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On the symmetric algebras associated to graphs with loops
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Abstract. We study the symmetric algebra of monomial ideals that arise from graphs
with loops. The notion of s-sequence is investigated for such ideals in order to compute
standard algebraic invariants of their symmetric algebra in terms of the corresponding
invariants of special quotients of the polynomial ring related to the graphs.
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Introduction

In this paper we are interested in examining the symmetric algebra of
monomial ideals (see [3], [11]), in particular of some non-squarefree mono-
mial ideals arising from graphs. In order to compute standard invariants of
such symmetric algebra, we investigate cases for which the monomial ide-
als are generated by s-sequences ([9], [10], [12]). The notion of s-sequence
is employed to compute the invariants of the symmetric algebra of finitely
generated modules ([4]). Our proposal is to compute standard invariants
of the symmetric algebra of monomial ideals of graphs in terms of the cor-
responding invariants of special quotients of the polynomial ring related to
such graphs. This computation can be obtained for graph ideals generated
by an s-sequence.

Let G be a graph on vertex set [n] = {v1,...,v,}. An algebraic object
attached to G is the edge ideal I(G), a monomial ideal of the polynomial
ring in n variables R = K[X1,...,X,], K a field. When G is a simple (or
loopless) graph, I(G) is generated by squarefree monomials of degree 2 in
R, I(G) = ({XiXj | {vi,v;} is an edge of G}), but when G is a graph having
loops {v;,v;}, among the generators of I(G) there are also non-squarefree
monomials X2,i =1,...,n. In [13] there are results about monomial ideals
of R that can arise from the edges of a simple graph. Recently some proper-
ties of monomial ideals associated to graphs with loops were studied in [6],
(7], [8].
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The aim of this paper is to investigate classes of graphs with loops
and prove that the notion of s-sequence can be considered in this family of
monomial ideals in order to compute algebraic invariants of their symmetric
algebra. More precisely, we extend some results of [5] about monomial
s-sequences that generate edge ideals of simple graphs to non-squarefree
monomial ideals associated to such graphs on which an appropriate loop is
put.

The work is organized as follows. In Section 1, preliminary notations
about the theory of s-sequences are given. In Section 2, the notion of s-
sequence is investigated for edge ideals associated to some classes of graphs
with loops, namely star graphs with one loop in any vertex, n-line graphs
with one loop in a selected vertex. In Section 3, we give the structure of
the annihilator ideals of these edge ideals generated by an s-sequence and
compute the invariants of their symmetric algebra: the Krull dimension,
the multiplicity and the Castelnuovo-Mumford regularity. In particular, we
achieve formulas for dimension and multiplicity, and when the edge ideal is
generated by a strong s-sequence we give bounds for regularity in terms of
the annihilator ideals.

1. Preliminaries and notations

Let’s recall the theory of s-sequences in order to apply it to the examined
classes of monomial ideals.

Let M be a finitely generated module on a Noetherian ring R, and
fi,..., ft be the generators of M. Let (a;;), fori=1,...,t,j=1,...,p, be
the relation matrix of M. Let Sympg(M) be the symmetric algebra of M,
then Sympr(M) = R[Th,...,T;]/J, where R[T1,...,T] is a polynomial ring
in the variables T1,...,T; over R and J is the relation ideal of such algebra,
generated by g; = >, a;;T;, fori=1,...,t, j=1,...,p.

If we assign degree 1 to each variable T; and degree 0 to the elements
of R, then J is a graded ideal and Sympg(M) is a graded algebra on R.

Set S = R[Ty,...,T;] and let < be a monomial order on the monomials
of S in the variables T;. With respect to this term order, if f = > a T,
where 7% =Ty - - T/ and a = (g, ..., o) € N, we put ing(f) = ao T,

where T is the largest monomial in f such that a, # 0.
So we can define the monomial ideal in(J) = ({in<(f) | f € J}).
For every i = 1,...,t, weset M;_1 = Rfi +---+ Rf;_1 and let Z; =
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M;_1 :r fi be the colon ideal. Since M;/M;_1 ~ R/Z;, Z; is the annihilator
of the cyclic module R/Z;. Z; is called an annihilator ideal of the sequence
Jiso o fe

It results (Z111,Z5T5,...,Z;T;) C ing(J), and the two ideals coincide
in degree 1.

