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Abstract. We give new viewpoints of Campanato spaces with variable growth con-
dition for applications to the Navier-Stokes equation. Namely, we formulate a blowup
criteria along maximum points of the 3D-Navier-Stokes flow in terms of stationary
Euler flows and show that the properties of Campanato spaces with variable growth
condition are very useful for this formulation, since variable growth condition can con-
trol the continuity and integrability of functions on the neighborhood at each point.
Our criterion is different from the Beale-Kato-Majda type and Constantin-Fefferman
type criterion. If geometric behavior of the velocity vector field near the maximum
point has a kind of stationary Euler flow configuration up to a possible blowup time,
then the solution can be extended to be the strong solution beyond the possible blowup
time. As another application we also mention the Cauchy problem for the Navier-
Stokes equation.

Key words: Campanato spaces with variable growth condition, blowup criterion, 3D
Navier-Stokes equation, stationary 3D Euler flow, Cauchy problem.

1. Introduction

In this paper we consider the properties of Campanato spaces with vari-
able growth condition and give their applications to the Navier-Stokes equa-
tion. More precisely, we construct a blowup criteria along maximum points
of the 3D-Navier-Stokes flow in terms of stationary 3D Euler flows. As an-
other application we also mention existence of a time local solution to the
Cauchy problem for the Navier-Stokes equation.

Campanato spaces was introduced and studied in [3], [4], [28], [29], etc,
and their variant with variable growth condition was introduced in [25] to
characterize pointwise multipliers on BMO. Recently, it turned out that
Campanato spaces with variable growth condition were the dual spaces of
Hardy spaces HP(") with variable exponent by [24]. In this paper we recall
properties of Campanato spaces with variable growth condition investigated
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in [18], [20], [21], [23] and give new viewpoints of them for applications to
the Navier-Stokes equation.
The Navier-Stokes equation is expressed as

O+ (w-Vv—Av+Vp=0 inR" x[0,T),

V-v=0 in R™ x [0,T), (1.1)
v]t=0 = vo in R™,
where v = (v1,...,v,) is a vector field representing velocity of the fluid, p

is the pressure, and

V-v:iﬁjvj, v-V:ivjaj, A:iaf
j=1 j=1 Jj=1

It is known that the pair of solutions (v, p) satisfies the relation
n
p= Y RiR;(vivy),
ij=1

where R; (j = 1,...,n) are the Riesz transforms (see [13], [15], [26] for
example). Therefore, to estimate the solutions in some function space we
need the properties of the Riesz transforms and pointwise multipliers (point-
wise product operators) on the function space. Namely, we investigate the
following norm boundedness:

<C 1.2
1fgles < Clflles Nallzs . (1.2)

IRifles | <Cliflgs (13)

for Campanato spaces Ef) & and Eg " with variable growth condition. More-
over, to consider blowup (or non-blowup) criterion we will use the following
estimate on the value of functions at a certain point xg:

Fo)l < Clfls - (14)

For this estimate Campanato spaces with variable growth condition are very
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useful, since variable growth condition can control the continuity and inte-
grability of functions on the neighborhood at each point.

In the next section we define Campanato spaces with variable growth
condition and state their several properties. We give the boundedness of the
Riesz transforms, operators of convolution type, and pointwise multipliers
on Campanato spaces with variable growth condition in Sections 3, 4 and
5, respectively. Then we formulate a blowup criteria for the 3D Navier-
Stokes flow in Section 6, which is proved in Section 7. The most significant
blowup criterion must be the Beale-Kato-Majda criterion [1]. On the other
hand, Constantin and Fefferman [7] (see also [8]) took into account geometric
structure of the vortex stretching term in the vorticity equations to get
another kind of blowup condition. These two separate forms of criteria
controlling the blow-up by magnitude and the direction of the vorticity
respectively are interpolated by Chae [5]. In this paper, we give a different
type of blowup criterion from them. We focus on a geometric behavior of
the velocity vector field near the each maximum points. Further, we give
in Section 8 the specific function spaces of Campanato spaces with variable
growth condition as suitable examples for our blowup criteria. Finally, as
another application of Campanato spaces with variable growth condition,
we give an existence theorem on the Cauchy problem for the Navier-Stokes
equation in Section 9.

2. Campanato spaces with variable growth condition

In this section we define Campanato spaces ﬁzhv, » With variable growth

condition. We state basic properties of the function spaces LE,’ s To do
this we also define Morrey spaces and Hoélder spaces with variable growth
condition.

Let R™ be the n-dimensional Euclidean space. We denote by B(z,r)
the open ball centered at x € R™ and of radius r > 0, that is,

B(z,r)={y e R" : |y —z| < r}.

For a measurable set G C R"™, we denote by |G| and yg the Lebesgue
measure of G and the characteristic function of G, respectively.

We consider variable growth functions ¢ : R™ x (0,00) — (0,00). For a
ball B = B(x,r), write ¢(B) in place of ¢(x,7). For a function f € L (R™)

loc
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and for a ball B, let
fo= 1B [ fG@)d.

Then we define Campanato spaces L, »(R™) and EE), s(R"), Morrey spaces

L, 4(R™), and Holder spaces Ag(R™) and Ai (R™) with variable growth func-
tions ¢ as the following;:

Definition 2.1 For 1 < p < oo and ¢ : R" x (0,00) — (0, 00), function
spaces L »(R™), 55,7¢(R"), Ly, s(R™), Ap(R"), Ai(]R”) are the sets of all
functions f such that

1 1 1/p
Il =sup = (5 [ 170 = falras) <,

1Flles = 1F ey + F50m] < oo,

1 (1 oo\
ufHLM=s%p¢(B)(|B| [ 15 dw) < oo,
2 f(x) — 1)

[flla, = sup < 00,
T ayern, oy O [ = yl) + oy, |y — 2))

1£1az = [Flla, + [F(O)] < oo,

respectively.

We regard EE), s(R"™) and L, 4(R™) as spaces of functions modulo null-
functions, £, »(R™) as spaces of functions modulo null-functions and con-
stant functions, AZ(R") as a space of functions defined at all z € R", and
Ay(R™) as a space of functions defined at all z € R™ modulo constant func-
tions. Then these five functionals are norms and thereby these spaces are
all Banach spaces.

In order to apply the Campanato spaces E; ¢(R”) to the blowup crite-
rion (more precisely, in order to find specific function spaces satisfying (1.2),
(1.3) and (1.4)), we state several properties of Ei@(R”) and the relation be-
tween ¢ and Ei@(R”).

For two variable growth functions ¢; and ¢o, we write ¢ ~ ¢ if there
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exists a positive constant C' such that
C~'$1(B) < ¢2(B) < C¢1(B) for all balls B.

