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1. �
���� !#"%$'&#( �%)'*#+ $',%-#$'.#/%(%0#132#$'4%5763879': )<;'=%> $'4%5 A ⊂ B6�?�@�A
1B$�C�6�D�E�F >� �G�H (�: H 1�IJ6�K�L  
M :�N#O M�)�> $�4�5�$�P�QR�SUT C R 6�V
9�W�XBYZ2�$B4�5 ��[�\�]�^�_ 6�Ka` S M :�-�b�(�-�c GJdU;�e�fg ;�h�i (�0�1�j ) 2�( ��;
HU> $�4�5
k�l � Xnm�o ; S�p m  �q�r :�X�1�Ys't > K u $%v'w > B
6 > $'4%5 K ⊂ B

S3x ;7M W%y  %)'z%{ v'w > S}|%~ vw >� �h�� A
1 > $�4�5�$�����j���� |�~ 4�5 SU|�~ 4�5�(%0�1�Y z�{ vBw > $�013�#$'�%�%� S M :%$ � > $%�#� |%~ 4%5#��$'�%�#$ _%� [4] � 1968 �# '�%� R r#)|�~ v�w > $������ S M :�$ � > $ |�~ 4�5��%$�����$���� - ���� nG 1 _�� [6] �
1966 �n ���� R r :�X�1�Y�����D�E�F >�_� ���� 1 Jones

$ ��b |���� > �Z$ _��
[10] ����� S�� $ 1983 �n ���� R r :�Xn1�Y p rn� II1   ��� > M

$�b |n��� >
N
$B¡�¢�£�¤

N ⊂ M
$

Jones ¥ , [M : N ]
6�¦�§ S M W�?�@n(�0�1�j ) b |n���> N

$���CJ¨�© ��r�ª p r k > $'4�5 N ⊂M
$B?�@ S k�Xn9�1�Y p�p ( )�« k�¬­B®nX pnS $B��¯ ��) Jones ¥ , [M : N ]

jB°n±�(�0²1 pnS�S > $B4�5 N ⊂ M
j|%~ 4%5#(%0#1 p#S j%³'´#(%0#1 p#S (%0#1�Y�µ%$'¶#­%( )3�%· g  '¸%¹ºM :%X#1 )��� |�~ 4�5�$ _�� [4], [5] » ��� - ���� nG 1 |�~ 4�5�$ _�� [6]

$�P�Q�¼
6�½�¾�¿
M�) µ�$ ¸�À ¼�Á  �) D�E�F > $�?�@
6 M :�X�1�Â S M :�Ã ��)ÅÄ ¨�$B?�@  �Æ ¶6�Ç�X�:�Xn1�YD%E%F > S �#È3É%Ê%É ËÍÌ#Î H u $'°%Ï%D%E%F%Ð%2 B(H)

$'D71 > $'¯ H 1 G X
∗-
b | > (�0
Ñ ) D�E�F
Ò ÉnÓ C
¨ H 1a��Ô�Õ�Ö#(�× � :%X�1%k�$ � C∗- > S X�X )Ø D�E�F�Õ�Ö�(�× � :�X�1�k�$�6 von Neumann > S X d YÙ�ÚÜÛÞÝàß $àáÜâÞãàäÞ$ ^Ü_Þ� µZ$ u $�° ^ £å,Ü2Þ$å4Ü5Þ$ ^Ü_ Sæx ;�ç 1�Yè³àÔ; p<S 6éÕZÖ Ì<Î SëêZì £Å, > $�íïî x (Åðñ9ï1 pÞS jZ(<òï1óY�ô Ýéõñö Ë HausdorffÌnÎ X

S X dø÷�ù g ;BÌnÎ 6aðú9�1 p²S�S , µ�$ X u $ ê�ì £�,�Ð�2²$B¯ H 1 st > A = C(X)
6Åðú9<1 pûS<S �<) 0û1Å¶²­<(�³ � p²S (�0û1ÅY�ü²$ h<�²� s�t> A

$�ýBþ ö ËÿÉ ��� 5������ É Ð�2�	
6 S 1 p²S ( X
6�
�wn(²ò�1�Y�µ p (
�

 �) ô Ý�õ
ö Ë Hausdorff Ì�Î X ) Y S á�â�ã�ä π : Y → X
j�0�1 S ) ê�ì £�, >

A = C(X), B = C(Y )
$ � G X���� �
� x π∗ : A → B

j )�� (
���ng  ò
�²1��
π∗(a)(y) = a(π(y)), a ∈ A = C(X), y ∈ Y .

p�p (
A
6�µ�$
� ��� x ¸ π∗(A)

S ³����A
1 S )�> $�4�5 A ⊂ B
j�0n1 S X�9�1aYnô Ý�õ
ö Ë Hausdorff ÌnÎ SUê�ì ãän$B¯ H 1�� S s�t ; C∗-> S �²³   ã�än$�¯ H 1���$ Î� ���u (�����g  �� 9�WG
dU;�) ê�ì £B, > 6�¯ H 1 S X d��� £�!�j�"�# M :�X�1aY R ¨  �$ Õ�w
6�k�¯
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Table 1.
D�E�F > $ x 9�1��

�
C∗- > von Neumann >

÷�ù -�g Ì�Î ô Ýaõ
ö Ë Hausdorff ÌnÎ X ����Ì�Î (X,B, µ)

s�t > ê�ì £�, > A = C(X)
s � £�, > A = L∞(X,B, µ)

