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Schwarz maps associated
with the triangle groups (2,4,4) and (2, 3,6)
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Abstract. We consider the Schwarz maps with monodromy groups isomorphic to
the triangle groups (2,4,4) and (2, 3,6) and their inverses. We apply our formulas to
studies of mean iterations.
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1. Introduction

The Gauss hypergeometric function F(«, 3,7; z) is defined by the series

o (@,n)(8,n)
Fla, 8,7;2) = 2",
2 Gom(Ln)
where z is the main variable in the unit disk D = {z € C | |2| < 1}, o, 8,7
are parameters with v #0,—1,—-2,..., and (a,n) = a(a+1)--- (a+n—1).
This function admits an integral representation

% 006—7 _z_ﬁ _ 1y\y—a—1
F(a)F(fy—a)/l ot = 2) 7Pt = 1) dt, (1.1)

and satisfies the hypergeometric differential equation
Fla,B,7) :2(L=2) f"(2) + {y — (a+ B+ 1)z} f'(2) —aBf(z) =0, (1.2)

which has only singular points of regular type at z = 0,1, 00. The Schwarz
map is defined by the continuation to X = C — {0, 1} of the ratio of two
linearly independent solutions to F(«,3,7) in a small simply connected
domain in X. It is well known that the inverse of the Schwarz map is single
valued if and only if each of
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1 1 1
To = ) rn = y Too =
1= [y —a -3 la = f
belongs to {2,3,...,00}. In this case, the projective monodromy group of

F (e, B,7) is isomorphic to the triangle group (rg, 71,7+ ) and the image of
the Schwarz map is isomorphic to

the complex projective line P if 1/rg + 1/r; + 1/ro > 1,

the complex plane C if 1/ro+1/r1 4+ 1/re0 =1,
the upper half space H if 1/ro+1/r1 4+ 1/reo < 1.

There are only finite sets
{ro,r1,700} = {2,2,00}, {2,4,4}, {2,3,6}, {3,3,3},

such that 1/rg 4+ 1/r1 4+ 1/ro = 1. All of them appear in studies of mean
iterations in [HKM] and [MO]. In particular, a limit formula of a mean
iteration associated to {2,2, 00} is extended in [Mal] to that of an iteration
of three means of three terms. Moreover, it is shown in [G] as a geometrical
background that this extended limit formula can be obtained from the twice
formula of an elliptic curve and the Abel-Jacobi map for it.

In this paper, we consider the Schwarz maps for two sets of the param-

1 1 1 1
(%ﬂa’}’) = (47072>7 (37072>

to study geometrically limit formulas of mean iterations associated to
{2,4,4} and {2,3,6}. The monodromy groups of F(«a,f,7) for these
sets of parameters are reducible and isomorphic to the triangle groups

eters

(2,4,4) and (2, 3,6), respectively. We give circuit matrices generating these
groups in Corollary 1. The images of the Schwarz maps are the quo-
tient of the complex torus F; = C/(iZ + Z) by the multiplicative group
(i) = {£1, £i} for (o, B,7) = (1/4,0,1/2), and that of E; = C/(CZ + Z)
by (¢) = {£1,4(¢, +¢?} for (o, 8,7) = (1/3,0,1/2), where i = /-1 and
¢ = (14 /3i)/2. We consider elliptic curves

Cirut=t*(t—1), Cc:ub=8(t—1),
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and relate these Schwarz maps and the Abel-Jacobi maps
Ji 2 Ci = By, 9c:Ce — B¢

defined by incomplete elliptic integrals on C; and on C¢. We express the
inverses of these Schwarz maps in terms of the theta function 9, (2, 7) with
characteristics a, b; see Theorem 1 and Theorem 3. We study the pull-back
of the (1 + ¢)-multiple on E; and that of the (1 + {)-multiple on F; under
the corresponding Abel-Jacobi maps. We show that Theorem 2 yields the
limit formula of the mean iteration in [HKM]:

n

lim mo---om(a,b) = a

n— o0 F(1/4’1/2’5/4;1_b2/a2)2(171)7

where a > b > 0 and

m - (a,b) — (a;—b, a(a;—b)).

We have a similar result from the (1 + ¢)-multiple formula on the elliptic
curve F¢ in Theorem 4. We elucidate a geometric background of these limit
formulas as multiplications on the complex tori F; and E;.

As by-products of our results, we evaluate some 9, (0, 7) for 7 =4, in
terms of the Gamma function in Corollaries 3, 6, and give relations between
Oap(z,7) for T =i, and the hypergeometric function in Corollaries 5, 8.

2. The Schwarz map

2.1. Fundamental system of solutions to F(a,3,~)
We define the Schwarz map as the ratio of solutions to F(a, 3,7) given
by the Euler type integral representations

f@ = [0 -yt
) = [T =) -

where
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0 < Re(a) < Re(y), Re(p) < 1.

For an element x in U = {z € X | |z| < 1,|z—1] < 1}, they can be expressed
by the hypergeometric series. By (1.1),

fQ(x) = B(’y - Oé,O[) ' F(O[,ﬂ,’}/;x),
where B(x,x) denotes the beta function. By the variable change

x—1 Lo, t:s+x—17 dt:_(as—l)ds

s = ,
t—1 s 52

for the integral representation of fi(z) and (1.1), we have
h@) = e B(y—a,1-f) (1) * - F(y—a,y=f,7—a—F+1;1-x),

where §; = arg x and 0y = arg(1—=x) belong to the open interval (—7/2,7/2),
and the arguments of ¢, t — x, ¢ — 1 on the open segments (1, z) and (1, c0)
belong to the intervals in Table 1. Here pay your attention to the argument
of t — 1 and the orientation of the path integral.