Definition 1.1 The sequence fi,..., f; is said to be an s-sequence for M
if

(T, IoTs, . .., TT;) = ing(J).

When7Z; CZ, C --- C1y, f1,..., ft is said to be a strong s-sequence.

If R=K[Xy,...,X,] is the polynomial ring over a field K, we can use
the Grébner bases theory to compute in(J).

Let < be any term order on K[Xy,...,X,;T1,...,T;] with X; < X» <
e < X, Ty <15 < --- < T;. Then, for any Grébner basis B for J C
K[X1,...,X,,T1,...,T;] with respect to <, we have inL(J) = ({in<(f) |
f € B}). If the elements of B are linear in the Tj, it follows that fi,..., f;
is an s-sequence for M.

Let M =1 = (f1,...,f:) be a monomial ideal of R = K[X1,...,X,].
Set fi; = fi/lfi, f;] for i # j, where [f;, f;] is the greatest common divisor
of the monomials f; and f;. J is generated by g;; = fi;T; — f;:1; for
1 <17 < j <t. The monomial sequence fi,..., f; is an s-sequence if and
only if g;; for 1 <7 < j <t is a Grobner basis for J for any term order in
K[X1,..., X Th, ..., T3] with X; < T}, for all 4,j.

Note that the annihilator ideals of the monomial sequence f1,..., f; are
the ideals IZ = (flia f2i7 P ,fifli), for i = 1, P ,t (see [4])

Theorem 1.1 ([4]) Let f1,..., ft be monomials of R. If, for alli,j, k,l €
{1, t}withi < j, k<landi#k, j#1, itis[fij,fru] =1, then
fi,-- -, ft is an s-sequence.

Remark 1.1 ([4]) From the theory of Grdbner bases, if fi,...,f: is a
monomial s-sequence with respect to some admissible term order <, then
fi,..., ft is an s-sequence for any other admissible term order.

We now study the symmetric algebra of a class of monomial modules
over the polynomial ring R = K[X;,..., X,,] that are monomial ideals aris-
ing from graphs with loops. Let’s introduce some preliminary notions.
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Let G be a graph and V(G) = {v1,...,v,} be the set of its vertices. We
put E(G) = {{vi,v;} | vi # vj, vi,v; € V(G)} the set of edges of G and
L(G) = {{vi,vi} | vi € V(G)} the set of loops of G. Hence {v;,v;} is an
edge joining v; to v; and {v;,v;} is a loop of the vertex v;. Set W(G) =
E(G) U L(G).

If L(G) = (), the graph G is said simple or loopless, otherwise G is said
a graph with loops.

If V(G) = {v1,...,v,} and R = K[Xq,...,X,] is the polynomial ring
such that each variable X; corresponds to the vertex v;, the edge ideal 1(G)
associated to G is the ideal ({X;X; | {v;,v;} € W(G)}) C R.

Note that the non-zero edge ideals are those generated by monomials of
degree 2. This implies that I(G) is a graded ideal of R of initial degree 2,
that is 1(G) = ;,(1(G):). If W(G) = 0, then I(G) = (0).

2. Graphs with loops and s-sequences

In this section we deal with some classes of graphs introduced in [5].
Our purpose is to extend some results about monomial s-sequences that
generate the edge ideals of such graphs to non-squarefree monomial ideals
associated to that graphs when an appropriate loop is added to them.

First, let’s consider monomial ideals associated to the edge set of a star
graph with a loop having vertex set [n] = {{v,},{v1,...,vn-1}}.

Theorem 2.1 Let R= K[Xq,...,X,]. Let G be a connected acyclic graph
on [n] vertices with edge ideal I1(G) = (X1 Xpn, XoXn, ..., Xpn_1Xn, X?), for
r=1,...,n. Then I(G) is generated by an s-sequence.

P’I’OOf. Let f1 = Xan, fg = XQXTH ceey fnfl = anan, fn = X72, be
the generators of 1(G). We have to show that [f;;, fi] =1, for i < j, k <,
i#k,j#1withi,5,k 1€ {l,...,n}. We compute f;; = fi/[fi, f;], for all
1< ].

If i # r,n, because [f;, ;] = X,,, for 1 <i < j <n,and [f;, fn] =1, it
results: f;; = X, for 1 <i < j <mn, and f;; = X;X,, for j =n.