D�E�F > C∗- > von Neumann >
Hilbert Ì�Î�u $ ��Ô�Õ�Ön(�× � W ∗ > D�E�F Ø Õ�Ö�(�× � W ∗ >°�Ï�D�E�F�C
¨ ; 1 ∗ >
building block $���; C∗-> ��� >

sBt ; C∗->²� A��n:�0²1�ô Ýaõ
ö Ë Hausdorff Ì²Î X u $ ê�ì £B, > C(X)
S ³

   %; 13Y�µ p ('D%E%F > C7¨ ; 1	� s't > $ � G X%�Å4%5 A ⊂ B � á%â#ã'ä#$�
� � S�x ; A p�S j�(nò�1�Y��W )�����ÌnÎ (X,B, µ)
6�ð
9�1 pnS�S µ�$

X u $ f�� g  °�Ï ; s � £�,�Ð2 $å¯ H 1 sàt > A = L∞(X,B, µ)
6æð 9è1 p SèS �è) 0 1æ¶ ­è(Ü³ � p S (Ü0 1æYR ¨  s't ; von-Neumann >#� A��#:%0#1 ���%Ì#Î (X,B, µ) u $ f�� g  °%Ï ;s � £�, > A = L∞(X,B, µ)

S ³    �; 1�Ynµ M : � � sBt ; 	 von-Neumann >(�µ�$�K�L�j�
�O ; kB$ � ��� > � factor 	 S GBª�r�) von-Neumann > $ building
block

(%0#13Y p d'M : Jones
$ �'� > $ ¥ , ^%_# ��Þ� : H 13Y p $��'�#C7¨}A71S

II1   �'� > M
$'b |#�'� > N

$'¡%¢#£'¤
N ⊂M

$
Jones ¥ , [M : N ] � á%âÌ�Î (�X d S�p m�$�á�â � ,�$ GJdU; k�$�(�0�1�Yp $��  k > $ |�~ 4�5 S b |n�B� > $ Jone ¥ ,n$B°²±B¼²j���� M :�Xn1 p²Sj�0n1�Y > $ |�~ 4�5 ��) separable elements

S GBª�r 1�0n1����J6 x WBA G X�w$��û$�" # S ³ï´²(<0û1aY�³ïÔ  <) II1   ��� > M
$ïb |û��� > N

$
Jones ¥ ,

[M : N ]
jB°�±�(�0�1 p�S ��) Pimsner-Popa basis

S G�ª�r 1B0�1����
6 x W�A GX�w�$���$
"�# S ³�´n(�0�1�Y
Jones ¥ ,²jB°n±�$Bb |n�B� > $�D Ñ � S M : � °n±�� » °n±�
 � �  �G 1���bD�E�$��� "! > j�0�1aY p $�¶n­�(�����$Bb |���� > N ⊂ M

$�?�@ � 
 � �J6 R¨  ����� M W�k�$�$ [n\ � ^�_ S X d p�S j%(�ò%1aY · ,  ���� 1 > A
$�#�$
k°#±��

G  #G 1	�� %! > AG
63ð79':'4%5

AG ⊂ A
j
G- [#\ �'4%5  %;Ü� :%X r#ª> $ |�~ 4�5  �; 1�Y

Riemann & ß Ĉ u $ |(' á<âûã�äû(�0û1Å° ^ £�,²Cú¨ ��)�) F�*<-,+<jïD ¨ r1�YÜµ p ( « �  -) F.*è-/+ÜC ¨ D ¨ r W C∗->  ¯ Xè:Ü$åÃ W/0å$à?è@ $å�.1 �324
-5�6 [16] )�7 - 2 4 - 5�6 [9] )�2 4 [12], 5�6 [22])

k�8�9 M W�X�Y
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2. > $�4�5
$ Õ�wú6�ka¯ > A

$ $ Õ�wJ6���°�Aú1 > $B4�5 1 ∈ A ⊂ B
6að���AJ1�YZ2²( �;
HU> $�4�5  �;�� :�X�1�� $�; I�C
¨�� �nG
d Y�

1.A
6 $ ÕÞw 6<k�¯ > S A 1�Y B = A ⊕ A ⊕ A

S M�) � � � x A 3 a 7→
(a, a, a) ∈ B

6�ð
9�1�Yn³�Ô  � �
� x A ⊂ B = An
j�0n1�Y p $ > $�4�5 A ⊂ B� k.0èmåo	� $ ( � 0 1àj ) |è~ 4è5  è;Z� :èX 1à$è( ) � ( separable elements

S
��ù C�6�
J1  ����
�B �; 1�Y�

2. $ Õ�
�� X = T
S µ�$

disjoint union Y = T ∪ T ∪ T
6�ð
9�1�Y 
�� ; áâ#ã'ä

π : Y → X
C7¨}�#C r 1 ê%ì £', > $�� ��� x π∗ : A = C(X) → B = C(Y )� π∗(a)(y) = a(π(y)), a ∈ A, y ∈ Y  �; 1�Y G'� : p rn� A 3 a 7→ (a, a, a) ∈ B =

A ⊕ A ⊕ A
(²ò
�²1 ê�ì £B, > $B4�5 A = C(X) ⊂ B = C(Y )