Table 1. Arguments of ¢, t —xz and ¢t — 1.

tG(I‘,l) tE(l,OO)
arg(t) [min(0, 61 ), max(0, 6)] 0
arg(t — x) 0o [min(0, 02 ), max(0, 62)]
arg(t — 1) T+ 0y 0

Remark 1 When (= 0, the solution fi(x) is expressed as
eﬂ'i(’y_a)
fl(x): N —a '(1_x)’Y7a'F(V_a7777_a+1;1_x)

for |x — 1] < 1, and the solution f3(z) reduces to a constant
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2.2. Monodromy representation of F(a,3,7)

We take a base point & in U. Let M be the monodromy representation of
F(a, B,7) with respect to the base point @. It is the homomorphism from the
fundamental group 71 (X, &) to the general linear group of the local solution
space to F(a, 3,7) on U arising from the analytic continuation along a loop
with terminal #. We denote the image of ¢ € m1(X, %) by My. Let £y and
f1 be a loop starting from & turning positively once around the point z = 0
and that around the point = = 1, respectively. Since 71 (X, %) is generated
by ¢y and ¢;, M is determined by My = M, and M; = M,,. By the
basis ‘(f1(z), f2(x)), the transformations My and M; are represented by
matrices My and M;. That is, the basis (f1(z), f2(z)) is transformed into

M, <f 1 (@)
fa(@)
by the analytic continuation along the loop ¢;. They are expressed by the
intersection matrix

e(y —a) —e(B) —e(y —a)
_ e(v—a)—1 e(v—a)—1
—e(d) 11 —ey) +1

e(y—a)—1 (e(y—a)—1)(e(a) —1)
as in [Ma2], where e(a) = exp(2mia).
Proposition 1  Suppose that

a, a—v, [B-—v¢Z, [¢N={1,23...}.

Then we have

Ao —1 e(—y) 1—e(—a)
My = Mols — H ejeq =
0 0727 e H e; ©2©2 < 0 1 ’

1-X) e :<e(’y—a—ﬁ) 0>
e Hep U —1+e(—p) 1)’

where \g = e(—7), My = e(y — a— ),

My =1, —
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1 0 " 1 " 0
12:<0 1), e1 = (1,0), ex=1(0,1), 61:<0), 62:<1>.

We use this proposition for 8 € Z — N with a base change

(1 0 ) <f1(x)> '
0 1—e(a)) \fa(z)
Corollary 1  In this case, My and M7 are transformed into

Ny = (e(B’Y) —9(1—04)> N = (9(70— @) (1)> ’

respectively. When (o, 8,7) = (1/4,0,1/2), Ng, N1, (NoN1)~! are

G 61 6o

The group generated by these matrices is isomorphic to the triangle group
(2,4,4), and to the semi-direct product (i) x Z[i]. When (o, 3,v) = (1/3,0,
1/2), No, N1, (NoN1)~" are

-1 ¢ ¢ 0 1 _1+V3i
0 1) \o 1)’ 0 1) ¢7 2

The group generated by these matrices is isomorphic to the triangle group
(2,3,6), and to the semi-direct product (¢) x Z[(].

3. Theta functions

3.1. Basic properties of 9,3
The theta function with characteristics is defined by

Vap(z,7) = Z exp(mi(n + a)?7 + 27wi(n 4 a)(z + b)),
neL

where z € C and 7 € H are main variables, and a, b are rational parameters.
For a fixed 7, we denote ¥, (2, 7) by ¥4,(2). In this subsection, we collect
useful formulas for ¥, (2, 7) in our study from [I] and [Mu].
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It is easy to see that this function satisfies
a’t
Yap(z,7) =€ - T a(z+b) |99,0(z +ar +b,7),
Vg, p(2,7) =Vap(—2,7),
2

Vap(z+pT+4q,7) = e(aq — % —pz — bp) Vap(2,7)

190,+p,b+q(z7 T) = e(QQ)ﬁa,b(Zv T)a

Yap(z+cr+d,T)
Vo pr (2 + 7 +d,7)

79(1 c )
= ofe(t! b)) LererriBT)
ﬁa’+c,b’+d(za 7—)

where p,q € Z and o',V € Q.
It is known that ¥,5(2) = 0 if and only if

1 1
<—a+p+2>7+ <—b—|—q+2> (p,q €Z),

and they are simple zeroes. If (a1,b1),...,(ar,b,) and (a},b}),...,(a., b))
satisfy

Z(ai,bi) = Z(ag,bg) mod Z?
i=1 i=1
then the product
F(Z) _ : ﬂambi(z)

B P— 19(1;717; (Z)

becomes an elliptic function with respect to the lattice L, = Z7 + Z, i.e., it
is meromorphic on C and satisfies

F(z)=F(z+1)=F(z+ 7).
Fact 1 (Jacobi’s derivative formula)

0
@191/2,1/2(2’, 7') = —7”90,0(07 7')790,1/2(07 7')191/2,0(@ 7')~
z=0



76 Y. Koguchi, K. Matsumoto and F. Seto

Fact 2 (Transformation formulas)

a(l—a
Yap(z, 7+ 1) = e<(2)>'l9a’a+b_1/2(2,7'),

s —1 T (22
tua((5:7) =t Fe 5 ) oncate

where \/T/i is positive when T is purely imaginary.
Fact 3 (Addition formulas, Jacobi’s identity)

Do,0(21 + 22)P0,0(21 — 22)00,0(0)?