If i =r,i # n, one has: f,; = X,, forr+1<j<n,and f; = X,, for
j=n.

When r = n, being [f;, f;] = Xy, itis fi; = X, forall 1 <i < j <n.

Hence, for all ¢,7,k,1,[fij, frr] = 1 and, by Theorem 1.1, we conclude
that f1,..., f, is an s-sequence. O
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Remark 2.1 If we change the order of the generators of I(G) in Theorem
2.1, they may not form an s-sequence. See [1, Esempio 4.4.1].

Now, let’s consider monomial ideals associated to the edge set of a con-
nected graph with a loop, union of a star graph with a line, having vertex

set [n+ 1] = {{vn}, {v1, ..., vn1}, {vnt1}}-

Theorem 2.2 Let R = K[X1,...,X,t1]. Let G be a connected acyclic
graph on [n+ 1] vertices with edge ideal 1(G) = (X1 X, Xo X0, ..., Xpn_1X,,
X, Xpi1,X2), forr=1,...,n—1. Then I(G) is generated by an s-sequence.

Proof. Set fi = X;X,,,fori=1,....n—1; f, = X, Xp11; fur1 = X2
Compute fi; = fi/[fi, fi] and fji = f;/[fi, f], for 1 <i<j<n+1

(X, i,j<n-—1

XiXn, 1<n—1i#rj>n;
fi=Yx,, i=rnj>n

\Xnt1, t=n,5j=n-+1.

(X, i, <n-—1,;

XoXnt1, t<n—1i#rj=mn;
Jii = q Xn+1, i=rj=mn

X, t=rn,j =n+1;

X2 i1£rn,j=n+1.

Then the generators g;; = fi;1; — f;:1; of J, for i < j, are the linear forms:

Xn+1Tn+1 - X, T, t=n,7=n+1;
X’LXnTn - Xan+1Ti, 7 § n — 171 7& ’r‘,j =n;

YT XX Tos — X2Ts, i<n—Li#nj=n+1;
X1, — Xpa Ty, t=rj=mn;
X Thv1 — X, T, t=rj=n-+1.

For a suitable term order <, in particular for the reverse lexicographic order,
we want to prove that the S-pairs S(gij,9x) = (fijfie/[fij, fra)) Tk —
(fjifkl/[fij,fkl])Tiﬂ, with i,j,k,l € {1, co,n A+ 1}, 7 < j, 1< k< l, have
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a standard expression with respect to the set B of the g;; with remainder
0. Note that, to get a standard expression of S(gi;,gn) is equivalent to
find some gs; € B whose initial term divides the initial term of S(g;;, gni)
and substitute a multiple of g4 such that the remaindered polynomial has
a smaller initial term and so on up to the remainder is 0. It is:

( X,Tj, i,j <n—1;

Xos1Tog1, i=n,j=n+1;

X; X, Ty, 1<n-—1i#rj=mn;

X XpThy1, i<n—1i#rj=n+1;
X, T, T=7r7=mn;

X Tht1, 1=1r)=n+1.

ing (gz’j) =

The S-pairs for which [in<(g;;),in<(gx)] = 1 reduce to 0 (see [2, Proposition
2.4.2)).

So we examine only the S-pairs such that [in<(g;;),in<(gx)] # 1.

Two cases arise: 1. j =1, and 2. j #£[.

1. For j=1[,itisi <k <j <n+1, and we have:

S(gij, 9x1) = S(9ij» 9rs)
o fz]f]k f]szj >
=1Tj Ty — T,
<[fwafkj] [fmafkj]
T}
[fz],fk]]

(fij fixTh — fiifriTi)-

Note that
X,, for at least one of i, k different from r, and j > n;
[fijs fril = .
1, otherwise.

In particular, for j > n,
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if i =7,k # r, then
X T;(X, T = XiTh) — 0, j=mn;
S(9ij» 9rs) = XT(XTk—XkT)—>0 j=n+1.
if i # r, k =r, then
Xn1 T (XiTy — XT)_>O J=m
S(gij» grj) = (X | =
XTTJ(XZT]C XT)—>O j=n+1.

otherwise,
lfj S n — 1, then S(gij,gkj) = X]T](XZTk — Xsz) 7 0

ifj=n+1,k=mn,i=r, then
S(gijagk:j) = XTT](XnTk — XTTl) 7 O

if j=n+1,k=mn,i#r, then
S(Qz‘kaj) = XTTJ(XanTk — XnJrerTi) ? 0.