In this case, two spaces defined by ¢; and by ¢2 coincide with equivalent
norms. If p = 1 and ¢ = 1, then £, 4(R"™) is the usual BMO(R"™). For
d(z,r) =r*, 0 < a <1, we denote A« (R") and A, (R™) by Lip,, (R") and
Lipi (R™), respectively. In this case,

oy, = sup L& =IO

S ey 1 gz, = I FllLip, + [ £O)].
T,y n, gty —

If ¢(x,r) = min(r*,1), 0 < a < 1, then
1£llaz ~ 1 ip, + [Lf 2o
From the definition it follows that
£ ey < 20 lEp s Wfllge = @460, D)L,
If ¢(B) = |B|~/? for all balls B, then

Iz, = [1fllze-

We consider the following conditions on variable growth function ¢:

1 o(z, s) 1 s
A, < () < Ay, 3 < - <2 (2.1)
22 < zgg <Ay, d@y) < (2.2)
o(x,r) < Azd(z,s), 0<r<s<oo, (2.3)

where A;, i = 1,2,3, are positive constants independent of z,y € R"™ and
r,s > 0. Note that (2.2) and (2.3) imply that there exists a positive constant
C such that

o(x,r) < Co(y,s) for B(x,r)C Bly,s),
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where the constant C' is independent of balls B(x,r) and B(y, s).
The following three theorems are known:

Theorem 2.1 ([22]) If ¢ satisfies (2.1), (2.2) and (2.3), then, for every
1 <p<oo, LpsR") =Ly 4(R") and Efw(R") = Eiyé(R") with equivalent
norms, respectively.

Theorem 2.2 ([21]) If ¢ satisfies (2.1), (2.2), (2.3), and there exists a
positive constant C such that

" o(,t)
t

dt < Co(x,r), xe€R" r>0, (2.4)

then, for every 1 < p < oo, each element in L’EW(R”) can be regarded as
a continuous function, (that is, each element is equivalent to a continuous
function modulo null-functions) and L, »(R") = Ag(R™) and Ei’(ﬁ(R”) =
AZ(R”) with equivalent norms, respectively. In particular, if ¢(x,r) = re,
0 < a <1, then, for every 1 < p < o0, ﬁfw(R”) = Lip®,(R") and
L, 4(R™) = Lip, (R™) with equivalent norms, respectively.

Theorem 2.3 ([21]) Let1 <p < oo. If ¢ satisfies (2.1), (2.2), and there
exists a positive constant C' such that

G dt < Co¢(x,r), ze€R" r>0, (2.5)

then, for f € L, 4(R™), the limit o(f) = hﬁm IB(o,r) exists and

1y ~1F =o)L,

That is, the mapping f — f — o(f) is bijective and bicontinuous from
L, 4(R™) (modulo constants) to Ly »(R™).

Remark 2.1 The following inequality is important to prove Theorems 2.2
and 2.3. It is proven by an elementaly calculation, see [21, (3.6) on page 7].

279 ¢

oo —faerm| < c/ Lat | flle,, forz €R™, v <ry. (26)
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Remark 2.2 If [ ¢(0,t)/tdt < oo, then, for every f € L, 4(R™), there
exists a constant o(f) Such that lim fp(,.) = o(f) for all z € R™, see [21,
r—>00

Lemma 3.2].

Remark 2.3 If [~ ¢(0,t)/tdt < oo, then ¢(0,r) — 0 as r — oco. Hence,
for f € L, 4(R™), we have

()] = lim | fan| < lim 60,1 flz,, »0 as r— oo

That is, o(f) = 0.

For a ball B, CR" and 0 < a < 1, let

|f(z) — f(y)]
[fllLip, .y = sup  ————-.
z,yEB., x#y ’l‘ y’

We also conclude the following:

Proposition 2.4 Let1 <p <oo and 0 < a < 1. Assume that, for a ball
B.,

¢(x,r) =1 for all balls B(x,r) C Bi. (2.7)

Then each element f in L’i ¢(]R") can be regarded as a continuous function
on the ball By, and, there exists a positive constant C such that

[fllLip, 8. < Cllflle,,0

where C' is dependent only on n and . In particular, if (2.7) holds for
B, = B(0,1), then each f € EEW(R”) is a-Lipschitz continuous near the
origin and

1fllgs ~ 1S, +1FO)]

Proof. By (2.6) we have that, if B(x,r), B(y,r) C B, then

2r+lz—y| 4o
B = B < C/ St flle,, < C2r+le =y [1fle,..
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since B(x,r), B(y,r) C B((z +vy)/2,7 + | — y|/2), where C, is dependent
only on n and a. Letting » — 0, we have

[f (@) = f)l < Cilz —yl* Ifllc,

for almost every z,y € B,. In this case we can regard that f is a continuous
function modulo null-functions and we have

[fllLip, (B.) < Cullfllz, -

If B, = B(0,1), then

2
tOé
a0~ S| <C [ 5 dt 1, <CIFle, o

Letting » — 0, we have

1£(0) = feoon| < Cllfllc,.,-

This shows that || f|lz, , + |fBo,1)] ~ HfHLM) +[£(0)]. O

Proposition 2.5 Let 1 < p < oco. Assume that there exists a positive
constant A such that

$(B) < A|B|~Y?  for all balls B.

Then there ezists a positive constant C such that, if f € L, 4(R™) and
o(f) = lim fp,) =0, then f € LP(R") and
T—> 00

[fllze < Cllflic, o

Proof. Let ¢(B) = |B|7'/?. Then ¢ satisfies (2.5). Hence, by Theorem 2.3
we have

1z, , = I1f =Pz, ; ~ Ifllc, ;-

Since ||fllz . = [|fllzr and [|f]lz . < Al fllz,.,» we have the conclusion. [J

P, p,¢ T
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3. Singular integral operators

In this section we consider the singular integral theory to show the
boundedness of Riesz transforms in Campanato spaces with variable growth
condition. We denote by LP(R™) the set of all f € LP(R™) with compact
support. Let 0 < k < 1. We shall consider a singular integral operator T
with measurable kernel K on R™ x R" satisfying the following properties:

C
K (z,y)| < R for x#y, (3.1)

) . o B C |z — z| K
K (2,y) — K(2,9)| + |K(y,2) — K(y, )\§|x_y|n (w—y!) (3.2)

for |z —y|>2x—z|,

/ K(ﬂ%y)dy:/ K(y,z)dy =0
r<|z—y|<R r<lz—y|<R (33)

for 0 <r < R< oo and x € R",

where C is a positive constant independent of z,y, z € R™. For n > 0, let

e = [ Kepi

Then T, f(z) is well defined for f € LE(R™), 1 < p < co. We assume that,
for all 1 < p < oo, there exists positive constant C, independently n > 0
such that,

[Ty fllze < Collfllze for  f e LZ(R™),

and T, f converges to T'f in LP(R™) as n — 0. By this assumption, the
operator T' can be extended as a continuous linear operator on LP(R™).
We shall say the operator T satisfying the above conditions is a singular
integral operator of type k. For example, Riesz transforms are singular
integral operators of type 1.

Now, to define T for functions f € 527 s(R™), we first define the modified
version of T, by
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e = [ @Ky KO0 xmon@]d (G

Then we can show that the integral in the definition above converges abso-
lutely for each x and that Tn f converges in LP(B) as n — 0 for each ball B.
We denote the limit by T'f. If both T'f and T'f are well defined, then the
difference is a constant.

We can show the following results. Theorem 3.1 is an extension of [23,
Theorem 4.1] and Theorem 3.3 is an extension of [19, Theorem 2]. The
proofs are almost the same.

Theorem 3.1 Let0 <k < 1landl < p < co. Assume that ¢ and
satisfy (2.1) and that there ezists a positive constant A such that, for all
x€R” and r >0,

w [T 0, 1)

tl—i—n

r

dt < AY(z,r). (3.5)
If T is a singular integral operator of type k, then T is bounded from L, 4(R™)
to L, »(R™) and from Ei@(R") to ﬁEW(R"), that is, there exists a positive
constants C' such that

ITA 20 < Clfleper 1Tz <IN

Moreover, if ¢ and ¢ satisfy (2.2) and (2.3) also, then T is bounded from
L} ,(R™) to L3 ,(R™).