= 90,0(21)*Y0,0(22)” + P1/2,1/2(21)* V12,1 /2(22)*

= 90.1/2(21)*00,1/2(22)* + D1 2,0(21)*V1 /2,0 (22)?,
Vo1 /2(21 + 22)00,1/2(21 — 22)90.1/2(0)?

= 90,0(21)*Y0,0(22)% = V1/2,0(21)*V1/2,0(22)*

= 190,1/2(21)2190,1/2(22)2 - 191/2,1/2(2’1)2191/2,1/2(22)27
D1/2,0(21 + 22)012,0(21 — 22)01/2,0(0)?

= 90,0(21)*Y0,0(22)* — Vo,1/2(21)*P0.1/2(22)*

= V1)2,0(21)*012,0(22)% — D1/2,1/2(21) 01 /2,1 /2(22)?,
D1/2,1/2(21 + 22)01 /2,1 /2(21 — 22)90,0(0)?

=91 /2.1/2(21)*00,0(22)* — Do,0(21)°V1 /2,1 /2(22)*

= 790,1/2(21)2191/2,0(22)2 - 791/2,0(21)2190,1/2(22)27
00,0(0)* = 90,1/2(0)* + 91 /2,0(0)*.

3.2. Formulas for 7 =1

In this subsection, we obtain several formulas for ¥, (z,%) in the case
of 7 =1i.

Lemma 1l We have

Vap(iz, i) = e(ab) exp(12)9 _p.a(2,1),
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Do,0(iz,1) = exp(nz?)P0,0(2,4), Vo1/2(iz,i) = exp(mz?)V1/2,0(z, 1),
V1/2.0(i2, ) =exp(n22)00 1/2(2, 1), V1/2.1/2(i2,7) =iexp(722)01 2.1 /2(i2, ),

90,0(0, %)
V2

Proof.  For the +-multiple formulas, we have only to substitute 7 = 7 into
the second formula for ¥_, _; in Fact 2. We have 91 /2(0) = 91 /2,0(0) by
substituting z = 0 into the identity between ¢ 1,2(iz) and ¥ ,20(2). By
Jacobi’s identity, we have ¥9(0)* = 29¢1,2(0)*. Note that Jy(0) and
Y0,1/2(0) take positive real values. O

90,1/2(0,7) = 91/2,0(0,1) =

Lemma 2 We have
90,0(0,7)90,1/2(2,1)01/2,0(2,1)
exp(mi(1+ i)z2)19071/2(0, i)ﬁ1/2,0(07 i) 7
1N 900(0,d)d0.0(z, )0 r
D aaa(1+)200) = o5 ) s Top sl
exp(mi(1 +14)22)0,1/2(0,7)01/2,0(0,1%)

8
190,0(27’ i)4 - ?90,1/2(27, Z')2791/2,0(2’7 Z')Q
eXP(27Ti(1+i)Z2)190,1/2(0, i)ﬁ1/2,0(07 i) ‘

19070((1 + i)Z, Z) =

Vo,1/2((1+4)2,0)01 /2,0((1 +7)2,1) =

Proof. We set
n(z) = exp(mi(1 + i)22)19070((1 +1i)z,1).

Since Y9,0(z) has simple zero at z = (i + 1)/2, the function 7(z) has simple
zero at z = 1/2,4/2. By using the quasi periodicity of ¢ (z), we can show
that

n(z+1) =-n(z), n(z+1i)=—exp(=2mi(i +22))n(2).
Thus the function

n(z)
190,1/2(2)?91/2,0(2)

is a holomorphic elliptic function with respect to the lattice L;; it is a con-
stant. We can determine this constant by putting z = 0. The second formula
is obtained by the substitution z+1/2 into z for the first formula. We show
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the third formula. By Fact 3 for z; = z and 25 = iz, we have
190,1/2(24'@'2)190,1/2(Z—Z'ZWOJ/z(O)Q = 190,0(2)2790,0(iz)z—ﬂl/z,o(2)2191/2,0(i2)2-
This identity together with Lemma 1 leads the third formula. U

3.3. Formulas for 7 =(
In this subsection, we obtain several formulas for ¥, (2, () in the case

of 7= ¢ = (1++/3i)/2.

Lemma 3 We have

a? 1 22
? + ab — 24>e<2g)19ab1/27a<27 C)a

b2+ 1 22
Jap(w?z,¢) =elab+ —— + >e<2w>19b,—a—b—1/2(2, ¢),

[\

791/2,1/2(012, ()= u)(9<ZC>791/2,1/2(Z» ¢),

2’2

191/2,1/2(012270 =w? ()191/2,1/2(27(),

2w

where w = (% = (=1 +/3i) /2.
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Proof. Fact 2 yields that

a(a; 1) > ﬂa,—a—i—b—l—l/Q(*wza C)

= e(a(az— 1)>19a,ab1/2(wza ¢)-

By rewriting (a/,V') = (—a,a — b—1/2) ie., (a,b) = (—d',—a’ — V' —1/2)
for the identity

e(ab)e(Z)e(i)ﬁb,a(z,C) = e<a(a2_ 1)>79—a,a—b—1/2((")z7<)7

we have the first formula. To get the second formula, substitute z = w?z

into the first formula. These formulas yield the others. O

Lemma 4 For 7 = (, we have

Snal(1+)2) = G o0
a1+ €)2) = LIS DD g 200,122 = ol
Dynal(1+02) = LR g, )00l + 021

D aaga(1+09) = UGGy ) Duale) + 0057

Proof. We apply addition formulas in Fact 3 to z; = z and 23 = (z, and
use Lemma 3. For example, we have

B0,0((1 + €)2)0,0((1 — ¢)2)90,0(0)*
= 0,1/2(2)*00,1/2(C2)* + D1/2,0(2)*V1/2,0(¢2)?,
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Daol(1 = 6)2) = nal-w2) = dnafw2) = e( 51 e 52 ) ryaofe).