2. For j # [, we have [in.(g;;),in<(gr)] # 1 when:
a) j=n,l=n+1,i,k<n-—1, i,k #r,
b)j=n,l=n+1i<n—-1,i#r k=r,
c)j=n,l=n+1,i=r, k<n—-1, k#r,

yj=n+1,1l=mn,i,k<n-—1, i,k #r,

o,

e) j=n+1,l=n,i=r, k<n—-1, k#r,
f) j=n+1,l=n,i=r, k<n-—1, k#r.
If condition a) holds a computation of the S-pair S(gin, gk nt1) gives:
finfn+1k fnifkn+1
LTy — = TiThs1
[fins frnt] ins fenpa] "7
X, X, X2 X X X X,
= ZitnPrp uTiTnH
Tn T

= XzTn(Xng - XanTn+1) + Xan+1(XzXnTn - Xan+1Tn+1)
= XkTTH—lgin - XzTngk: n+1 ? 0.

In a similar way, we can show that the S-pairs S(gi;, gr1) corresponding
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to b)—f) reduce to 0 with respect to B.
So f1,..., fnr1 form an s-sequence. O

Corollary 2.1 Let R = K[X1,...,X,41]. Let G be a connected acyclic
graph on [n+ 1] vertices with edge ideal 1(G) = (X1 X, Xo X, ..., Xn_1X,,
X, Xpi1,X2), forr=1,...,n—1. Then I(G) is generated by an s-sequence.

Proof. By setting f; = X;X,, fori=1,....n—1; f, = X;: Xnt1; for1 =
X2 it results for fijand fj;,1<i<j<n+1:

X; i<n—1,j#mn;

X Xn, i1<n—1,i#r j=n;
Jii = Xn, T=7r,) =n;

X, Xpy1, t=n,j=n+1.

(X, i,j<n-—1;

X Xnt1, i<n—-1,i#r, j=n;
fii =1 Xnt1, L=, j=mn;

Xn, 1<n—1,75=n+1;

| X2, i=mn,j=n+1

Then the generators g;; = fi;1; — f;:1; of J, for i < j, are the linear forms:

X, Ty — X,T;, i,j<n-—1;
XX Ty — X, X1 Ty, i<n—1,i#r, j=n;
gij = § XnTh — Xn1 T3, i=r,j=mn;
X T; — X, 15, 1<n—-1353=n+1;
X, Xpi1Thi1 — X2T,, i=n,j=n+1.

For a suitable term order <, in particular for the reverse lexicographic order,
it is possible to show, using the same arguments as in the proof of Theorem
2.2, that the S-pairs S(g;j,gxi), with 4,5, k,l € {1,...,n+ 1}, i < j, i <
k < I, have a standard expression with respect to the set of the g;; with
remainder 0.

So f1,..., fn+1 form an s-sequence. O

Corollary 2.2 Let R = K[X1,...,X,41]. Let G be a connected acyclic
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graph on [n+ 1] vertices with edge ideal 1(G) = (X1 X, Xo X0, ..., Xn_1X,,
X, Xpt1,X2.1), forr = 1,...,n—1. Then I(G) is generated by an s-
sequence.

Proof. By setting f; = X;X,,, fori=1,....n—1;f, = X, Xp,41; frot1 =
X2, ., it results for f;; and fj;, 1 <i<j<n+1:

X; ij<n-—1;

XiXn, i<n—-1,j>n,buti#r, j#n;
Fi=\ %0 i j—n

X, t=n,j=n+ 1.

X i,j <n-—1;

XoXnt1, t<n—1,i#r j=mn;
fii=1 X, i=mn,j=n+1;

Xop1  i=rj=mn

(X2, 1, i<n—1j=n+1

The generators g;; of J, for @ < j, are the linear forms f;;T; — f; 713, and for
a suitable term order < it is possible to show, likewise to Theorem 2.2 or the
above corollary, that the S-pairs S(g;;, gr1), with ¢,7,k,0 € {1,...,n+ 1},
1< j, 1<k <, have a standard expression with respect to the set of the
gi; with remainder 0. Consequently, f1,..., fn41 form an s-sequence. O

Finally, let’s consider monomial ideals associated to the edge set of a
n-line graph with a loop having vertex set [n] = {v1,...,v,}.