Corollary 3.2  Under the assumption in Theorem 3.1, if ¢ and v satisfies
(2.2), (2.3) and (2.4), then T is bounded from Ay(R™) to Ay (R™) and from
AL(R™) to A% (R™).

For Morrey spaces L, 4(R™), we have the following.

Theorem 3.3 Let 0 < k <1 and 1l < p < co. Assume that ¢ and
satisfy (2.1) and that there exists a positive constant A such that, for all
z €R" andr >0,

/OO ¢(J;’t) dt < Ayp(x,r).
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If T is a singular integral operator of type k, then T' is bounded from Ly, 4(R™)
to Lpﬂl) (Rn) °

Now we state the boundedness of Riesz transforms. For f in Schwartz
class, the Riesz transforms of f are defined by

Rif(x)= cng%Rj7Ef(x), j=1,...,n,

where

Tj—Yj n+1 —(n+1)/2
R',fo:/ —L—=0— f(y) dy, cn=F< )7? :
e ( ) R™\ B(z,e) |l’ - y|n+1 ( ) 2

Then it is known that there exists a positive constant C, independently
€ > 0 such that,

[Rjefllee < Cpllfllze for f e LE(R™),

and R;.f converges to R;f in LP(R™) as ¢ — 0. That is, the operator R;
can be extended as a continuous linear operator on LP(R™). Hence, we can
define modified Riesz transforms of f as

R;f(x) = ¢y lim Rj.gf(x), j=1,....n,
e—0

and

B ) — zj—y; (=) —xBon©®)
Bosw=[ ( o) 5y ay

’J} _ y’n+1

We note that, if both R, f and R;f are well defined on R™, then R, f — R; f

is a constant function. More precisely,

Rif(z) — R;f(x) = ¢, / ) (_yj)(1|;,fﬁ<0’1’(y))f<y> dy.

Remark 3.1 If f is a constant function, then Rj f = 0. Actually, for
f=1
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B - [ BB,
R7\B(z,e)

|z —y|* Tt
+/ ((xj —y)(1 —XxBEy) ()0 - xB<o,1>(y))> dy
R\ B(,¢) |z —y|" 1 |y +
—u:)(1 —
_ / ( ZJJ)( iﬁ(o,l)(y)) dy =0 ase—0,
B(z,e) |y
since
T — s .
/ @ y])ii(lx’l) dy = / Zizj-i-l dy =0
R™\ B(z,¢) |z — yl B(0,1)\B(0,¢) |yl
and

|z —y[*+! [yl

/ ((xj —y)d = XBEy)  (—y)d - XB(O,l)(y))> dy =0,

Hence R;1(z) = 0 for all z € R™.

Theorem 3.4 Let 1 < p < oo, and let ¢ satisfy (2.1) and

T/TO" ¢(;627t)

for oll x € R™ and r > 0. Assume that there exists a growth function ¢
such that ¢ < ¢ and that ¢ satisfies (2.1), (2.2) and (2.5). If f € ﬁi’qﬁ(R”)
and o(f) = hﬁm B0 =0, then R;f, j = 1,2,...,n, are well defined,

o(R;f) = lim (R;f)p(r) =0, and

dt < Ap(z,r), (3.6)

IRiflles < Clflles o G =1200m,

where C' is a positive constant independent of f.

Proof. Let f € Ei@(R”) and o(f) = 0. Then, by Theorem 2.3,

1712, = 1 = (P ~ 1, 5 < Il < WL,

P,
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By Theorem 3.3 R, f is well defined and

1B I, ; < Cllle, ; < CllflL -

P, — pd —

This shows that o(R;f) = 0 by Remark 2.3 and

1/p
1
R f <= R f(z)P dx
< 30, DR flls, ; < CIS s

Since R; f — ij is a constant, by Theorem 3.1, we have

IR flley.s = 1R flle,, < Clifle,, < Clifllgs -
Therefore, we have ||ij||£f),¢ < CHngfw- U

Remark 3.2 Under the assumption in Theorem 3.4, for f € Efw(R")
with o(f) = lim fp,) =0, R;R;f is well defined and
™00

|R:B;fll ez <Cllfllgs o inj=1Loeeoim.

4. Convolution

In this section we prove the boundedness of operators of convolution
type with nice functions like the heat kernel. For a function g and s > 0,

let g,(z) = g(w/s)/s".

Theorem 4.1 Let1 < py,po,p3 < o0 and 14+1/py = 1/pa+1/ps. Assume
that ¢ satisfies (2.1) and (2.5). Let g € LP3(R™) and there exists a positive
constant Cy such that

wwnséﬁ for x40, (4.1)

Then there exists a positive constant C such that, for all s € (0,00) and
fe LP2,¢(Rn)7
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lgs * fllz,, 0 < O+ s~ WPm/r0m)| 7

P2,¢ "

where 0(x,r) = (1 4+ rA/P2=1/P)m) g (g 1),

Theorem 4.2 Let 1 < py,pa,p3 < 00 and 14+1/p1 = 1/pa+1/ps. Assume
that ¢ satisfies (2.1) and (3.6). Let g € LP*(R™) N CL(R™) and there exists
a positive constant Cy such that

. 1 1
lg(x)| < Co min (Wy W) , [Vg()] < EGs for x#0. (4.2)

Then there ezists a positive constant C such that, for all s € (0,00) and

f € £P2,¢(Rn);
lgs * fllz,, , < CA+ s~ AP2mtpmyple -

where O(z,7) = (14r1/P2=1/P1)™) (2 ). Moreover, assume that there exists
a positive constant Cy such that, for all x € R", [[~(¢(z,t)/t)dt < Cy.
Then there exists a positive constant C' such that, for all s € (0,00) and

] €Ly, o(RY),

g # Flles | < OO+ s~ Wmmmg

Further, if lim sup [(¢(z,t)/t)dt = 0, then o(f) = lim fpo,.) = 0
T—)OomeRn r—00

implies o(gs * f) = rler;O(gs * f)Beo,r) = 0.

Theorem 4.3 Let 1 < py,pa,p3 < 00 and 14+1/p1 = 1/pa+1/p3. Assume

that 1 satisfies (2.1) and (3.6) and that there exists a positive constant
Cy such that, for all x € R™, [[°(¢(z,t)/t)dt < Cy. Assume also that

lim sup [ (¢(z,t)/t)dt =0. Let
T‘—)OOIERTL

P(x,r r<l,
¢(I,T):{ ( ) -

Y(x,r)P/Pr > 1.

Let g € LP*(R™) N CY(R™) and g satisfy (4.2). Then there exists a positive

constant C' such that, for all s € (0,00), if f € Eizw(R") and o(f) =
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lim fpor) =0, then o(gs x f) = lim (gs * f) o =0, and

loox fles < COL+s U fs

Next we apply above theorems to the heat kernel. Then we have the
following corollaries.