S 
��  ³����²(ò�1�Y
�

3.
ô Ý�õJö Ë Hausdorff Ì²Î Y  °n±�� G

j 
��  D�E M :�X²1 S Aú1aY��
��Ì�Î X = Y/G � $�
�� ; á�â�ã�ä π : Y → X

C
¨U��C r 1 ê�ì £B, > $�� �
�x
π∗ : A = C(X) → B = C(Y ) � π∗(a)(y) = a(π(y)), a ∈ A, y ∈ Y  �; 1�Y prn��) ê�ì £�, > $�4�5 A = C(X) ⊂ B = C(Y )

S 
��  ³B���²(nò�1aY � G �> B = C(Y )

��  D%E M3) A � B

$��� %! > A = BG
S3x ;'ç 13Y p $ > $'4%5

A ⊂ B � G-Galois
4�5�(�0
Ñ ) |�~ 4�5  k ;�� :�X�1�YR ¨  �) ê<ì £�, > B = C(Y )

$
G  ûG 1���$�� B o G

6Åðú9<1 S �  ,! >
A = BG

S ��$��
B o G ��� �B³�´�(�0�1aY p $�y  �> $�4�5 B ⊂ B o G � ���|�~ 4�5�(�0
Ñ ) |�~ 4�5  k ;�� :�X�1�Y�

4.
2n$�4�5�$�y S ³�Ô  �)B> A

S µ�$ u $ 
���³   ãBä α  �G 1� �v"!�# >
B = A[x, α]

S µ r $%v$!%# f  #G 1$& �'> $'4%5#$'P%Q ; I#(%0#13Y p r j |%~ 45 » ��� |�~ 4�5  �; 1�?�@  ¯nX�: ��'�( [7],[8]  �G 1*)�N S�+ ð ��,� 0�1 _� 6 x G Y
�

5.
° ^ £å, R � Riemann & ß Ĉ u $ |/' áèâ ãåä R : Ĉ → Ĉ

Sæx ;åç 1�Y |' á�â²ãBä
R
Cú¨ �²C r 1 ê�ì £B, > $�� �
� x R∗ : A = C(Ĉ) → B = C(Ĉ) �

R∗(a)(z) = a(R(z)), a ∈ A, z ∈ Ĉ
(�0²1aY p r k > $B4�5 A ⊂ B

S�x ;�ç 1aYÜ°
^ £�, R

$ � 
�$�-�$B¯ H 1�. (Rn)n � Riemann & ß Ĉ u $ � ~0/ g ; 	 ) F�*-%+#6'0%W#9%1
[1]
Y
R
$

Fatou set FR

S � (Rn)n
j%µ%$ u (%³$� ê%ì � �%W �$1%2��	 S ; 1 Ĉ

$ « 5�$�3"4�$�$ p�S (�0�1�Y R $ Julia set JR
S � Fatou set FR

$
5 4�$�$ pnS (�0�1�Y

Fatou set FR ��) F�*�- +�$�687�b | ( Julia set JR � �697%(%:%;%ý%g ; b | (%0#13Y p $ G7d};%< |%= j ; Ñ3W'¯%Y Fatou set FR » Julia
set JR �%) R(JR) = JR, R

−1(JR) = JR
S X d ¶#­%( )�> Ð��  (%0#13Y<µ p ( R

6
Fatou set FR » Julia set JR  �? ± M :nk |"' á�ânã�ä ; $�( ) ³BÔ  B> $�4�5²j@ ¨ r 1aYÜIJ9 ª R(z) = z2 A S Julia set JR = T  "? ± M WBá�â²ãBä R : T → TC
¨�ò���1 ê�ì £�, > $�4�5 � |�~ 4�5  �; 1�Y M C M R(z) = z2 − 2 A S ) Julia
set JR = [−2, 2]  �? ± M WBá�â�ã�ä R : [−2, 2] → [−2, 2]

C
¨Bò���1 ê�ì £�, > $4�5 � |�~ 4�5  �; ¨ ; XBYB���n$�° ^ £�,n$�#�$  ���) µ�$ Julia set JR
j |"'

!�6�¢ � ; X p�S j |�~ 4�5  �; 1�B�Q�C�¯0C | ; ���n(�0�1�Y
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��� g ; 2#$'°#± � |%~ 4%5 k ⊂ K
63879': )��������}�%·# %� s't >#u $ |%~v�w > j
	�� r 1 G
d  �;%� W�Y �  K�L u |�~ v�w >���z�{ vBw > S G�ªBr 1�PQ ;'h%i (%0#13Y �'� S �#� �%) p r ¨'634�
���� ����������������� A ⊂ B

��������! 
- "�# [6]

�%$�&('�� )(�%���(�
H-
��� * "�# �+��,-�%�+��� "(# [4],[5]�
$.&/'
0�13254/6
798 #;: $/�.</=;>�?.'.�
@.A�BDC;E/F.'�G/=;7+HD�JI
)/�
��/�
�.�.���/�
K.L/M�NDO
P.Q
�%R.S3254/6%7)(�%�+���%�+���+��T%U(G�I+V��!W!X�N%Y+Z�V+G�Q%G(Q%<(=%���

bimodule [ \
separable elements ];^/_ 6/C%�.'
0.1.`�=;7a�b

.( c.d.e.f�g h
i.j�] C;U.� A
� h
i.jD]Jk.l `D=;���
�.� 1 ∈ A ⊂ B

�
�.�.�.�3OJVDm5n/N oqpDrJs/t

µ : B ⊗A B → B, µ(x⊗ y) = xy

�
B-B bimodule

Ou�vI
split

`w=uP-OuOx`w=y7yU{z}|y<{=
B-B bimodule homomor-

phism ψ : B → B ⊗A B
�!~����JI��

µ ◦ ψ = idB
OJ'(��=+P�OJ'+<�=�7�z�6(PJ4V.��� ]
� 6%` B ⊗ B

� j p =
∑n

i=1
ui ⊗ vi

�
~��3O;W
X/'�</=��

b(
n∑

i=1

ui ⊗ vi) = (
n∑

i=1

ui ⊗ vi)b, (b ∈ B) � U
n∑

i=1

uivi = 1.