Theorem 2.3 Let R = K|[Xy,...,X,]. Let G be a connected acyclic graph
on [n] vertices with edge ideal 1(G) = (X1X2, XoX3, X5Xy4,..., Xn_1Xp,
X2). Then 1(G) is generated by an s-sequence.

Proof. Let

i =

XiXi—i-h Z:L,?’L—l,
X2 i=n.

be the monomial generators of I(G). They form an s-sequence if the set
B ={fi;T; — f;iT; | 1 <i<j<t.—1}is a Grébner basis for J. One has
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fori < j

1,  jAi+1;
[fi, fi] = o
Xiy1, j=i+1L

Hence:

; fi {XiXiJrla JFi+ 1

[fi, f5] X;, j=i+1.
Then the generators of J are the linear forms:

XX T = X5 X T, §#Fi+ 1
%\ xT - X7, j=i+1.

For a suitable term order <, in particular for the reverse lexicographic order,
we want to prove that the S-pairs S(gi;, gr1), with 4,5, k,0 € {1,...,n}, i < j,
1 < k < I, have a standard expression with respect to B with remainder 0.
Note that, to get a standard expression of S(gi;, gni) is equivalent to find
some g5+ € B whose initial term divides the initial term of S(gi;, gn;) and
substitute a multiple of g4 such that the remaindered polynomial has a
smaller initial term and so on up to the remainder is 0. We have:

Jij fik fiifu

[fij, fri] Bt = [fij> fril

S(9ij> gr1) = T.T;.

Let

() XiXin Ty, j#i+1
ing(gi;) =
I XT;, j=i+1.
It is known that the S-pairs for which [in.(g;;),in<(gr)] = 1 reduce to 0.

So we examine only the S-pairs such that [in.(g;;),in<(gw)] # 1.
There are two cases: 1. j =1, and 2. j #[.

1. For j =1 we have:

S(9ij, 911) = S(9ij» grj)
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fzyf]k: f]lfk:] >
=1T; Ty — ———=T;
<[fz]afk]] [fzgafk:]]

T;
B [fZJaka](f”fjka fjifiji)
= 7 Tf ] (fwf]ka + fij fii T — fijfuiT5 — fiifui T )
ij
T;
= Ty o] i 913) = Fialona).
Note that
Xiy, k=i+1j#i+1;
Jirdiol= {1, otherwise.
In fact:

if j#i+1,j#k+1, we have
X, k=1i+1;
[fz‘pfkj]_[XiXiJrl’X’“XHl]_{1, k#i+1
If j#i+1,j=Fk+1, then
X, k=i+1;
1, k#i+ 1.

Ifj=i4+1,j#k+1, then [fij,fkj] = [Xi, Xp Xk+1] = 1 being ¢ < k.

[figy faj] = [XiXig, Xi] = {

So, if [fij, fkj] = X}, then

S(9ij> 9rj) = (frj(9i5) — fij(grs))

T
[fijs frs]

T}
;éz+1 X

k=it T;[Xk+1(9i5) — Xi(gr;s)] = 0.

L (X Xit1(9i5) — XiXiv1(gn5))

If [fi;, fxj] = 1, it is obvious.
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2. For j # I, we have:
a) if j =i+ 1, then [f;;, fri] = 1 being i < k < [. Hence:

fighe o Siifet o
oo il P [y a1 = ST = Lt

= fii fik Ty T — fii fa Ty — [ fueTiTh + [0 fie T3 T
= fueTw(9s5) — f3iTi(gr1) - 0.

S(gijvgkl) =

b)if j # i+ 1, [Xi X1 Ty, Xp Xp1Th] # 1, but, as j # 1, [XiXiq,
Xk Xpt1) # 1. Hence X, = X;41, i.e k =i+ 1 being i < k. It follows:

for 1 # k+1, [fij, fr] = [XiXig1, Xp Xpt1] = X,
for Il =k +1, [fij, fru] = [XiXig1, Xi] = Xi.