Corollary 4.4 Let 1 < py < p; < oo. Assume that ¢ satisfies (2.1) and
(3.6). Let

1 e .
ht(x) = We |7 /4t fO'r r€eR s te (O, OO) (43)

Then there ezists a positive constant C' such that, for all t € (0,00) and
f S £p2,¢(Rn>7

he % fllz,, o < O+t~ O/p2mtion/2y) g

1(Vhe)  fllz,, o < CE2Q 4= W2 t/poni2y gl -
where O(xz, 1) = (14+r1/P2=1/PO™) g2 ). Moreover, assume that there exists
a positive constant Cy such that, for all x € R"™, [ (¢(z,t)/t)dt < Cp.
Then there exists a positive constant C such that, for all t € (0,00) and

feci (R,
s flos | < OO+ 0m—bmmy g,

1(Vhe) * flly | < M= mmmom2) | f

Further, if ILm sup [ (¢p(x,t)/t)dt =0, then o(f) = 0 implies o(hy* f) =
=00 zeR™

a((Vhy) = f) =0.
Corollary 4.5 Let 1 < py < p; < co. Assume that ¢ and v satisfy the
same conditions in Theorem 4.3. Let hy be the function defined by (4.3).

Then there exists a positive constant C' such that, for all t € (0,00), if
fe Eiwp(R”) and o(f) =0, then a(hy * f) = o((Vhy) * f) =0 and
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Ihes fllps | < COAEWmmmmB)|if .

1(Vhe) s fllgs, < COVEQ )] £l

p2,Y

To prove Theorems 4.1, 4.2 and 4.3 we state the following lemma which
is proven by the same way as [23, Lemmas 6.5 and 6.6].

Lemma 4.6 If ¢ satisfies (2.1), then there exists a positive constant C
such that, for all balls B(x,r),

/ fyl C/ <Z5
R\ B(a,r) T — Z/|"

Lf( ) ji?(w T)‘ <C ¢’
/R"\B(z,r) |z —y[n ! /

Proof of Theorem 4.1. First note that, from (4.1) it follows that |gs(x)| <
Co/|x|™ for z # 0.

Let f € L,, 4(R™). For any ball B = B(z,r), let fi = fx2p and
fo = f — f1. Then we have

and

1/P1
( [ 1o+ fio da:) < llgs * Fr(@)lzm < lgsllirs |l oo
B

1/p2
— S—(l/zoz—l/pl)n”gHLp3 </ |f(z)|P daz)
2B

< s~WnUpn| gl [2B[Y7 6(2B) | £l

p2,¢ "

That is,

1/?1
(‘;, [ loox sy dx)

< Os~(/pt/min| gt e =t/ g(B)| f||1,, ,- (4.4)

Next, for x € B, using Lemma 4.6 and (2.5), we have



Campanato spaces with variable growth condition and the NS equation 115

IR )
oo+ o) =| [ ota—niwa| <o [ O
<c [“ 2D, , < Coe

This shows that g * f is well defined and that

1 1/p1
(|B| [ 1.+ o dx) < CoB)f i, .. (4.5)

By (4.4) and (4.5) we have the conclusion. O

Proof of Theorem 4.2. First note that, from (4.2) it follows that

1
|gs($)|§00min< 5 >, for x#0,

| fa| 4

and that

|z = 2|

) — a(s — S U Ll B
|9s(z —y) — gs(z —y)| <2 C°|x—y\n+1

for |z —y|>2lx—z|.

Let f € Ly, »(R™). We first show that gs * f is well defined. For any
r>0,let fi = fxp(,2r and fo = f — f1. Then g, * fi is well defined, since
gs € LP3 and f; € LP2(R™). On the other hand, for x € B(0,r),

904 £20) < [ Jguo— )l dy

n

- +
< Cgs/ |f(y) fB(o,gr)L+1|fB(o,2r)\ a.
R™\B(0,2r) |z —y|

Using Lemma 4.6 and (3.6), we have

o 0’ .
lgs * fa(x)| < C's </2 ¢(t2 t) I1flly, + ‘JCB(272)|>

S OS <¢(O’T) Hf”[,p%d) + ‘fB(S,ZT)|> )

r
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This shows that g, * f is well defined. It is also clear that g; * 1 is a constant
function.
Next we estimate the norm of g5 * f. For any ball B = B(z,r), let

fi=(f = fep)xzs and fo = (f — fap))Xrm 25 Then

Js *f(l‘) —Js *f(z)+gs *.fl(z)
=gs* ([ — fep) (@) —gs x (f — fiep))(2) + s * f1(2)

= gs* ]?1(55) + gs * fZ(x) —Gs *f2(z)

For the term g, * fl, we have

~ 1/101
( [ 1o fiwy dx)
B

< llgs * frllzer < llgsllzea |L.fillLrs

1/102
— 3—(1/172—1/101)nHgHL,,3 (/ |f(z) — f(2B)’p2 dm)
2B
< s~ WP2men )| og [2B|P2 $(2B) | f || .c

P2,

That is,

1 ~ 1/Pl
(|B‘ [ loex i dx)

< Cs—(l/l)z—l/pl)n|B‘1/102—1/p1 ¢(B)||f||£p21¢, (4.6)

For x € B, using Lemma 4.6 and (3.6), we have

|gs * f2(x) —gs* f~2(z)| =

| 6=~ 0.~ Rt dy

S/ 9s(x —y) — gs(z = W) f(y) — fonldy
R7\2B

|z — 2|

y[n

< 2n+100
R™\2B |z —

|f(y) — faB|dy
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<cr [ UGN

t2
< Co(z,7)||fll,y .-

Then,

1 ~ 5 1/p1
<|B /B |95 * f2(x) — g5 * f2(2)["* dgc) <COB)flly,.o- (4.7)

By (4.6) and (4.7) we have

1 _ 1/p1
(5 [ 10 10 = g0 1)+ ¢ e )
< C(L+ s~ Wml/pomy (1 4 |BIYP2= VP 6(B)| fl g, -
That is,
gs * flle,,.o < C(L+s~WP2mVPOm) I fl1p
Next we show that

(g5 * f)Bo,)l < CHle;iMa (4.8)

under the assumption that [~ (¢(z,t)/t)dt < Cy. By Remark 2.1 and an
elementary calculation we have

|fBw,1) — fBOY] = B, — fBO1+WD| + 1B+ — [BO1+2]y))]
+ fB01+219) — fBOD)

. (c / TN EIOD 4y g, 2ry|>> T

< CCllflle

P2,¢ "

Then

[y < CCollflle,, . + B0 S CClfllz  forally e R™,
P2,9
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and

1
‘wmﬂﬂé@n%*“@“

:‘Uﬂéﬁw|/;wJ%/ngdyU%$deydx

/ 9s(W) fB(=y.1) dy’

< CCyllgellallflls

That is, we have (4.8) and

lgs* Fllgs, | < CQU+sWPmOm) g0

If sup,cpn [ (¢(x,t)/t)dt — 0 as r — oo and o(f) = 0, then we have by
Remark 2.1

ol = s — ol <€ [ 22D atpie,, .

and

1
‘wmmnﬂ@ﬂ%*ﬂ”“

= ’\/R QS(y)fB(fy,r) dy‘

<Z>
<MAumm/ D it flc,,, 0

as r — oQ.

