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Let us consider the flows generated by many vortex structures in the
presence of the uniform flow in two-dimensional multiply connected exterior
domains. They are regarded as mathematical models for biofluids such as
insect flights and vertical descend of rotating plant seeds and for environ-
mental flows in rivers and coastal flows. For the sake of theoretical simplicity,
we suppose that the fluid is incompressible and inviscid (or slightly viscid).
Then the instantaneous flow field u(t, x, y) = (u(t, x, y), v(t, x, y)) in the two-
dimensional (x, y)-plane is constructed from the stream function ψ(t, x, y)
by u = ∂yψ and v = −∂xψ, whose corresponding streamlines correspond to
the contour lines of the stream function.

Here, we are concerned with the global topological structure of the
streamline patterns generated by the vortex structures in the uniform flow.
Classification of streamline patterns for the unbounded plane has been inves-
tigated by Aref and Brøns[1] and that for the sphere was done by Kidambi
and Newton[2], in which no boundary is contained in the flow domains.
The present study is not only an extension to the case of planar flow do-
mains with many boundaries, but it also adds the following new aspects
that have not been considered so far. First, the uniform flow is taken into
considerations. This is an essential element in the study of biofluids and en-
vironmental flows, and it adds a new streamline structure to the flow profile
topologically. Second we focus on the structurally stable vector fields, which
are of significance since the structurally stable flows are more probable to
be observed in many real flow phenomena. Third, the existence of separa-
tion points at the boundaries appends another structurally stable streamline
structure. Thus the topological classification of the streamline patterns in
multiply connected domains provide us with non-trivial new results mathe-
matically that are applicable to many fluid phenomena.

1



In the present talk, let us first introduce an inductive procedure to con-
struct structurally stable streamline patterns generated by finitely many
vortex structures in the presence of the uniform flow[3]. That is to say,
starting from some basic structurally stable streamline patterns in the disk
of low genus, we repeat some fundamental operations that append a stream-
line pattern with increasing one genus to them. Owing to the procedure,
one can regard a sequence of the operations as a representing word of each
structurally stable streamline pattern. We then give an encoding algorithm
to assign an unique canonical word expression for a given structurally sta-
ble vector field, which allows us to determine all possible structurally stable
streamline patterns in a combinatorial manner. Finally the applications of
the present encoding theory to some fluid problems are provided.
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