-1 22
190,1/2(CZ) = ?90 1/2( w Z) = ?90,1/2(w22)2 = e(ﬁ)e(w>?91/2,o(z)2,

1 22
191/2,0@2) = 791/2 0( w Z) = ?91/2,0(0022)2 = e<12>e<w>190,0(2)2,

which yield the first formula. g

Lemma 5 Some theta constants 9,(0,¢) are related as follows:

D0a/a0.0=e( 31 00,0 duj20(0.)=e( 5 ) aal0.0)

-1 —-17
195/6,1/3(0a ¢) :e<8>?91/3,1/3(0, ¢), 191/3,5/6(0, ¢) 29(24>191/3,1/3(0a ¢)-

V1/3,1/3(0,()=e (118) \1[ 0,0(0,0), Y1/6,1/6(0,0)=e (712> ﬁﬁo 0(0,¢).

Proof. By substituting z = 0 and z = ({ +1)/3 into formulas in Lemma 3,
we have the formulas in the first and second lines in this lemma. We show
the formulas in the third line. Substitute z = ((+1)/3 and z = (( +1)/6
into the first formula in Lemma 4. Then we have

e(1/8)e((w” +w/2)(¢+1)*/9)
90,0(0)?

><?91/2,0<C;:1>{1900(C;:1> “901/2<C2;1> }7

<C> _ e(1/8)e((w® +w/2)(¢ +1)%/36)
90,0(0)?

ool (2

By using shown formulas in this lemma, we can transform these identities

Po,0(¢) =

into
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2
90,0(0,¢)* = 6791/3,1/3(0, ¢)?,
90,0(0,¢)* = 913,1/3(0,0) (V1/6,1/6(0,¢)* = €1 /3,1/3(0,¢)?).
Note that the last identity is equivalent to

_ 00,0(0,¢)* + (V131/3(0,0)*  (+1 ~ o,0(0, ()°

9 0,¢)? - '
1/6,1/6(0,C) 015.1/3(0,C) 2 D131/3(0,¢)

By numerical computations, we can see that the identity

V1/3,1/3(0,() = e<118> \1f 0,0(0,¢)

holds. This identity yields that

o007 = o 55 ) Y2d0al0.0)

By numerical computations, we can select a square root of e(1/36) so that
identity between v 6 1/6(0,¢) and 99,0(0,¢) holds. O

4. The Schwarz map for (o, 3,v) = (1/4,0,1/2)

We study the Schwarz map for («, 3,v) = (1/4,0,1/2) and its inverse
by using an elliptic curve with i-action and ¥, (2, 17).

4.1. Abel-Jacobi map for C;
Let C; be an algebraic curve in P? defined by

C; : 53 = 5051(51 — 50)-
By affine coordinates (t,u) = (s1/50,52/S0), C; is expressed by
ut = t2(t —1).

Note that the point (¢,u) = (0,0) in C; is a node. We use the same symbol
C; for a non-singular model of C;. By a projection pr from the non-singular
model C; to the complex projective line P! arising from
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C; > (t,u) —t€C,

we regard C; as a branched covering P! with a covering transformation p;
arising from a map

pi: Ci 3 (t,u) — (t,iu) € C;.

The branch points of pr are t = 0,1,00. Each preimage of pr='(1) and
pr~—1(o0o) consists of a point; P; = pr=1(1) and P, = pr—!(cc) are expressed
as (t,u) = (1,0) and [so, s1, s2] = [0, 1, 0], respectively. On the other hand,
the preimage pr—1(0) consists of two points, which are denoted by P ; and
Fy,2. The point Fy 1 corresponds to

lim (2, v2%(z — 1)), arga’(z—1)=m
x—0
z€(0,1)
for  in the open interval (0, 1), and Py 2 is given by p;(P,1). By the Hurwitz
formula, C; is an elliptic curve.
Let I, be an oriented path in C; given by

(z,V/22(x — 1)) € C;, w€[1,00],

where /x2(x — 1) takes positive real values for z € [1,00) and the interval
[1,00] is naturally oriented. We define a cycle B by I1oo — p; - [100 and a
cycle A by p; - B. Since

B-A=1,

A and B form a basis of H(C;,Z).
The space of holomorphic 1-forms on C; is one dimensional and it is
spanned by a form expressed by

udt dt

YT -1) T YRa-1)p

The period integral [ p ¥ is evaluated as

(1—1)/1006/%:(1—@3(}1,}1).
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On the other hand, we have

sz/i(B)so:/Jgpi(cp)zi/jgsO~

We normalize ¢ to p; as

1
LT A 0B(/4,1/4)7

/@1—17 /(Pl_i
B A

and the Abel-Jacobi map

Then we have

P

2 :C; 2P = (m, \4/562(56—1)) »—>z:/ p1 € E;=C/L,,

Py
where L; = Zi + 7Z C C. The map j; is an isomorphism between C; and E;.

Proposition 2  The Abel-Jacobi map j; sends points Py, Ps, Po1 and
PO’Q to
1+1 i 1

i(P1) =0, 2i(Px)= s JiPo1) =5, 2i(Po2) =3
2i(P1) =0, 72:(Px) 5 2i(Po1) 5 7i(Po,2) 2

as elements of F;.