The proof is complete. O

Proof of Theorem 4.3. Let f € £22’¢(R"). By the same way in the proof
of Theorem 4.2 we see that gs * f is well defined. Next we estimate the
norm of gs * f. As in the proof of Theorem 4.2, for any ball B = B(z,r), let

f = (f - f(2B))XzB and f2 = (f - f(QB))XR"\2B- Then, by the same way
as (4.6) and (4.7) we have

1 - 1/p1 ~ - . B
<|B‘/ lgs * f1(z)|P* d:L'> <Cs (1/p2—1/p1) |B|1/p2 1/p1¢(B)||f||£p27w
B
(4.9)
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and

1 - - 1/p1
<|B, /B |95 * f2(z) — gs * f2(2) " dw) < CY(B)|fllz,, .o (4.10)
respectively. On the other hand, by the assumption that fow(¢(x’ £)/t)dt <

Cy we have that f € L>®(R") and |[f|r~ < C||f]| = . see Remark 5.1

below. Hence, we have also

~ 1/p1 B -
( [ 1o A@p dx) < llgs * Fillzm < llglloa I Fullzon
B
1/191
— gl ( |15 = fasl daz)
2B

1/p1
<l ([ 1)~ foml ds )
1=p2/p 1 2/DP1 2/P1
< CIFIE " 2B g By 207

That is,

1 ~ 1/p1
<w /B lgs * f1(x)[P d:r) < Cq/;(B)pz/m ||f||£f)2w (4.11)

Here we note that i(z,r) < CffT(@b(z,t)/t)dt < CCy. Then 9(B) <
Cp(B)P2/P1 and

min(|B|'/72 7 P1p(B), (B)P2/7) 4 ¢(B) < C(B).

Combining (4.9), (4.10) and (4.11), we have

1 5 1/p1
<|B‘ /B |95 * () = gs % [(2) + gs % fr(2)|" dfﬁ)
< C(1+ s BB f]

That is,
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195 % Fllzyy o < C(1+ s~ W10l
Moreover, as in the proof of Theorem 4.2, we also have that

g% Flles | < OO+ s~ gy

and that o(f) = Tll)rgo fB(o,r) = 0 implies o(gs * f) = Tli_zgo(gs * f)Bo,r) = 0.
Il

5. Pointwise multiplication

Let L°(R™) be the set of all measurable functions on R". Let X; and X5
be subspaces of L°(R") and g € L°(R"™). We say that g is a pointwise multi-
plier from X; to X5 if fg € X, for all f € X;. We denote by PWM(X71, X5)
the set of all pointwise multipliers from X; to Xs.

For ¢ : R™ x (0,00) — (0,00), we define

max(2, x|, )
O* (1) = / 0.0 4 (5.1)
. t
max(2,|z|,r)
O (z,7) = / gb(‘:’ D g (5.2)

Let 1 < p < oo and ¢ satisfy the doubling condition (2.1). Then, for
f €Ll (R") and ball B = B(z,r),

78] < Cllfllgs (@ (1) + 8% (2,7)),

see [18, Lemma 3.2] or [20, Lemma 3.2]. Using ®* and ®**, we can charac-
terize pointwise multipliers on Lzhv, sR™).

Proposition 5.1 ([20, Proposition 4.4])  Suppose that ¢1 and ¢o satisfy
the doubling condition (2.1). For ¢1, define ®F and ®7* by (5.1) and (5.2),
respectively. Let ¢35 = ¢o/(P] + ®7*). If 1 < ps < p1 < 00 and py >
p1p2/(P1 — p2), then

PWM(L?

D1,$1 (Rn)’ Eh (Rn)) 2 E;li)g,qﬁg (Rn) N Lp47¢2/¢1 (Rn)a

p2,¢2
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lgllop < Cll9llzyy .0, + 19llz,, 050, )5

where ||g|lop is the operator norm of g € PWM(CE o, (R™), E;z 5 (R™)).
Lemma 5.2 ([20, Lemma 3.5]) Let 1 < p < co. Suppose that ¢ satisfies
the doubling condition (2.1). Then

£ 4B C Lygesare (B and [Flz, e rpee <Ol

Corollary 5.3  Suppose that ¢ satisfies the doubling condition (2.1). Let
P = (@ + ™). If1 < py <p1 <00 and ps > p1p2/(p1 — p2), then

PWM(LE

lgllo < Cllgllzz

(R™), L5, ,(R") D L], ,(R"),

where ||g||lop is the operator norm of g € PWM(L‘;I@(R”), EiMp(R")). This
implies that

<C
Ifalgs < Clllgs lalls

For example, we can take p; = py = 4 and py = 2.

Proof. By Lemma 5.2 we have the inclusion

‘CL, R™) N Lp4,<1>*+<1>**( ") 524 @

®"),
lolles , +lgllzyam o < Clales

Then, using Proposition 5.1, we have the conclusion. O

Corollary 5.4  Suppose that ¢ satisfies the doubling condition (2.1)
and that there exists a positive constant Cy such that, for all x € R",

Jo S (@(z,t)/t)dt < Cy. If1 < pa < p1 < 00 and ps > pip2/(p1 — p2),
then

PWM(,cf,h d,(R”),z:g% »(R™) D cm H(R™),

lgllon < Clgll: .
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where ||g||lop is the operator norm of g € PWM([,E)l@(]R"), £227¢(R”)). This
implies that

<C . 5.3
1£9les < Clfles Nl (53)

Proof.  From the assumption it follows that ®*+®** ~ 1 and ¢(P*+P**) ~
¢. By Corollary 5.3 we have the conclusion. O

Remark 5.1 If 6 = 1, then L, g(R") = L>°(R") and || f|z,, = I[fllze-

Hence, if ®* + ®** ~ 1, then, by Lemma 5.2 we have EEW(RH) -

Ly ara(R") = L>®R") and || f|lp~ < C||f]lz . Therfore, in (5.3), if
PP

o(f)=0or o(g) =0, then o(gf) = 0, where o(f) = lim IBO,r)-
™00
Corollary 5.5 Let 1 < ps < p; < o0 and 1/py = 1/ps — 1/p1. Suppose

that ¢ satisfies the doubling condition (2.1) and that there exists a positive
constant Cy such that

/ (Z)(:?t) dt < Cy for all x € R", (5.4)
0
/ ¢(g;’t) dt < Cy¢(z,r) forallz € R™ and r > 1. (5.5)

Let

T, T r <1,
1/}(33,r)={¢< ) 1<

¢(x,7m)? > 1.

Iff €Ly, J(R"). g € L}, ,(R") and o(f) = o(g) = 0, then fg € L5, ,(R"),
o(fg) =0 and

<C . 5.6
I£9lles < Clflles lolles (56)

Remark 5.2 In Corollary 5.5, by (2.1) there exists a positive constant
C, such that

" p(z,t)
t

o(z,7) < Cy dt < CyCly.

T
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This shows that ¢(z,r)? < C,Cy ¢(x, 7). Then ||fg\|£i27¢ < ||fg||£5)27¢ and
,Cp27w(Rn) - Ep2y¢(Rn).

Proof of Corollary 5.5. Let f € E;En,d)(]Rn)’ g € Ei47¢(R") and o(f) =
o(g) = 0. Then from Corollary 5.4 and Remark 5.1 it follows that fg €

EE)Q s[R"), o(fg) =0 and (5.3). Hence, it is enough to prove that

1/p2
sup f9)(@) = (fg)sl” dw)
B= B(z7“),7“>1¢ <|B’/ ‘ )B|
< .
<Ol lolles

From Remarks 2.1 and 2.2 it follows that

> t
swn —o <0 [~ 2D agie,,

Combining this inequality and the assumption (5.5), we have that, if B =
B(z,r) and r > 1, then | fg| = |f —o(f)] < C’(;ﬁ(B)Hngm@ and

1 1/p1 1 1/p1
(|B| / If(fc)lpld:r> §<|B] / \f(l’)—fB!pldw> T 1fel

< CoB)|flle,, .o

By the same way we have |gp| < Co(B)| 9|z, , and
1 1/pa
o [ls@pds) < CoBlgle,, .
1Bl J *
Using Holder’s inequality we have

1 1/p2
(5 [1G0@Pde) " < CoByIfle, lole,, .