In any case [fi;, fri] = Xk, then, if [ # k+ 1 with k = ¢ + 1, one has:

fij Jik fiifr
S(gii, grt) = T.T, — TT,
(915 9) [fijs fr) g [fijs frd]) " :
XiXo 1 Xi X1 X X1 X, X1
- T/Ty — T
X, Jk X !

- XiXi X141 1Ty — Xi1 X; X1 TTh

=X Xi Xi 1 T5Ty — X1 X X5 (1 T — X1 Xy X1 15T
+ Xp 1 Xs Xy 15T,

= Xp1Ti(gi5) — XiT;(gr1) -0

fl=k+1

fig fuk fiifri
S(gij> gm) = TyT;, — Lt
(9:5 9x2) s Fed % Tfigo f]
XiXipn X, X X5 X,
e i n iy %y i i Y
X, X

=, KX TT = XX T

;T
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=X, XiT;T, — X; X501 — Xo X 1T + X X 15T
= Tilgij) — XiTj(gmt) — 0-

Hence all the S-pairs S(g;j, gxi) reduce to 0 with respect to B. O

Remark 2.2 With a procedure similar to that used in Theorem 2.3, it
can be shown that:

for n-line graphs G with a loop on vertices v,,_o or v,_1, the generators
of their edge ideal I(G) form an s-sequence with respect to the reverse
lexicographic order;

for n-line graphs G with a loop on vertices v1 or vy, the generators of their
edge ideal I(G) form an s-sequence with respect to the degree reverse
lexicographic order.

3. Invariants of the symmetric algebra

In this section we use the theory of s-sequences in order to compute stan-
dard algebraic invariants of the symmetric algebra of the above-considered
edge ideals in terms of their annihilator ideals.

We analyze the following classes of edge ideals associated to a graph
with a loop G:

1) I1(G) = (X1 X, Xo X, o, X1 X, X2),
2) I1(G) = (X1 Xn_1, X0 X 1, Xn2Xn_1,Xn 02X, X2_,),
3) I(G) = (X1 X9, XoX3,..., X 1X,, X2).

Proposition 3.1 Let G be the graph with n vertices having edge ideal
1(G) = (X1 X, Xo X0, ..., Xpn_1Xn, X2) C R= K[Xy,...,X,]. The anni-
hilator ideals of the generators of I1(G) are Iy = (0), Z; = (X1,...,X;—-1),
fori=2,...,n.

P’)”OOf. Let I(g) = (fl, PN ,fn), where f1 = Xan, f2 = XQXn, ey fn—l
=X 1Xn, fn= XZ. Then the annihilator ideals of the monomial sequence
are: Il = (0), Il = (Xl), IQ = (Xl,XQ), ey IZ = (Xl,XQ,...,Xi_l) for
i1=1,...,n—1.

For i = n one has Z,, = (X1, Xo,..., X,,_1). O

Remark 3.1 The s-sequence f; = X1X,,fo = XoX,,...,fno1 =
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Xn 1 Xn, fn= XfL is strong.

Theorem 3.1 Let G,1(G) be as in Proposition 3.1. For the symmetric
algebra of I1(G) C R it holds:
(

1. dim(Symgr(I1(G))) =n+1
2. e(Sympr(I(G))) =n—1
3. reg(Symr(1(9))) < 1.

Proof. 1. By [12] dim(Symg(I(G))) = n+1

2. By [4] one has e(Symg(I(G))) = > ] ' e(R/Z;). By Proposition 3.1 the
annihilator ideals are generated by a regular sequence, then e(R/Z;) =
1, for i = 2,...,n and e(R/(0)) = 1. It follows: e(Symgr(I(G))) =
Zl 1 e(R/I)—n—l

3. By [12]: reg(Symgr(1(G))) = reg(R[Tl,...,Tn,l]/J) < reg(R[TY,. ..,
Talfin (1) <, max {50 deg(fy) = (= 2)}.

Hence reg(SymR(I(g))) < max {Z deg (X5)— (j—2)} =(-1)-
(-2 =1 O

Remark 3.2 Let I(G) = (X1X,,X2X,,..., Xy 1Xn, X2) C R. By
[12] it follows that depth(Symg(I(G))) = dim(Symgr(1(G))) = n+ 1, so
Symp(I1(G)) is Cohen-Macaulay.

