively closed if for (i j),(j k) € J = (i k) € J.
u<pv < Ti(u) C Tr(v). o (Ty(o) U TL(r))'® C T N Vs, (0o,7) is proven by showing that for any
N ||| < 70 i s < b o) B
e L0 gy BB, B8 i) @b) L (@),
—‘ Type A Coxeter groups ’7 o To prove (T(0) UTL(7))" D T N Vs, (o, 7) we use the following
. 4231
o The Coxeter group of type A,_; is isomorphic to the Symmetric group S, o Consider o = 3124, 7 = 1423 € Sy :
with generators {sy, ..., s,_1}, where s; = (¢ ¢ + 1) and their relations are oTr(0) ={(13),(23)}, Tr(r) ={(24),34)} - - - AH the 'edges OfvaB“‘lhat path from e to (a b) € T are labeled by reflections
== (sisin)’- o from the Hasse diagram in Fig. 1, observe that / in{(ij)la<i<j<b}
o Reflections of S, coincide with transpositions: oVRT = 4312 2 2L o We argue recursively on the edges of a (o, 7)-Bruhat path that reaches (a b)
T={ab)|1<a<b<n} e using the labels in T7,(0) UT.(7) compute all the to show that there is a chain a = iy < 4 < -+ < i1 < @ = b, such that
) o . (0, 7)-Bruhat paths in Fig. 3, where reflections (ir—1 ir) € T(o) UTL(7), for any r € [k]; i.e. (a b) € (TL(o) UTL(T))".
© The left-reflection set of a permutation o € S, is given by are highlighted;
Tr(o)={(ab) €T |a<b, oc(a) > '(b)}. e compute = (23)
TAVs(o,7) = {(13),(14),23),24),34} « T ﬂ Concluding remarks ﬁ
; : and check that is equal to Tp(o VR 7).
As 2 Qoxeter group Sy is generated by S = {(12),(23),(3 4)}_and its ! wo VaT) Fig. 3: All (0, 7)-Bruhat paths. o For other Coxeter groups: in type B, we have made some progress by
ref(lie(;tlons are T' = é(l 2),(2 (31)73(?94) ,(13),(24),(14)}. In Figures 1 Colorbind endly igue adapting the combinatorial approach that was successful in type A.
E ¢ <g) e 1) L
nd 2 we compare (S, <g) and B(51) % o Interestingly, the statement of the conjecture is not trivial to prove even
h/!m¥ - - in the particular case u <p v, in which it can be reformulated as
3121 1231 1312 JEmL ' . . . N L W I 1 . . b 1 i y . 1 £
‘ “ HOW dld thlS con_]ecture arlse? ’* et w € .t eg a re! ~ectlon given by a length-increasing product o
L <Hi' AN elements of T7,(w) is itself an element of T7(w).

oIn 2], Dyer defined the extended weak order of a Coxeter group, a bounded poset that generalizes
the weak order (W, <p), and conjectures that:

1. the extended weak order is a lattice for any Coxeter group; —‘ References
2. there is a characterization of the join in the extended weak order.
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