Then, for B = B(z,r) with r > 1,
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(157 [ 109} - (fa)up as) "
<2( g [ 109w - fngu d:c)l/m

1/172
<2 (u; [ 1o da:) T2 ]

< CHBY|Iflleyy . l9lley, .o

This shows the conclusion. O

6. A blowup criteria for the 3D Navier-Stokes flow

In this section we construct a blowup criteria along maximum points of
the 3D-Navier-Stokes flow in terms of stationary 3D Euler flows and function
spaces with variable growth condition. The most significant blowup crite-
rion must be the Beale-Kato-Majda criterion [1]. The Beale-Kato-Majda
criterion is as follows:

Theorem 6.1 Let s > 1/2, and let vg be in the Sobolev space H®(R3) with
div vg = 0 in distribution sense. Suppose that v is a strong solution of the
Navier-Stokes equation (1.1) with n = 3. If

T
/ |curl v(t) || Lo dt < oo, (6.1)
0

then v can be extended to the strong solution up to some T' with T' > T.

This blowup criterion was further improved by Giga [12], Kozono and Tani-
uchi [16], the authors [27], etc. On the other hand, Constantin and Fefferman
[7] (see also [8]) took into account geometric structure of the vortex stretch-
ing term in the vorticity equations to get another kind of blowup condition.
They imposed vortex direction condition to the high vorticity part. This
criterion was also further improved by, for example, Deng, Hou and Yu [9].
These two separate forms of criteria controlling the blow-up by magnitude
and the direction of the vorticity respectively are interpolated by Chae [5].
For the detail of the blowup problem of the Navier-Stokes equation, see
Fefferman [11] for example.
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In this section, we give a different type of blowup criterion from them.
We focus on a geometric behavior of the velocity vector field near the each
maximum points (c.f. [14]). In order to state our blowup criterion, we need
to give several definitions.

Let us denote a maximum point of |v| at a time ¢ as zp = Tyt €
R3 (if there are several maximum points at a time ¢, then we choose one
maximum point. We sometimes abbreviate the time t). We use rotation and
transformation and bring a maximum point to the origin and its direction
parallel to x3-axis. Moreover, we decompose v into two parts: stationary
3D Euler flow part and its remainder. If the remainder part is small, then
we can prove that the solution never blowup.

Let us explain precisely. We denote the unit tangent vector as

T(za) = T(@py) = 0/ |v))(@ar0)5 1),
and we choose unit normal vectors nj(zpr) and na(zas) as
T(zp) -ni(xn) = 7(xar) - ne(xar) = na(zar) - na(xa) = 0.

Note that n; and mno are not uniquely determined. We now construct a
Cartesian coordinate system with a new y;-axis to be the straight line which
passes through the maximum point and is parallel to n1, and a new ys-axis to
be the straight line which passes through the maximum point and is parallel
to ny. We set ys-axis by 7 in the same process. Here we fix the maximum
point zy = Tpp(r,) at £ = t, for some time. Then v can be expressed as

v(z,t) = U1 (z, t)ni(ware,)) + oz, One(zare,)) + Uz, )7 (Tare,)), (6.2)

with @ = (uy, U, u3), where

<
=
~~
s
~
SN—
I
4

(.%',t) ’ n1<mM(t*))7

’LNL?(za t) = U($7t) ! n2($M(t*))v

N
w
—
R

~
S~—

Il

<

(w,t) 'T(xM(t*))‘

Let y = (y1,¥2,y3) be the coordinate representation of the point z in the
coordinate system based at the maximum point which is specified by the
orthogonal frame {ni,ny,7}. That is, the point € R?® can be realized as
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v =z +ni(xa)yr + na(ear)y2 + 7(zar)ys with 2y = xpp,). Then we
can rewrite @(x) = u(z,t) to u(y) = u(y,t) = upn,)(y,t) as

ui(y) = u1(y,t) = w(war +na(zar)yr +n2(xa)y2 + 7(20r)ys, t),
uz(y) = uz(y,t) = ta2(wvar +ni(war)yr + ne(zar)y2 + 7(xar)ys, t),

uz(y) = us(y,t) = ts(xm + na(za)yr +n2(xm)ye + 7(20r)ys, t).

In this case u1(0,t.) = u2(0,t.) = 0 and u3(0,t.) = |[v(Tare,), ts)|-

Since the Navier-Stokes equation is rotation and translation invariant,
u also satisfies the Navier-Stokes equation (1.1) in y-valuable. Then Vp, in
y-valuable, can be expressed as

3
Vp = Z RZRJV(UlU]),

7,j=1

where R; (j = 1,2,3) are the Riesz transforms (see [13], [15], [26] for exam-
ple). We decompose u into two parts; decaying stationary 3D smooth Euler
flow part U and its remainder part r:

u=U+r, p=P+p, and u(0)=U(0).

The stationary 3D Euler flow part (U, P) can be defined as follows:

Definition 6.1 We say U € C*(R3) (for sufficiently large k € Z,) is a
decaying stationary smooth Euler flow if U satisfies

(U-V)U=-VP, V-U=0, U(0)=Us0)=0

(some decaying condition with 5 < 0)
1

Tt U(y)ldy = O(p”) as p— oo,
|B(O7p)| B(0,p)

sup |90 (y)| < C < oc,
yER3

and |U(0)| = |Us(0)| attains its maximum value, with scalar function P €
C*(R3), where B(0, p) is the ball centered at the origin and of radius p, and
|B(0, p)| is its Lebesgue measure.
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Remark 6.1 Note that we have the following pressure formula:

3
VP = > RR;V(U;U)),

ij=1

and we see that —93P(0) = 0, since the maximum value of |U| attains at
y=0.

Remark 6.2 We easily have the following example of the 3D Euler flow
(but this is essentially 2D-rotating flow):

U(J,'171U2,$3) = f ((552 - .’E*)2 + x%) (0,.’133, —X2 + I‘*),
P(z1,22,73) = F((22 — 7,)? + 23)

with some smooth function f : [0,00) — R with suitable decay condition,
SUPp<ycoo |f(®)| = |f(z4)|, F is a primitive function of f2?, namely, F' =
f2/2_and f(z) = 0 near z = 0. Clearly, curlU x U # 0, so, this is not the
Beltrami flow (see [10] for example).

Thus we need to see the remainder part r, namely, we have the following
pressure formula:

3
O3p = O3p, = Z Rz‘Rjag (Tz‘Uj + Uﬂ"j + 7"ﬂ“j) at y=0. (6.3)

1,j=1

In this section, using the above formula, we construct a different type (from
Beale-Kato-Majda type and Constantin-Fefferman type) of blowup criterion.
In order to obtain a reasonable blowup condition from (6.3), we need two
function spaces V = (V.|| - |lv) and W = (W, || - |w) on R? such that

£ < (1 f[lw (6.4)
IRiR; fllw < Cllfllw, (6.5)
1f9llw < Cllflvigllv. (6.6)

That is, we need some smoothness condition at the origin for functions in
W, the boundedness of Riesz transforms on W and the boundedness of
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pointwise multiplication operator as V' x V. — W. Moreover, it is known
that there exist positive constants R and C such that

lv(x,t)] < C/|z| for |z|> R, (6.7)

where R and C are independent of ¢t € [0,7"). This is due to Corollary 1 in
[2] (we use the partial regularity result to the decay). See also Section 1 in
[6]. Thus r also satisfy

1

T Ir(y)|ldy =0 (p— o00).
1B(0,0)| JB(0,p)

In these points of view, Campanato spaces with variable growth condition
are very useful.
The following definition is the key in our result.