Proof. 1t is clear that 5;(P;) = 0 and 7;(Px) = (i +1)/2. We have

V/s2(1 — s)ds

1 0 .
2ilPo1) = 1 —i)B(1/4,1/4)/1 exp(i/4) s(s — 1)

1/2)20(1/4) i ™ i

_ o LQA/2Prad) i _1
V2 I(1/42r(3/4) 2 w/sin(r/4) 2

Since Poo = pi(Po,1), 7:(Po2) is equal to i9;(Pp1) = —1/2=1/2 mod L;. O

We consider the relation between the Abel-Jacobi map j; and the
Schwarz map
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fule) 22U, 115
T A=) (@) T B(1/4,1/4) ﬁF<4 >t l“) (4.1)

for F(1/4,0,1/2). By Corollary 1, its monodromy group is generated by the
three transformations

No:z+ —z+i, Ny:zwiz, (NoNp)™':zeizd1,

and this group is isomorphic to the semi-direct product (i) x Z[i]. Note
that the information of a branch of {/z2(x — 1) is lost in the Schwarz map.
Thus we can regard the Schwarz map as the Abel-Jacobi map j; modulo the
actions of p; and i; that is

Cifto) 30 [ € B,

where (p;) and (i) are the groups generated by p; and i, respectively.

4.2. The inverse of j;

In this subsection, we express the inverse of the Abel-Jacobi map 7; in
terms of ¥, (2, 7). We fix the variable 7 to ¢ and denote ¥, (2,7) by V4 5(2)
in short. Since the pull-backs 771" (¢) and ;" (u) are elliptic functions with
respect to the lattice L;, they can be expressed as

i) =02), g (w) = 0u(2)
in terms of ¥, 4(z). It turns out that the map
E; >z~ (0:(2),0.(2)) € C;
is the inverse of ;.
Theorem 1  The inverse of 3, : C; 3 (t,u) — z € E; is given by

Vo,1/2(2,1)*V1/2,0(2,7)> - V1 /2,1/2(2,1)*

t=2 =
790’0(2’, i)4 ’190 O(Z, i)4

Do,1/2(2,1)01/2,0(2,1)01/2,1/2(2, 1)

U:—(l— ) 7.900(2 1)3

The holomorphic 1-form ¢ = udt/t(t — 1) on C; corresponds to
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11
2(1 — i)m90,0(0,4)%dz = (1 — z’)B<4, 4>dz

by the Abel-Jacobi map ;.

Proof. We regard the coordinate t of C; as a meromorphic function on C;.
Its divisor is

2P071 + 2P0’2 — 4Poo

We construct an elliptic function for L; with zero of order 2 at z =i/2,1/2
and pole of order 4 at z = (i 4+ 1)/2. Since

1 1N (11 ,

?90,1/2(2)2791/2,0(2)2
190’0(2:)4

the function

becomes an elliptic function for L;. Moreover, it has zero of order 2 at
z =1/2,1/2, and pole of order 4 at z = (i + 1)/2, since ¥,(z) = 0 if and
only if z = (—a+1/2)i+ (—=b+1/2) mod Z2. Thus the pull-back F(P) of
this function under the map j; is a constant multiple of ¢ by Proposition 2.
Let us determine this constant. Lemma 1 yields that

D0,1/2(0)%01/2,0(0)*  Ug1/2(0)* 1

90,0(0)4 O

Thus 2F'(P) is equal to t.
Similarly we regard t —1 as a meromorphic function on C; whose divisor
is

4P, — 4P.
The function

191/2,1/2(2)4
Jo,0(2)*
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becomes an elliptic function for L; with zero of order 4 at z = 0 and pole
of order 4 at z = (i + 1)/2. The pull-back of this function under the map j;
is a constant multiple of t — 1. By substituting P ; into this pull-back, we
can determine the constant. We have

By regarding the coordinate u of C; as a meromorphic function on Cj,
we see that its divisor is

Py1+ Py + P —3P.

Thus it is the pull-back of

‘. 190,1/2(Z)ﬁ1/2,0(2)191/2,1/2(2)
Jo,0(2)?

under j;, where c is a constant. Let us determine c. By u* = t2(t — 1), we
have

A Do,1/2(2)01/2,0(2) W1/2.1/2(2)" _ 4o,1/2(2)"W1/20(2)"  —V1p21/2(2)"
19070(2’)12 19070(2)8 190,()(2)4 ’

which yields that ¢* = —4, i.e., ¢ = i* - (1 + i) for some k € {0,1,2,3}.
By the expressions ¢, t — 1 and w in terms of ¥, (%), it turns out that
the holomorphic 1-from ¢ = udt/t(t — 1) corresponds to

' V0,1/2(2)01/2,0(2)01/2,1/2(2) . Bo,0(2)* . —do,0(2)*
Jo,0(2)? 200,1/2(2)*V1/2,0(2)%  V1/2,1/2(2)*

_ 4{do,0(2)*00,0(2) V1/2,1/2(2)" = D1y2,1/2(2)F1/2,1/2(2) Vo,0(2) "}
19070(2’)8

{90,0(2)V1/2,1/2(2) — V1/2,1/2(2)"F0,0(2) }
Vo,1/2(2)V1/2,0(2)

i* (1 +4)

dz

= —2i"(1 +1) - dz,

which should be a constant multiple of dz. By putting z = 0 and using Fact
1, we have

@ = —2i"(1 + i)mo,0(0)7; (dz).
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Since 99,0(0)? and

11 oo 2i(Poo)
B (, ) = / / —2i" (1+ 7:)71’190’0(0)2d2
44 1 (P1)

1+
2

= —2i%(1 +4)m90,0(0)? -

are positive real numbers, k is equal to 1. Hence we have the expressions of
u and . O

Corollary 2 Let z € E; be the image of (t,u) € C; under the Abel-Jacobi
map J;. Then we have

9 2 2 9 2 2 9 2
il: 1/2,1/2(2) ’ 1+iu—:\/§ 0,1/2(Z) 7 1—2’“—:\/5 1/2,0(2)
t Yo,0(2)? t Y0,0(2)? t Y0,0(2)?