Proposition 3.2 Let G be the graph with n wvertices having edge
ideal I(g) = (XanthQanlv ey X2 X1, X2 X5, X721—2) C R =
K[Xi,...,X,]. The annihilator ideals of the generators of 1(G) are

Il = (0), IZ = (X17"'7Xi—1)7 fori:Q,...,n—Q

)

In—l — (Xn—l)a In - (Xn—bXn)-

PT’OOf. Let I(Q) = (fl,fg,... 7fn)7 where f1 = Xan, f2 = XQXn,. NN
fn72 = anQanly fnfl = anQXnv fn = X721_2~ Set fhk = fh/[fhafk]
for h < k, h,k = 1,...,n. The annihilator ideals of the monomial se-
quence fi,..., fn are Z; = (f14, foi,..., fi—14), for i = 1,...,n. Hence we
have Z; = (0), Zo = (f12) = (X1), Iz = (f13, f23) = (X1, X2),. In—Q
(fl,n—27 cee 7fn—3,n—2) = (X17X2; cee 7Xn—3)7 Zn—l = (fl,n—la .. fn 2.n—
- (XIXTL—17 o 7Xn—3Xn—17 Xn—l) - (Xn—l); In - (fl,ny ) fn—l,n)
(Xanfh <. 7Xn73Xn717 XTL717 Xn) = (anla Xn)

IZIII\_/II
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Theorem 3.2 Let G,1(G) be as in Proposition 3.2. For the symmetric
algebra of 1(G) C R it holds:

a) dim(Symp(1(G))) =n+1
b) e(Symr(1(G)) = 3(n — 2).

Proof. a) By [4], Proposition 2.4:

dim(Symgr(1(G))) = max {dim(R/(Z;; +---+T1;.)) +r}

0<r<n
1<i; <---<ip<n

By Proposition 3.2 it follows:

r=0:dim(R) =
r=1:dim(R/Z;))=n—i+1 Vi=1,...,n—2,
dim(R/Z,—1) =n —1,
dim(R/Z,) =n — 2,
r=2:dim(R/(Zy + 1)) = dim(R/(Z1 + Zn-1)) = n — 1,
dim(R/(Z; + Z;)) <n—1, for i # j, otherwise,
r=3,...,n—1:dim(R/(Z;; +---+Z;.)) <n+1-—r
r=n:dim(R/(Z1+ ---+Z,)) =1

Hence, in any case, the maximum dimension is n + 1 — r. Then:

dim(Symg(1(G))) = max  {dim(R/(Z;, +---+T1;.))+r}=n+1.

0<r<n
1<i1 <+ <ir<n

b) By [4, Proposition 2.4], e(Symgr(1(9))) = >_1¢i <...<i,<n B/ (i, - - -,
Z;,)) with dim(R/(Z;,,...,Z;.)) = d — r, where d = dim(Symgr(1(G))) =
n+1land 1 <r<n. Setd =dim(R/(Z;y,...,7;.)) =n+1—r.

The multiplicity e(Sympg(I(G))) is given by the sum of the following

terms:
r=1:e(R/1;) =
r=2:e(R/(T1 + 1)) = e(R/(T1 + T,—1)) = 1,
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r=3,....,n—2:eR/(Th +I2+---+1I,))
=e(R/(Ti+To+ +Tr—1 +Tn1))
=e(R/(Ti+T+ 4+ T2+ Ty +1n)) = 1,
r=n—1:eR/(T1+ - +Th_1))
=eR/(Tr+...+Th-3+ZLp1+7I,)) =1,
r=n:e(R/(T1+--+ZI,)) =1

Hence: e(Sympr(I(G))) =3+3(n—4) +3 =3(n— 2). O
Proposition 3.3 Let G be the graph with n wvertices having edge ideal
I1(G) = (X1 X2, X2 X3,..., X, 1X,, X2) C R. The annihilator ideals of the
generators of 1(G) are
I = (0), Iy = (Xl), I3 = (X2)7 oI = (XlXQ, Ce ,Xingi,Q,Xifl),
ford4 <i<n.
P’/’OOf. Let I(g) = (fl, e ,fn), where f1 = X1X2, f2 = X2X3, ey fn—l =
Xpn-1Xy, fn = X2. One computes: 77 = (0), Zp = (X;), Z3 = (X3). For