�����
p := ψ(1) =

∑n
i=1

ui ⊗ vi
O��(r����!G�7�P��+���

{ui, vi | i = 1, . . . n}
] separable elements

O;G3��7DC/�.�;V��D�;I
p
m5���/P/O
C

separable element
O

G3��7
�

1.A ]%h%i+j�] CJU���O�`�=J7�� A
�
n � ���!� ] B = An

O�`�=J7��(�% 
� A 3 a 7→ (a, . . . , a) ∈ B ]J¡�¢ =J7wP!�%���!��� A ⊂ B

V!���+����'+<�=�7�����
k £¥¤J¦ r%� 1

OJN(=
ek = (0, . . . , 0, 1, . . . , 0) §�¨ N(=JK�© ]J¡�¢ =J7ªP%�+�

p :=
∑n

k=1
ek ⊗ ek

�
separable element

T�N/=;7
�

2( «�¬+­�® ). ¯�°�±�²¥³ Hausdorff ´�µ X
OJH+�

n ¶ � disjoint union Y =
X ∪ X ∪ · · · ∪ X ]J¡�¢ =�7¥m�n(N%·+¸�¹%º π : Y → X §�¨ 0 § 4�=J»+¼�½%¾+��!���!  � π∗ : A = C(X) → B = C(Y )

V
π∗(a)(y) = a(π(y)), a ∈ A, y ∈ YT�N�=�7D� _ I(PJ4(V A 3 a 7→ (a, . . . , a) ∈ B = An

'��!z�=�»�¼�½!¾��(�%���
A = C(X) ⊂ B = C(Y )

O.m5n�T.W
@.¿/'��.=;7DP;4�V
`3À;Á.�%Â
1
O5L.Ã�M.T.W

Ä '�<(=%�+'%���+���('�<�=�7�P�P!'
separable elements

V
k ¶¥¤ � ¯�Å!Æ Á ¦ r'

1
'%Ç/'

0
�
X ] O
=%½
¾ §D¨ N�=;7C _ Ox@uA{� ¯u°y±w²È³ Hausdorff ´{µ X

O
Y
TÊÉu`w=y·u¸-¹Ëº

π : Y → X §w¨0 § 4�=�»�¼�½�¾���������  � π∗ : A = C(X) → B = C(Y )
V
π∗(a)(y) = a(π(y)),

a ∈ A, y ∈ Y
T�N�=�7ÌP�4�'���z�=�»�¼�½�¾��������

A = C(X) ⊂ B = C(Y )
C��������T�N�=�7Ë����Í;Î�Ï�M�T�V

n ¶ � disjoint union
����O�W Ä ���ÐT

k ¶Ñ¤ � ¯Å
Æ Á ¦ r%' 1
'
Ç/'

0
�%X ] O
=
½%¾ §D¨ N/= ];¡D¢ Í�H
4 ]DÒ �
�.Ó ];^�_ IU/N.G.'.Í

separable elements ] U3�54/�/�%G
7
4



�
3. h
i.j 1 ] C;U.� A

T l���� G
�������;I.G/=

α : G→ Aut A
O5`D=;7
	

� j ug, (g ∈ G) ]J^/_ I.Í A ]
� ¾.�¥O5`D=
�����
B = AoG = {b =

∑

g∈G

agug |ag ∈ A }

]�¡�¢ ����7-P�P�'�Í�����½ � uga = αg(a)ug
��V�G _ I�G�=�7�2�I�Í G � i ¾ ]

|G|
O��JI

|G|1
�%�

A
���
'.���3O5`D=;7ªP
�.��Í
�/�
�.�

A ⊂ B = Ao G
V
�

�.�.�/'.<�=;7u�/�.Í
{|G|−1ug, ug−1 | g ∈ G}

�
separable elements

T.N _ I.G/=;7��T���������������|�C _ O���G [ Ã�'�<�=���� G- ����� ��� \ ��� "�# ������ ]
� �D��7a�b
.(G- ������e�f ) h�i�j�] C�U�� B

O�H���Á���m� �W�! §�¨ N�= l���� G ⊂
Aut B ];¡�¢ =;7�	�"�#
� A = BG ]%� I.Í%��� A = BG ⊂ B

�
G- ����� ���3OV
� ]
� 6%` B

� j ��$ {ui, vi | i = 1, . . . , n} ⊂ B
�%~.�.`D=.P�O;'.</=��

n∑

i=1

uig(vi) = 0 (g 6= 1),

n∑

i=1

uivi = 1.