Moreover, 94.(2)’s satisfy relations

\/5190,1/2(2)2 = 0,0(2)” + 191/2,1/2(2)2,
\@191/2,0(2)2 = 190,0(2)2 - 191/2,1/2(2)2-

Proof. The first identity is a direct consequence of Theorem 1. The right
hand side of the second identity is an elliptic function with respect to L;.
It has zero of order 2 at ;(Pp,1) and pole of order 2 at 7;(Px). Since Py
corresponds to the limit as ¢ — 0 given by the branch of u with arg(u) =
m/4 on the interval (0,1), %Er%)i(uz/t) = —1. By comparing the zero and
pole of both functions, 1 + i(u?/t) is a constant multiple of the pull-back
of ¥g1/2(2)?/P0,0(2)* under j;. We can determine this constant by the
substitution z = 0. The third identity is obtained by the action of p; on the
second identity. By eliminating i(u?/t) from these identities, we have the
relations among Y, 5(z)’s O

Corollary 3  We have
ra/s _ vw
V43 r(3/4)°
I'(1/4) v
JanE  VarGa)

Y0,0(0,7) =

790,1/2((% i) = 191/2 0(0,1) =



88 Y. Koguchi, K. Matsumoto and F. Seto

Proof. By Theorem 1, we have

27r19070(0)2:B(1 1) M.

4’4 Nz
Note that 99 ¢(0) and I'(1/4) are positive. To show the rest, use the inversion
formula for the I'-function and Lemma 1. O

Corollary 4  The inverse of the Schwarz map (4.1) for F(1/4,0,1/2) is
given by

Vo,1/2(2)*012,0(2)> - V1/2,12(2)*

= 2 =
'19070(2)4 19070(2)4

Proof. 1t is clear by Theorem 1. We can check this map is invariant under
the action of (i) by Lemma 1. O

Corollary 5 For any point z around 0, we have

2V2r  Viy2,1/2(2,1) -F(l L5 291/2,1/2(7«91’)4> _ .

(1742 Yoo(z0) 47274 Yg(z,i)

Proof. By Corollary 4, we have

2V 27 191/271/2(2,7;) -F<1 1 5‘191/2,1/2(27”4)

r(1/42 99z, 1) 4°2° 4 g (z, i)t

=2z

modulo the monodromy group of F(1/4,0,1/2). Since the both sides of the
above become 0 for z = 0, their difference is represented as the group (7).
Consider the limit of the both sides as z — /2 along the imaginary axis.
Use

= —1,

V1/2,1/2(1/2,1) _ e<1 . —1> ' Y0,1/2(0, 1)
Vo,0(i/2,1) 2 2 V1/2,0(0,1)

and the Gauss-Kummer formula

I'(y)['(y—a—p3)
I'(y—=a)l'(y—0)

for Re(y —a — ) > 0. O

F(a,B,7;1) =
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4.3. (14 %)-multiplication
Theorem 2 Let z € E; be the image of (t,u) € C; under the Abel-Jacobi
map ;. Then we have

(A +i)z) = <<H)2,(1+z’)“(2_t)>. (4.2)

Proof. We set

By Theorem 1, we have

=2

Yo,1/2((1 + ')2)2191/2 o((1+14)2)?
Jo,0((1 +14)2)* ’
(L +19)2)012,0((1 +1)2)01/2,1/2((1 +4)2)
190,0((1 + Z) )3 ’

)

/\A

9
, —(1—4) 0,1/2

u =

We transform them as

=9 793 1/2( )79411/2 0( ) . (79070(2)4 - 190,1/2(2)2191/2,0(2)2)2
19%,0( )190,1/2( )4191/2,0(2)4 790,1/2(0)2191/2,0(0)2
_ 2190,1/2(0)2191/2,0(0)2 (Woo(2)* = Po.1/2(2)*P1/2,0(2)%)? _ (2 _ 1>2
Y0,0(0)% V0,1/2(2)41 /2,0(2)* t 7
/ . €(1/8)700,0(0)00,0(2)V1/2,1/2(2)
u=—-(1-1)-
90,1/2(0)91/2,0(0)

. 190,0(2)4 - 190,1/2(2)2191/2,0(»3)2
190,1/2(0)791/2,0(0)

' 00,1/2(0)%01/2,0(0)* 1
90,0(0)3 Fo,1/2(2)301/2,0(2)?
B V0,1/2(0)012,0(0)
v U0,0(0)?

V0,0(2)01/2,1/2(2) (Wo,0(2)* = Jo,1/2(2)*P1/2,0(2)°)
Vo,1/2(2)*V1/2,0(2)*
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_ _190,0(2)8191/2,1/2(2)790,1/2(2)191/2,0(2)
190,1/2(2)4?91/2,0(2)4190,0(2)3
D0,0(2)*1/2,1/2(2)00,1/2(2)01 2,0 (2)
190,1/2(2)2191/2,0(2)2190,0(2)3
4 u 2 wu u(2 —1t)

(1—2')?2_(1—1')?:(1”) 2

by Lemma 2 and Theorem 1. O

5. The Schwarz map for (a,3,v) =(1/3,0,1/2)

In this section, we study the Schwarz map for (o, 3,7) = (1/3,0,1/2)
and its inverse by using an elliptic curve with (-action and ¥, (%, (), where

¢ = (1+V3i)/2.