Definition 6.2 We say “v has stationary 3D Euler flow profile (near
each maximum points)” with respect to the function space V, if there exist
constants C' > 0 and a < 2 such that, for each fixed zps,) at t. € [0,7),
u = upy(t,) has the following property:

i { > osrillv TGl + lIrillv 19Uy + [lrsllv 19s7511v)
i

(T —t.)°
U3(O,t*) ’

<C

where the infimum is taken over all decomposition u = U+r with u3(0,¢,) =
Us(0,t,) and stationary 3D Euler flow U.

Roughly saying, if ||057;||y and ||7;||v are sufficiently small compare to
U ||y an i|[v, then v is close to stationary Euler flows.
103U;|v and ||U;||v, then v is close to stationary Euler fl
The following is the main theorem.

Theorem 6.2 (Blowup criteria along maximum points) Let function
spaces V. and W satisfy (6.4), (6.5) and (6.6). Let vy be any non zero,
smooth, divergence-free vector field in Schwartz class, that is,

10%vg(2)| < Co (14 |2[)™% in R3
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for any a € Z3 and any K > 0. Suppose that v € C=([0,T) x R3) is a
unique smooth solution of (1.1) up to T. If v has stationary 8D Euler flow
profile with respect to V', then v can be extended to the strong solution up to
some T" with T" > T.

Remark 6.3 In the above blowup criteria, we do not need the well-known
scaling argument to the original flow v anymore. For example, even if
the original flow v is critical (even supercritical) in time, more precisely,
if [v(zar(e),t)| = |Us(0,t)] and

o(zra), t)] > C(T — 1) ~/?
for some C' > 0, v satisfies Definition 6.2 provided that the remainder part

r is identically zero near maximum points.

Remark 6.4 We need to mention that Gruji¢ [14] proposed local sparse-
ness of a one dimensional trace of the region of intense velocity vector field,
and constructed a geometric measure-type regularity criterion on the super-
level sets (near the maximum points) of solutions to (1.1). Thus it may
be interesting to compare with the local sparseness and the 3D-stationary
Euler flows.

7. Proof of the theorem on the blowup criteria
In this section we give a proof of Theorem 6.2. First we show a lemma.

Lemma 7.1 Under the assumption of Theorem 6.2, there exist constants
C >0 and a < 2 such that, for each fived xpr,), the following inequalities
hold:

—(v- VD) (@mr.), ts) < C(T =)™, (7.1)
(v Av)(zar(e.),ts) < 0.

Proof.  Using the derivative 03 along 7 direction, we have
—('U : VP)(xM(t*)at*> - _(u383p)(07t*)7

since u1(0,t) = u2(0,t,) = 0. Then, by (6.3)—(6.6) and the definition of
closeness to stationary Euler flows we get (7.1). To prove (7.2), it suffices
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to show
(usAus)(0,t4) <0,

where A is the Laplacian with respect to y = (y1,y2,ys). It directly follows
from the fact that us has a positive maximal value at y = 0. U

For given time-dependent smooth vector field v(z,t) in t € [0,T) with
Vv = 0, we define “trajectory” v : [0,T) — R3 starting at a time ¢ € [0,T)
and a point & € R3:

Oy (Z,6;t) = v(v(Z,61), 1) with (1) = 7.

Then ~ provides a diffeomorphism and the equation (1.1) can be rewritten
as follows:

01 (v((&, F:1),8)) = (Av = Vp)(3(@&.E:1),t) (0 <t<T)

with v(%,%;1) = & € R3. Since v is bounded for fixed t € [0,T), we can
define X(t) C R?® as the set of all maximum points of |v(-,t)| at a time
t € [0,T), namely,

|v(x,t)] = sup |v(&,t)| for x € X () and
§ER?

|v(z,t)| < sup |v(§,t)| for = & X (t).
£ERS

By (6.7), X () is a bounded set uniformly in ¢ in a possible blowup scenario.
For any r > 0, we see that there is a barrier function S(t) > 0 such that

[o(z. )| + B(t) < sup |v(&,t)| for =g ] B(&r).

CER? €EX(t)

Then, using Lemma 7.1 and the smoothness of the solution, we get the
following:

Proposition 7.2  Under the assumption of Theorem 6.2, for any § > 0
and t. € [0,T), there exists a time interval Iy, = (t!/,t.) N[0,T) and a
radius ry such that t, € I, and that the following two properties hold for all
t/ S It*l
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* Ueex(ry B& i) € Q(t'), where

Q') = {z e R*: (Av - v)(y(z, t.;t), ') <4,
(=Vp-0)(y(z, t;t'), 1) <O+ O(T =)™} (7.3)
and C and « are the constants in Lemma 7.1,

C
o [v(y(z, tt), t)]? < supgeps [v(€, )7 for o € (Ugex ) BE 7))

Proof of Theorem 6.2. Note that the interval [0,7") is covered by the col-
lection {Iy, }+,cjo,1) of relatively open intervals such that the interval Iy, is
as in Proposition 7.2 for ¢, € [0,T). Since [0,T) is a Lindeldf space, we can

choose a sequence of the time intervals Iy, j = 0,1,2,... (finite or infinite),
such that [0,T) = UJ; I;, and that I;; = (t7,¢;) N [0,T) and r; satisfy the

properties of Proposition 7.2 for t; € [0,7'). We may assume that

0=ty <to<ty<ty<---, I, NIL,#0,j=0,1,...

j—1

For t € [to,t,) and = € U&X(to) B(&,19), from the first property in Propo-
sition 7.2 it follows that

t
[o(y(2, to: 1), )| =/ A fo(y(, to; 1), 1) [Pdt’ + [o(z, to)
to
t
= 2/ Opv - vdt’ + |v(z, to) 2
to
t
= 2/ (Av-v —Vp-v)dt' + |v(z,to)]?
to

<2 (25(t —to) + C/t(T — t’)“dt’) + sup |v(&,to)|?.
to

£ERS?

The case = € (UgeX(to) B¢, ro))c is straightforward by the second property
in Proposition 7.2. Then we have

lv(z,t)* <2 (25(t —to) + C/t(T — t’)“dt’) + sup |v(€, to)]?.
to

¢ER?
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for all t € [tg,t)) and all 2 € R with 2 = ~y(z,t0;t), since v gives a dif-
feomorphism. Repeating the above argument infinite times, and we finally
have

t
lo(z, t)|* < 2 (25t + C/ (T — t’)_adt'> + sup [v(&,0)?
0

£ERS
for all ¢t € [0,T) and all z € R3. This implies
[v][£2(0,7;15 (R2)) < 0©.