P%�.�
� ]
� 6
` :
(1)BA

V
A
Á l���%�&�'�(�)�� T.N�=;7

(2)
�����

B oG
V�m5n/T

End(BA)
O5�3O��;I.W�!/T�N/=

P�P�'�Í9W�!�¹�º�V
B
� j b ] Í b ]�*�§�¨�§ r�=�p�r�s�¹�ºÑO+��I End(BA)

�
j O � N
`¥O;Í ∑

g∈G

bgug 7→
∑

g∈G

bgg

'�, ¢/¨ 4�=;7�{T{PË�
(1)
O
(2)
VÊ�u�

A = BG ⊂ B
�
G- �-�.� �u�{'9<{=uP{O ]0/2123 ru=v7z+6%�+�

A = BG ⊂ B
�
G- �4�5� �+��'�<!4��(PJ4/V
�(�
�������/T.N(=;7%���Í

{ui, vi | i = 1, . . . , n} ⊂ B
�

separable elements
T�N _ I�G�=�7 ³76JÆ98 ¹%º

T : B → BG ] T (b) =
∑

g∈G g(b)
'/�
��=/O
P;4/V

n∑

j=1

ujT (vjb) = b,
n∑

i=1

T (bui)vi = b, (b ∈ B)

]
� 6
`DP�O ];^D¢ ��Í

b(
n∑

i=1

ui ⊗ vi) =
n∑

i=1

n∑

j=1

ujT (vjbui)⊗ vi =
n∑

i=1

n∑

j=1

uj ⊗ T (vjbui)vi = (
n∑

j=1

uj ⊗ vj)b

�.'/=
�.'�Í�`3À
: § =J7�
4. A ]
h
i.j�] C;U.�3O�`D=;7�� A

�
n � �.�
� ] B = An

O5`D=J7 � G =
Z/nZ

��;�<�=.�¥O��;I
B = An

T����>�;I.G�=;7�U/zD|?;4<�=.�
σ = (1, 2, . . . , n)O+��I�Í

σ(a1, a2, . . . , an) = (a2, . . . , an, a1)
'��+�Ñ2A@�=�O

G
V
σ
' %+& 2Ð4�=�7%��
  � A 3 a 7→ (a, . . . , a) ∈ B ];¡�¢ =;7�P%�
�/�
�.� A ⊂ B
V
G- ����� �.�/'

5



<�=J7��(��Í
i £¥¤J¦ r%� 1

O�N�=
ei = (0, . . . , 0, 1, . . . , 0) §�¨ N�=�K�© ]J¡�¢ =J7P
�.�

n∑

i=1

eiσ
k(ei) = 0 (k = 1, 2, . . . , n− 1)

n∑

i=1

uivi = 1

O;N _ I.G�= §D¨ '.<�=;7� § �
P.P
' G = Sn

O��;I
n
�.É�� � `��/I ] O
=/O5�/�%�.� A ⊂ B = An

V
G- �4��� ���('�V�N+G%7���G+V�Í n #��9� Ω = {1, 2, . . . , n}

T%É���I�Í
Z/nZ

V
ΩÁ�T o m���T�t �+� ��I�G�=���Í

Sn

V
Ω
Á�T o m���T�t �+� ��I�G�N�G�O�GÑ��P�O'.</=;7

a{b
. 	�

�Ëcudue9f{g hËi9jw] CyUu� A

� hÊiujw]ykul `w=y�{�Ë�9� 1 ∈ A ⊂ B� "�# ������� (H-
��������,DO�V�Í

B
� l�� ��� Bn

����������T
B⊗AB

�
B-B

)�� O��;I�W�!/T.N/=�P/O;'.</=J7
Centralizer ] ���/�D�5T.< ¨ :
` �

CB(A) := {x ∈ B | ∀a ∈ A ax = xa}

(B ⊗A B)B = {x ∈ B ⊗A B | ∀b ∈ B bx = xb}���%�+�
1 ∈ A ⊂ B

� "�# �+���+��'�<(=��������+Y�Z(V l4�!��§D¨ N�=7$ vi ∈
CB(A), i = 1, . . . , m

O ∑
j xij ⊗ yij ∈ (B ⊗A B)B, j = 1, . . . , n

'
� ]
� 6
`DC%�.�~.�.`D=.P�O;'.</=��
1⊗ 1 =

∑

i

∑

j

vixij ⊗ yij =
∑

i

∑

j

xij ⊗ yijvi

�
5.R ]
h
i�jD] C;U.�¥O��;Í B =Mn(R) ] R

� jD]
& �/T�C;U n× n ������¥O�`�=J7
A = Rn

� ��� �%É���O���I B = Mn(R)
T!���! �F�'+'��+=J���!���

A ⊂ B
V "�# �����+��'+<�=J79��� {eij | i, j = 1, . . . , n} ] matrix units

O `�=J7
vi := eii ∈ CB(A),

∑
j xij⊗yij :=

∑
j eji⊗eij ∈ (B⊗AB)B

Ov�w�uOxYuZ ]Ë� 6Ë`!7 7�
6. ¯�°�±�²Ñ³ Hausdorff ´�µ Y

T l���� G
��m���T��+� ��I�G�=�OÐ`�=�7���Ã

´/µ X = Y/G � �Dm5n/N
·�¸/¹
º π : Y → X §D¨ 0 § 4�=;».¼/½
¾��/�
�/�
  �
π∗ : A = C(X) → B = C(Y )

V�Í�»�¼�½�¾��������
A = C(X) ⊂ B = C(Y )

O�mÐnT.W
@.¿/'��.=;7 � G
V
�

B = C(Y )
m�n/T����.`�=;7%U/zD| Í

α : G→ Aut A
�

(αg(a))(x) = a(g−1
� x), g ∈ G, a ∈ A, x ∈ X'-�Ëz{=y7

A
V
B
�.	2"-#Ë�

A = BG
O � N.@w=y7{PË�Ë�{�Ë�9� A ⊂ B

V
G-Galois�.�/'.</=J7��� l���� G

�Dm��
T����>�JI.G/=
�.'�Í��.>/�
x ∈ X

T
É>�JI
x
���� �!