5.1. The Abel-Jacobi map for C,
Let C¢ be an algebraic curve in P? defined by

Ce @ 85 = s2s3(s1 — s0).
By affine coordinates (t,u) = (s1/s0,52/50), C¢ is expressed as
ub =3t —1).

Note that (t,u) = (0,0) is a triple node and [sg, s1, s2] = [0,1,0] is a node.
We use the same symbol C¢ for a non-singular model of C. We regard C;
as a cyclic 6-fold covering of the t-space with covering transformation

p¢ - (t7u) = (t,Cu), CZ 1—{—;/_73

The branching information of this covering is as in Table 2. Here we set
some points in the non-singular model C¢ as follows:

Py = lim t,t' 2t —1)YVO), Poa=pc(Po1), Pos=pi(Pon),
te(0,1)

Poy = lim (t,tY2(t = 1)'%),  Pwp = pc(P,),
te(1,50)
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Table 2. Branching information.

ramification point | Py1 P2 Pos Pi=(1,00 Pxi1 Pxpe

projected point 0 0 0 1 9] 9]

ramification index 2 2 2 6 3 3

where arg(t) = arg(t —1) = 0 on the open interval I, = (1,00) and arg(t) =
0, arg(t — 1) = 7 on the open interval Iy = (0,1). By the Hurwitz formula,
C¢ is an elliptic curve.

We can regard ¢ and u as meromorphic functions on C¢. We give some
meromorphic functions on C¢ and their zero and pole divisors as in Table 3.
Pay your attention to the last three meromorphic functions for the setting
of branch of u. Note that

() e

The preimage of I, under the natural projection consists of six copies pz IS
(1 =0,1,...,5). Since the terminal points of pg - I coincide with that of
I, the formal difference B = pg T — pg T = (1 — pg) - I is a cycle
of C¢. Let A be the cycle p¢ - B. Then the intersection number B - A of
the cycles B and A is 1. Thus the cycles A and B form a basis of the first
homology group H;(C¢,Z) of Cg.

A non-zero holomorphic 1-form v on C¢ is given by

tdt _ udt  t2(t—1)Y%t

Y TS T -

It is easy to see that

pe(Y) = (.
Note that

- ! 11
/IOO%Z):/1 t2 (= 1)V Nt = / s/~ )1/6‘1ds:B<3,6>,
11
/w c1-¢ ( ) /w (1—¢ (3,6>.
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Table 3. Meromorphic functions on Cg.
functions zero divisor pole divisor
t 2P0y1 + 2P072 + 2P073 3P0071 + 3Poo72
t—1 6P, 3Ps,1 + 3P
1—}—25_71 2P0,1—|—2P072+2P073 6P1
U Poq1+ Pop+ Posz+ P | 2P +2P 2
2
%(: \3/t—1) 2P1 Poo,1+Poo,2
w3
7( =/tt-1)) Po1+ Poa+ Pos+3P | 3P + 3P 2
Y Po1+ P+ P 3P,
1) Vi1 0,1 0,2 0,3 1
C4t ¢*
(=1 2P, 2P
u2 + 3 1 0,1 1
t 1
— | = 2P, 2P
u2 < \/—1 0,2 1
C ¢?
72 = 3 — 2P073 2-Pl
We normalize ¢ to ¥, as
hi = . v
LT (1-¢)B(1/3,1/6)

then we have

/A@MIC, /B%:l-

The Abel-Jacobi map is defined by

Je:Ce 2 P—

P

Py

w1 S EC = (C/Lc,
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where Ly = Z( +7Z C C. The map j¢ is an isomorphism between C¢ and
Ec.

Proposition 3  We have

(+1 2¢C + 2

9c(P1) =0, gc(Psoy)= SR J¢ (P 2) = 3
¢ (+1 1
9c(Po1) = > Jc(Po2) = 5 Jc(Pog) = 3

as elements of E¢.

Proof. It is obvious that j¢(P;) = 0. It is easy to see that

1 1
9¢(Poo,1) = /1 e %
. 4 20 +2
9¢(Pso2) = /pg'foo P = /Ioo Pg(¢1) =(1¢c(Pxn) = < 3 ¢ = CS mod L.

Note that

1 ° 1 1 dt
]C(POJ) = I P = (1 *C2)B(1/3, 1/6)/1 1/ (t— 1) /6m7

0 dt 1 ! dt
/24 _ 1)1/6 — el — / /2 —pt/e
/1 U VR S T3 B ML ks ey

“<(&)o(33)

e(1/12) B(1/2,1/6) (C+1)e(1/12) I'(1/2)I'(1/2)

Thus we have

(Po) = 975 "B(1/3,1/6) 3 T(2/3)I(1/3)
_ V3e(1/6) V3 _ ¢
3 2 2

The rests are obtained as

+1

1e(Pos) = Ge(Por) = S mod Lo, ge(Pos) = e(Po) =

5 mod Ly,

N
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since P072 =p¢ PO,l and Po’g = IO? . Pg,l. Il

We consider the relation between the Abel-Jacobi map j: and the
Schwarz map

L h@) B 117
T A=) fa) T B(1/3,1/6) FF<6 26 ) (5.1)

for F(1/3,0,1/2). By Corollary 1, its monodromy group is generated by the
three transformations

Ny:z+— —2+C¢, Ni:z—Cz, (NoN))7':ze Caz+1,

and this group is isomorphic to the semi-direct product ({) x Z[(]. Note that
the information of a branch of uw = {/2z3(x — 1) is lost in the Schwarz map.
Thus we can regard the Schwarz map as the Abel-Jacobi map j: modulo
the actions of ps and (; that is