Due to the classical regularity criterion (see [12] for example), we see that
the solution v can be extended to the strong solution up to some 7" with
T >T. O

8. Specific function spaces

We now give the specific function spaces V' and W satisfying (6.4), (6.5)
and (6.6).
For example, let p > 2, —n/p<a, <0< a <1, —n/p < B <0, and

re, Jz] <2, 0<r <2,
Pz <2, 1> 2,

Plz,r) =4
r x> 2, 0<r <2,
B,z > 2, > 2,

(8.1)

(o, lz] <2, 0<r <2,

w( ) TB; |x’§27 T>27

r,7) =
r2o ol >2, 0<r <2,
P, x| >2, r>2,
and take
W=cE, (R and V =L} (R"),

then V and W satisfy (6.4), (6.5) and (6.6) when n = 3. We will check these
properties in this section.
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Firstly, we see that ¢ and v satisfy (2.1) and
Y(z,r) =r* for all B(z,r) C B(0,2).
Then, by Proposition 2.4, we have
1flILip. (B0,2)) < Cllfllz,

and

1Fls, ~ ey + 1O

This shows the property (6.4). Next, the properties (6.5) and (6.6) fol-
lows from Propositions 8.1 and 8.2 below, respectively. Therefore, if

1.9 € L} 4(R") and o(fg) = lim (fg)p(o,) = 0, then o(R,;Ri(fg)) = 0
and

(B Ru(f9)O)] < CIRR(fls < Cllfglles < Clflles Nl

Hﬁi/w

Further, let f be a-Lipschitz continuous on B(0,2) and |f(x)| < C/|x|
for |z| > 2. Then o(f) =0 and f is in Efw(]R”), if p and (3 satisfy one of
the following conditions:

2<p<n and —1<3<0,
p=n and —1< <0,
n<p and —n/p < p<0.

Moreover, if o, = /2 = —n/p also, then —n/(p/2) = 2., = 8 < 0 and

HRij(fg)HLipa(B(O,Z)) + ||Rij(fg)||LP/2

< CIRRu(f9)l gz < Cllflls lgllgs

for all f,g € Eiw(]R") satisfying o(fg) = 0, see Proposition 2.5.

It is known that Vu(t) € L>®(R3) for fixed ¢, see [13]. Thus Osr is
bounded due to the assumption |03U| < C. Hence o(93m;U;) = o(r;03U;) =
o(ri03r;) = 0 for all 7, 5.
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Proposition 8.1 Letp > 2, —n/p<a. <0<a <1, —n/p< <0,

and let ¢ and 1) be as (8.1). Then there exists a positive constant C' such
that, for all f,g € L2 ,(R™),

<C . 8.2

Ifolles <Ol Nl (32)

Proof. For ¢ in (8.1), we have

max(2,|z|,r) ¢ 2 max(2,|z|,r)
@*(x,r):/ 9(0, )dt:/ t“_ldt+/ P dt ~ 1,
1 1 2

t
and
max(2,|z|,r) t
1+<I>**(x,r):1+/ gb(a;, )dt

(2t at, |z <2, 0<r <2,

1 07 |$‘ S 27 r> 27

=1+
JPeetar 4 [e-Lar, je>2, 0<r <2,
frma"("”"” tA=1 dt, lz| > 2, r> 2,
1, lz] <2, 0<r<2,

~Rr% |z >2, 0<r <2,

1, r> 2.
Hence
re, lz] <2, 0<r <2
oz, r)(D* (2, 7) + & (2,7)) ~ Y(z,7r) = { 2%, x| >2, 0<r <2,
b, r > 2.
Then, using Corollary 5.3, we have the conclusion. O

Proposition 8.2 Letg>1, —n/g<é<0<a<l1l, —n/qg< <0, and
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Yz <2, 0<r <2,
Tﬁ? |x’ Sz? T>27
la,r) =1

o,z >2, 0<r <2,
P |zl > 2, r> 2.

Then the Riesz transforms Rj, j=1,2,...,n, are bounded on Ly (R™) and
on £g,¢(R”). That is, there exists a positive constant C' such that, for all

f & Lyy(R™),

IR fllz,w < Clifllcy. ||ijH1;g’w < CHfH[;ng, j=12,...,n

Moreover, if f € Ezﬂp(R") ando(f) = li_>m fB(o,r) = 0, then the Riesz trans-
forms R;f, j=1,2,...,n, are well defined, o(R;f) = lim (R;f)po, =0,
r—00

and
R. < ) =1.2.....n.
|| Jf”,cz’w —C”fHLZwi J ) <y ,

Proof. We see that v satisfies (2.1) and

r/°° w(x;w
Lt

for all 2 € R™ and 7 > 0. Then we have the boundedness of R; on L, (R")
and on EEMI}(R") by Theorem 3.1. Let

dt < Ap(x,r),

. r, 0<r<2,

Y(z,r) =P(r) = {

B, r>2.

Then ¢ satisfies (2.1), (2.2), (2.5) and ¢ < 1). Therefore, by Theorem 3.4,
we have the conclusion. O

9. Cauchy problem for the Navier-Stokes equation

Finally, we give an existence theorem on the Cauchy problem for the
Navier-Stokes equation.
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Theorem 9.1 Let max(2,n) < p < oo, ¢ : R" x (0,00) — (0,00) and

z,r r <1,
1/}(m,r)={¢< ) 1<

qb(:v,r)z r>1.

Assume that ¢ and 1 satisfy the doubling condition (2.1) and (3.6) and that
there exists a positive constant Cy such that

/ Wi’t) dt < Cy for all z € R™,
0

> P, t
/ QS(ff?)dtgcabW%T) forallz € R™ and r > 1,
lim sup ¢(z,7) = 0.

r—00 TER™

Assume also that there exists a growth function 7]) such that 1 < 1;, that LZ
satisfies (2.1), (2.2) and (2.5). Then, for all uy € (Ei@(IR{”))” such that
V-ug =0 and o(ug) = TILH;O(UO)B(O’T) = 0, there exist a positive constant
T (depending only on the norm of initial data) and a unique solution u €
C0.T): (£ ,(R")") 1o (1),

Proof. By Duhamel’s principle we only solve the following equations:

u(t) = e"®ug + Gul(t),

t t
Gu(t) = —/ e =DAP(y - Vu)(s) ds = —/ Ve =98Py @ u)(s) ds,
0 0
where P is the Helmholtz projection; P = (01 + RjRk)1<jk<n-
Using Corollary 4.4 with p; = ps = p, we have

tA
<C .
et uol s < Cluolls

From Remark 5.2 we see that ¢y < C¢. Then, combining Theorem 3.4,
Remark 3.2, and Corollaries 4.5 and 5.5 with p; = py = p > 2 and ps = p/2,
Wedhave that, if u € Eiyd)(R”) and o(u) = 0, then (Ve =2 P(u®@u)) =0
an
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Ve =2 Plu @) s
p,
<Ot —s)" 21+ (t =) C) | P(u@u)|
/2,9
<Ct—s)" 21+ (t—5)"C) Jlu@ul|
p/2,%

SOt —8) 2L+ (t =) CP)Jul2: .

D¢

We take the integral in time ¢, we have

IGu(®)ll gz < CEV2+ 827 E)( sup fu(s)] gz )*.

h
HLIW 0<s<t

Then we now apply the Picard contraction theorem with the above esti-
mates, we have the desired existence theorem (see [17, Theorem 13.2] for
example). O

For example, let p > max(2,n), a(-) : R* — (0,1), 5(-) : R* —
[—n/p,0), and let

) r@ o< <, ) @, 0<r<i,
P(w,r) = Y(w,r) =
7"5(9”), r>1, rzﬁ(z), r>1,

and 7;(537"”) = r28+ where a(-), B(-) and By satisfy

0 < inf a(z) < sup a(z) <1,

S xeR™
—n/p < inf B(x) < sup B(z) = B+ < 0.
TER™ TER™

Then ¢, 1 and 1 satisfy the assumption in Theorem 9.1.
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