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The Equivariant Edge M
easure

R
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M
ain R

esult
Theorem

: The Jack Plancherel m
easure of a partition λ is the sam

e as the equivariant edge 
m

easure of λ up to a sign, i.e.
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O
ur m

ain contribution is not the theorem
 itself, w

hich is know
n, at least im

plicitly,  to 
geom

eters w
ho study H

ilbert schem
es, but rather

•
a direct com

binatorial proof of the purely com
binatorial theorem

 statem
ent, w

hich does not 
require any geom

etry, and
•

the observation that the corner polynom
ial (described below

) arises naturally in the 
induction step, and that a sim

ilar construction is likely relevant in the m
uch harder vertex 

m
easure (see Future W

ork).

W
e show

 this via a com
parison of ratios of the tw

o objects under consideration. M
ore 

specifically, w
e consider the ratios 
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here &
⊆
( and (

=
&
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1. In other w

ords, & is ( w
ith one corner m

issing.

O
ur result is proven by show

ing that the tw
o 

ratios described are equal for all pairs of partitions 
as above w

ith sm
aller partition of size at least one. 

R
outine induction then yields  our result. 

Significant cancellation occurs in both ratios. 
In )

%
&'(

*
)
%
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+
 an expression w

hich w
e label the 

corner polynom
ial also appears.

D
efinition: The corner polynom

ial  of a partition ( is 
+
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+
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D
efinition: A

Young diagram
 for a partition (=

((9 ,(; ,(< ,…
) is 

the zero-indexed array of boxes in the plane w
ith m

atrix 
coordinates{4,5|0≤

4≤
9:;(()−

1,0≤
5≤

(, −
1}.

W
e identify a partitions w

ith its Y
oung diagram

.

D
efinition: For a partition λ define the upper and low

er hook 
lengths as

ℎ* ∗4,5
=
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respectively, w
here B

□
 and ℓ

□
 are the arm

 and leg lengths of 
□

 in (. 

D
efinition [(1)]: The Jack Plancherel m

easure is a probability 
m

easure on partitions of an integer ;, defined by
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(,,.)∈* ℎ* ∗(4,5)ℎ∗ *(4,5) .

Exam
ple: The product of all the entries in the boxes in the Figure 

2 is 
9

)
!"#$

<,;
.

The Jack Plancherel M
easure

Figure 4. The Y
oung diagram

 !
=

3,1,1
 is obtained by rem

oving the 
corner ('ℓ ,(ℓ ) from

 *=
3,2,1

.
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W
e study the equivariant edge m

easure: a m
easure on partitions w

hich arises im
plicitly in the 

edge term
 in the localization com

putation of the D
onaldson--Thom

as invariants of a toric 
threefold.  W

e com
binatorially show

 that the equivariant edge m
easure is, up to choices of 

convention, equal to the Jack Plancherel m
easure.

Figure 2. The upper and low
er hook lengths of each 

box in !
=

3,2
. 

D
efinition: G

iven an index set A
 and a Laurent polynom

ial F
=

∑
,,.

∈D H,,. 	- ,. . in the variables - and . w
ith no constant term

, 
w

e define the sw
ap operation as follow

s:

.DBI
F

=
.DBI

,,,.
∈D H,,. 	- ,. .

=
J,,.

∈D
4>−

5A
4),+ 	.

Essentially, the roles of addition and m
ultiplication have been 

sw
apped. N

ote that the variables - and . have been changed to > 
and A.

D
efinition[3]: G

iven a partition λ, define generating functions

K
(
=

,,,.
∈* - ,. .

and

L	K
(
=

,,,.
∈* - ,. .

w
here the sum

s are taken over the coordinates of all cells in λ. 
From

 these, define 

M
(
=
−K

(
−

E	F
*61
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*
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*
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N
ote that K

 and L	K
 each assign a m

onom
ial to every square in the 

Y
oung diagram

 ( w
hich describes that cell’s zero-indexed m

atrix 
coordinates.

D
efinition: The equivariant edge m

easure, D
H
IJK , is the sw

ap 
operation applied to M(().

Figure 3. The m
onom

ial contributed to -
 by each 

cell in !
=
(3,3,1). 

Future W
ork

O
ur w

ork so far serves as a w
arm

-up exercise for the 
three dim

ensional version of this problem
. In other 

w
ords, w

e aim
 to com

binatorially describe the 
equivariant vertex m

easure. W
e expect to use sim

ilar 
techniques in our w

ork on that problem
. Indeed, an 

analogue of the corner polynom
ial, this tim

e involving 
saddle points as w

ell, appears.

Figure 5. Inside every cell in λ = (3, 2) is the coefficient of its contribution to C. 

Figure 6. (right) Each type of corner/saddle 
contributes a predeterm

ined am
ount to the 3D

 
corner polynom

ial. 

Figure 1. The diagram
 for the partition *=

(3,3,1).  

M
ore question 

about this poster? 
M

essage m
e on 

D
iscord!