UxO
fx ∈ A = C(X)

'.Í
fx|Ux

= 1
'

αg(fx)αh(fx) = 0, (g 6= h)
6



O�N�=�C�����OÐ4�=�7
X = ∪x∈XUx

V ¯�°�±�²Ñ³ N���' l���� � {x1, x2, . . . , xn}
�

O54/I
X = ∪n

i=1Uxi

OJ'/�.=;7
v :=

∑n
k=1

fxk
≥ 1
N.�.'

ui = vi = (v−1fxi
)1/2 ∈ AO;�D�.O;Í ∑n

i=1
uig(vi) = 0 (g 6= 1)

'.Í ∑n
i=1

uivi =
∑n

i=1
u2i = 1

O;N _ I.G/=;72 ¨ T
�/�
���
B = C(X) ⊂ C = C(X)oG := {c =

∑

g∈G

agλg | ag ∈ A }

V "�# �����+��'+<�=�7��(� vi ∈ CC(B) = B = C(X)
'
, xig = λgv

1/2
i , yig =

v
1/2
i λg

−1,
O;�D�.O ∑

g xig ⊗ yig ∈ (B ⊗A B)B
�
Y.Z ]
� 6
`!7P���Â ]�� =�O�Í G-Galois

���ÑO "�# ��������V�<�=�>�?�'���É�M�N�½ � T.<�=P/O;��: § =;7���.�.�/T.½%»>�;I.G/=J�.�/T
Frobenius

�.�/��</=;7��
A
Á.� )���� �/��� ]

ModA
O § � 7a�b
.(Frobenius e.f ) h
i.jD] CJU.� A

� h
i.j�];k.l `D=J�/�
�.� 1 ∈ A ⊂
B
T�É ��I�½��

H : ModA → ModB ] H(MA) = HomA(BA,MA)
'(���+Í�½��

T : ModA → ModB ] T (MA) = M ⊗A B
'(�%�(=J7.�+�

A ⊂ B
�

Frobenius
�

�3O;V.Í.½��
H
O
T
�

naturally equivalent
T.N/=.P/O ] G3��7DPJ4/V
� ]
� 6
`

A-A
� )���� W�! E : B → A

O l4�
� ��$ x1, . . . , xn, y1, . . . , yn ∈ B
�
~��.`D=.PO.O;W
X/'�</=��

n∑

i=1

xiE(yib) = b =
n∑

i=1

E(bxi)yi, (b ∈ B)

Frobenius
� � O �9�9� �-V
	�� ¨ C G- �-� � �9� ] E�
9�9Í�� �-���9E-½ � V NG 7�� § � Í Frobenius �9� A ⊂ B

T9<-=
centralizer

� j d ∈ CB(A)
' ∑n

i=1
xidyi =

1 ]%� 6!`�C!���%~+��`+4��.ÍJ�+� A ⊂ B
V!�����+��T+N�=�P(OJ��� ¨ 4/I+G/=J7

Frobenius
�.�/T
U�G.I.V

L.Kadison
�
L

[11] ]
� �;7

3.
�/�
�.���.�3O?�����.�

�+�����ÑO�V�������� ³ ´�µ H
Á�� l�� �+��� � � B(H)

��N�`�������G
∗-� ��/�/P/O;'�</=;7 l�� ����� T

������� ]
‖T‖ = sup{

‖Tx‖

‖x‖
| x ∈ H, x 6= 0}

'/�
�/=;7 ��>/�
x, y ∈ H

T
É>�JI
< Tλx, y >→< Tx, y >OJN�=!��Í5�����

Tλ
V5��� �

T
T�!��9��� i�" '�#�$+`�=�O�G¥��7 B(H)

�
∗-�����'5��� �%�&�'� §�¨ �%=;@�( i�" '�) Ä I�G�=.C!�.V C∗-

�¥O�G�G+Í�!9�����
i�" '�) Ä I�G�=�C�� ] von Neumann

�ÑO�GÑ��7
von-Neumann

��'�H�����*���m
+ N�C!��V � ��� *

factor
,3O����!4�Í

von-Neumann
���

building block
'�<�=�7

/ T�, � � j ��� ��� M
'

finite trace τ ] C�U�C%� ] II1 ! ���+�¥O�G¥��7 M T
7



(x|y) = τ(y∗x)
'���� ] G�4�I�����B ��6�C�� ] L2(M, τ)

OÐ`�=�7�P�4�V�mÐn�T
M� */§D¨ ���>�;I.G/=J7a(b

.(Jones ��� ) II1
! � ���

M
� � � ����� N

����E(½ � N ⊂ M
�

Jones�.¾
[M : N ]

O;V
M - )�� L2(M, τ) ] N

T
	 � �;6DO%�
� o )�� � j t�'.</= �
[M : N ] = dimN L

2(M, τ) ∈ [0,∞]P 4�V���
 T�V
coupling constant ] ^9_ I ����'�� =�C ��'�< = 7 Jones ��¾ [M : N ]� l�� '.<�=
�.V N

O��
�/N
L2(M, τ)

Á.� l�� ����� � ��'.</= N ′
�.z�6

II1
!