1 = 4,...,7},— 1: Iz = (X1X2,...,Xi_gXi_Q,Xi_l). For i = n: In =
(X1X5,..., X, 3X,—2,X,,—1). Hence the thesis. O

Theorem 3.3 Let G, 1(G) be as in Proposition 3.3. For the symmetric
algebra of 1(G) C R it holds:

1. dim(Symgr(I1(G))) =n+1

2. simett@) = (1) + ("5 1)+ (75 7) +-

Proof. By [4], Proposition 2.4:

dim(Symg(1(G))) = Orgn%xn {dim(R/(Z;; + ...+ Z;)) +r}
e(Symr(1(9))) = > e(R/(Zsy +--+ 1))
0<r<n

1<i1<--<i,<n
dim(R/(Zi, +-+7,))=d—r
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1. We consider R/(Z;, +---+Z;, ), forr=0,...,n, 1 <i3 <--- <4, <n.
By Proposition 3.3 one has: Z; = (0), o = (X1), Zs = (X2),...,Z; =
(X1 Xo,..., X 3X;—9,X;-1), for i =4,...,n. Then:

r=2:dim(R/(Z1 +Iz)) = dim(R/(Z; +1'3)) =n-—1,
dim(R/(Z; + Z;)) < n—1, for i # j, otherwise,

r=3,...,n—1:dim(R/(Z;; +---+7;)) <n+1-r,

r=n:dim(R/(Ty +---+1Z,)) = 1.

r=0:dim(R) =
r=1: d1m(R/Il) = dim(R) = n,
dim(R/To) = dim(R/ L) = n =1,
dim(R/Z;) <n—-1 Vi=4,.
(
(

Hence, in any case, the maximum dimension is n + 1 — r. It follows:

dim(Symg(1(G))) = max  {dim(R/(Z;, +---+Z;,))+r} =n+1.

0<r<n
1<iy <--<ip<n

2. Set d' =dim(R/(Zi,,...,Z;.)) =n+1—r.
We consider R/(Z;,,...,Z;.) of dimension d’, then the multiplicity
e(Symg(1(G))) is given by the sum of the following terms:

(

2: G(R/(Il —|—I2)) = G(R/(Il —|—Ig)) =1

r=3:e(R/(Ti + o+ I3)) = e(R/(T1 + T2 + Tu)) =
e(R/(Il + 73 +I4)) = e(R/(Il + 73 +I5)) =

and soon, forr=1,...,n— 1.

r=n: dm(R/ (i +Zo+---+71,)) =1,
then e(R/(Z1 + Lo +---+1,)) =1

Let Iy = 1,Fy, =1,....F, = F;_5 + F;_1,i > 3, be the Fibonacci se-
quence. It results:
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-ifn=2
e(Sym(1(9)) = o[ R/(T)) el (T4T2) =2 = 3-1 = Fi-1 = ().

-ifn=3

e(Symr(1(9))) = e(R/(T1)) + e(R/(T1 + 12)) + e(R/(T1 + I3))
+ e(R/(Il + IQ + Ig))

:4:5-1:&-1:(?),

e(Symp(1(9))) = e(R/(T1)) + e(R/(T1 + I2)) + (R/(Th + I3))
+ e(R/(Z1 + 7y +I3)) + e(R/ I+ 1, +I4))
+e(R/(Ty + T3+ Ty)) +e(R/(Ty + T + T3 + 1))

1 n
Crmseamm—ae (D) (1)

e(Symgr(1(9))) = e(R/(11)) + e(R/(Ty + I2)) + (R/(T1 + 13))
+e(R/(Th+I2+13)) +e(R/(Th + T2 + 1))
+e(R/(Th +Is + 1)) + e(R/(Th + I3 + I5))

+e(R/(Th+To+Zs+1y)) +e(R/(IT1 + To+ 15+ I5))

+e(R/(Th+ZTo+Zs+T5)) +e(R/(T1 + I3+ 1y + I5))
+e(R/(Th

-ifn=4
(
(

-ifn=>5

R/(Th+ Ty + I3+ 14 + Is

—12=13-1=F 71"<)>+” (> ()

Hence one obtains e(Symp(I1(G))) = F,12—1; so the assertion follows taking

and so on.

in consideration the Lucas’ formula. O
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