�����(T�N(=�P�O+OJW!X�'.<(=;7�P%�+��Í�� '9( en : L2(M, τ) → L2(N, τ) ]�^ �O
Jones

�.¾
[M : N ]

�
X/V
eN
�
N ′
Á.�

traceτ ′
�%X/���.¾/'�</=;7�U/zD|

[M : N ] =
1

τ ′(eN)OJG _ I(C��!G%7�Y+Z�������X M → N ]�^ �%O�Í Jones
��¾

[M : N ]
� l � '�<=��������+Y�Z�V

Pimsner-Popa basis
O%�!�%4�=�� ]!� 6%` l4�!� � M

� j ��$
u1, u2, . . . , un

�%~.�.`D=.P�O;'.</=��

m =

n∑

i=1

uiEN(u
∗

im)

P
�.�
Jones

�.¾
[M : N ] =

∑n
i=1

uiu
∗

i

O%C���@D=;7
� )�� NMM

O
MMN ] ���/T�� °�� ��� ] O _ I §�¨ H.�.����� & � ] ���.I� #DO5`D=��� �! ] principal graph

O;G¥��7
� � ��'� �"#��$�N AFD

O�GÑ� � ������������%�V Jones
��¾

[M : N ]
�

4 &�'��(+��T�V�Í
Jones, Popa, Ocneanu, Kawahigashi, Izumi ¨ T���|Ð�������ÐT�� � �%3254/6
7�)�*/V

Evans-Kawahigashi
�
L

[2] ]�+ �;7
Theorem 3.1. AFDII1

! � � �
M
O H � � � � � � N

T�U G�I
Jones

� ¾
[M : N ]�

4 &�' N ¨ ��Í
� � ��%����,$�'+<�=J7.-+4�= principal graph
V

Dinkin /,0 �
A,D,E

!/'.<D| Í
An

!/V
1 Ò � Í D2n

!/V�1 Ò � Í D2n+1

!/V32 � Í E6

!/V54 � Í
E7

!(V32 � Í E8

!(V34 � <�=�7-H+� Jones
��¾

[M : N ]
V

Dinkin /
0 � Perron-

Frobenius 6
l X/�5487/'�<D| Í 4 cos2{π/k | k = 3, 4, 5, . . .}
T.N/=;7

P%�/�D�5T
II1
! ���.�

M
� � � � �.� N

�
R.S�V.Í �.E/½ � N ⊂M
�

Jones��¾
[M : N ] ]�9�: O+��6�R�S�'�<�=���Í � ������� N

��; §�¨=< ��4���P�4�C�������
N ⊂M

��R�SÑO�C�G ¢ =�7/P�P�'�Í?>�C=@�?�A�G�P�O���@�U�V�Í Jones ��¾
[M : N ]

� l4� '+<�=+P�O�O ���!��� N ⊂ M
�!���+����'+<�=+P�OJ�9����½
»��I.G.6DO;G¥�;P/O;'.<�=;7

Theorem 3.2. II1
! � �.�

M
O;H.� � � � �.� N

T
U/G�I
�/V.W
X�'.</=;7
(1) Jones

�.¾
[M : N ]

V l�� '�</=;7

(2)
���
�.�

N ⊂M
V%�.�.�.�/'�</=;7

(3)
���
�.�

N ⊂M
V

Frobenius
�.��'.</=;7

8



Á���� : V h�� N C∗-
����(��/T/C &�� �;I.G�= [21]

7
II1
! ���.�

M
� � � ����

N
����E�½ � N ⊂M

�
depth

� l�� O�V�H�� principal graph
� l�� O�GÑ��PO;'.</=;7

Ocneanu
T/�/| Í �.E/½ � N ⊂ M

����� �/§D¨�� =
�.V depth
�54��

	 ��O!��O�G¥� /91�3 r%��<�=J7 L. Kadison ¨ V [14],[15]
@�A(�%��'+W�((N

depth� 4�O�GÑ� Y�Z ] R�S ��I�G�=�7�2 ¨ T "�# ����������(+��C�
 ��IuG�I @�?�A-G�7
L. Kadison

V
���.�.� ];^�_ I Jones ��
��D]�����& �;I.G�= [13]
�.H
4�T
U/G.IV.Í "  /�
Ó�� [3] ]%� �;7

4. � ������� §D¨ U3� ¨ 4D= C∗-
�

l�: ½�¾�V�����·�¸�¹�º����+!�M�N�Â�'�<�=�7 l�: ½�¾ R
�����+� & ��UÑ��=

� (Rn)n
V

Riemann  �! Ĉ
Á�� * ��"�M�N�, � ������� ] <�6 ¢ = [1]

7
R
�

Fatou

set FR

O;V
(Rn)n

�.H.�.Á.'�W �.».¼ *qz.6.V
��#�$.,�O;N�=
Ĉ
�
>.�/��� ���/�P/O;'.</=J7

R
�

Julia set JR
OJV

Fatou set FR

��$������/P/O;'.<�=;7
Fatou set

FR

V � �����%�.��&�� � �/' Julia set JR
V�	�&��.'�'�( 8 M.N � ��'.</=;7l�: ½
¾/��)4:D|;T ²  +* °
��, ���.-�/.0�1+243�5�6�7�8�9 :<;%=�>�?�8�9�@

R(z) =
az + b

cz + d
(ad− bc = 1, a, b, c, d ∈ C),

-
PSL(2,C) ACB 34DFEHGJIK2ML ,ON4P PSL(2,C) ,RQ4SOT 6OU Γ

-
Kleinian groupA�V IK2

Kleinian group Γ , ordinary set ΩΓ A+WXP z ∈ Ĉ Y�Z�,X[ 1]\�^ Y Γ _�`Xa�bc�d 1�e ,�f�g�, d�h%i�j�k , L A�Y�P�Z�, Ĉ Y�,�l j�k ΛΓ

-
Γ , limit set A�VIK2

Ordinary set ΩΓ W�m�n *.o�U ,�p%q�T 6 Y�P limit set ΛΓ W�r�p�q�T 6 :<s�t? T 6�@ Y�[ 1�2
Sullivan [20] W�P�u�v�w 7 ,�x�y k�z ,�{�|�}�~���,�v��MA�P Kleinian groups ,v���A],��X� -+� h��X� -+�%����2 Sullivan � ��� WXP�uXv%w 7 R � Julia set JRA Kleinian group Γ � limit set ΛΓ A���� c PO��V�������_�[ 1�L A -���E�� V 1�2

Kleinian group Γ � limit set ΛΓ � � ������� W�� k�� Y C∗- � -�����1�2 u�v�w 7��x�y k�z ��{�|�}�~%� �.� W Cuntz-Pimsner � z -+���ME���� W.� C∗-� -����1�2�L � G�I d {�|�}�~���A ������� C∗-����[�V����� �¡�w�¢�� D�£��¤� Sullivan
� ��� - C∗- ���¦¥�§�¨�Y�©%ª h 1�L A -�«�¬�E��%­���2®�¯�° A���±%B�²�³ [16] Y�P�u�v%w 7 R

c�´ E��.µ�¶�·%o�¸�¹
Ĉ A Julia set JRA Fatou set FR �ºZ �¼»4� c4½¿¾ � PÁÀÃÂÁ� C∗-� OR(Ĉ) A OR(JR) A OR(FR)-]ÄÆÅÇEÈ�É2JLÈ�Ê� WÆP 6ÌËÆ£Ì-ÈÍ¼Î � R �ÌÏÆnÆÐ -ÈÑ���� C∗-bimodules

:
C∗-

correspondences A e V I ) -È� �ÒP�ZÆ� Cuntz-Pimsner algebras A EH� � z¿Ó ��É2�ÔÕ04Ö
C∗- � OR(JR) W C(JR) A {Sf ; f ∈ C(graphR|JR)}

�Õ�Ã× z¿Ó � P
Cuntz-Pimsner ��Ø 9 w�Ù�Ú�Û � h�Ü�Ý�Þ�d ��Y�[ 1�2Oß���à W L � C∗- � OR(JR)Ú Kleinian group Γ � boundary action

c G�1
C(ΛΓ) ��� k�� C(ΛΓ)o Γ [17] ����MA E�� A ��á�� V 1+2

L�L Y�{�|�}�~��.A C∗- ��� â<r�ã�f d�ä���� Ú �ME�� Û G.IK2

9



Table 2. a dictionary

Rational function R Kleinian group Γ C∗-algebra

Julia set JR limit set ΛΓ OR(JR)

unstable, self-similar unstable purely infinite

Fatou set FR ordinary set ΩΓ OR(FR)

JR W.À £ Ú Í Û�ã�f�r 8 ΛΓ W.À £ Ú Í Û�ã�f�r 8 ?

x������ £ W JR Y���� �
	���r�
 £ W ΛΓ Y���� ?

FR � z 6 W 0, 1, 2,∞ ΛΓ � z 6 W 0, 1, 2,∞ ?

∂(ã�f�r 8 z 6 )= JR ∂(r 8 z 6 )= ΛΓ ?

no wandering domains thm. Ahlfors’ finiteness thm. ?

N = degR the number of generators ��� U ?

degR ≥ 2 non elementary not C(T)

orbit structure orbit structure ?

invariant measure +α invarinat measure +α KMS state

branched points (singularity) ? extreme KMS states

? ? K-groups

? ? gauge action

Blaschke product Fucks group ?

�
	���u�v%w 7 ��� � 8�9 d E ������~ Þ u�� d ?m�n�� o�U

�
	���u�v�w 7 � ¹ � 0 q�v Ahlfors � 0-1 q�v ?

Hausdorff dimension Hausdorff dimension ?

10



Theorem 4.1. R Ú�� 5���� ��u�v�w 7 A h 1 d ��Ö P�u�v�w 7 R � ��1 {�|�}�~��_ Julia set JR
� Y × z�h 1 C∗-� OR(JR) W�������	
� d C∗- � c�d 1�2

Theorem 4.2. � 5���� ��u�vÌw 7 R
c�´ E+� P uXv%w 7 R � �¦1 {�|�}X~%�X_

Julia set JR
� Y × z�h 1 C∗- � OR(JR) Ú�
 á�1�2�5 W�B���Y�[ 1�2:�� @���¶������ c G�1 r�
 £ � :��
��@

OR(JR)
T W�	
��Y�[ 1+2: � @ Julia set JR _ 6�Ë�£ Ú Í�� d V � JR ∩ BR = ∅
2
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