Ce/pc) > — / "€ B0,

5.2. The inverse of j¢
We express the inverse of the Abel-Jacobi map jc. We regard the co-
ordinates ¢ and u as meromorphic functions on C¢. The pull-backs jgl*(t)

and jgl*(u) are elliptic functions with respect to the lattice L¢, they can be
expressed as

in terms of theta functions with characteristics. It turns out that the map
E¢ >z (04(2),0,(2)) € C¢

is the inverse of j¢.
Lemma 6 Let z be the image of (t,u) € C¢ under the Abel-Jacobi map.
Then we have

1+ ﬁZM 1+i__\[191/20( ,0)*

u? 191/2,1/2(2,02’ ?91/2 1/2( Q)%
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44 9 2
1+C7_\/§ 0,1/2(2,C) .
?91/2,1/2(270

Proof. By Table 3, we have

u? 191/2,1/2(2’)2’

where c is a constant. We substitute Fp ; into the above, we have

Y (92 '<_791/270(0)2>__. <1>
Lrw=c 191/2,1/2(C/2)2_C Do,1/2(0)2) “\6)

which yields ¢ = V/3i. The rests can be shown similarly. O

Lemma 7 The functions 19071/2(2,02 and 191/270(2,02 are expressed as
linear combinations of 9.0(z,¢)?* and V1/2,1/2(2, Q)2

19071/2(2,02: (12>(1900(Z C) —w2191/2,1/2(z,§)2),

D1/9,0(2, ()% = (112)(190 0(2,0)* + wd 2,1 /2(2,0)?).

Proof. By Lemma 6, we have

V1)2,0(2)? 3 - Yo,0(2)?
—\fi—l:w—:w \/§z’7—1,
?91/2 1/2( ) u? 191/2 1/2(2)2

9 2
\/g 0,1/2(2) —1—&}2% —w2<\/§i 1900( ) _1>7
191/2,1/2(2) u 191/2 1/2(Z)

which yield this lemma. O

Lemma 8 Let z be the image of (t,u) € C¢ under the Abel-Jacobi map.
Then we have

w1\ 4m=Y0,0(2,0)00,1/2(2, () 1/2,0(2: C)
t(t—1) _e<8>\/§ V1/2,1/2(2,¢)? .

Proof. By Table 3, we have
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wd o 00(2)00,1/2(2)012,0(2)

c )
t(t—1) 291/2,1/2(2)3

where ¢’ is a constant. We consider the limit as ¢ — oo with ¢ € (1, 00),
u € (0,00). The left hand side of the above converges to 1. On the other
hand, the right hand side of the above converges to

o 00((C+1)/3)00,1/2((C+ 1)/3)01/20((¢ +1)/3)
V1/2,172((C +1)/3)3

<1 1)> D1/3,1/3(0)91 /3.5/6(0)95/6,1/3 (0)
. — + — 3
Vs5/6,5/6(0)

2 2
_ (1 R 3) 1/31/3000° _ Vaaas(0) _ (1> 1
V1/6,1/6(0)? Y1/6,1/6(0)3

3 8 24 6

by Lemma 5. Hence we have ¢ = e(—1/8)v/27. O
Theorem 3  The inverse of 3¢ : C¢ 3 (t,u) — z € E¢ is given by
‘o —3V3i0,0(2, ()*V0,1/2(2, ()*V12,0(2, ()?
- . 3
(\/3“90,0(27 ¢)? — 791/2,1/2(27 C)Q)

Y e<—1> ﬁﬁo,o(% 0)V0,1/2(2,C)01/2,0(2, C)191/24/22(’2’ 3
8 (\/31'19070(2,()2 — V1/2,1/2(2,€)?)

Proof. Note that

t %t ¢t t3 1
1+ =1+ )(1l+5)=1+—=1+ —.
<+u2><+u2>(+u2 T L

By Lemma 6, we have

v 29 29 2
1L gyl Vo) 61/2,o(z)
t=1 V1/2,1/2(2)

)

which yields

. 3\/32'190,0(2)2190,1/2(2)2191/210(2)2
3v/3i00,0(2)200,1/2(2)201/2,0(2)% + D1 /2,1/2(2)°
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Rewrite 1 1/2(2)? and ¥1/2,0(2)? in the denominator of this expression by
U0,0(2)? and ¥4 /21 2(2)* by Lemma 7. Then it can be factorized as

3V/3i0,0(2)*90,1/2(2)%V1/2,0(2)* + V12,1 /2(2)°

= ~(VBidoo(=)? = D1/2472(2)’.

Hence we have the expression of t.
By Lemmas 6 and 8, the functions 1+t/u? and u3/t(t — 1) are expressed
in terms Y4,(%, (). We have

ity (05) ) e

_ e<_1> <4/ﬁ?90,0(27)190,1/2(2’)79;’/2,0(Z) _ V3ido,0(2)? — 791/371/2(2)2
8 V1/2,1/2(2) V1/2,1/2(2)

) —?91/2,1/2(2)6
3V/3i0,0(2)%90,1/2(2)%01/2,0(2) + V12,1 /2(2)°

-1\,
=e| — 27
(5)

' 190,0(2)790,1/2(2)191/2,0(2)191/2,1/2(Z)(\/giﬁ]O,O(Z)Q - 191/2,1/2(3)2)
—3\/51'190,0(2)2190,1/2(2)2191/2,0(3)2 — 1 /2,1/2(2)°

Note that the denominator of the last term is (v/3ito,0(2)? — ¥1/2,1/2(2)%)%.
Hence we have the expression of u. O

Corollary 6  The pull back of the holomorphic 1-from ¢ = udt/t(t — 1)
under the map ]El i

e <_81) 27v/2700,0(0, ¢)?dz.

The theta constant ¥0(0,() is evaluated as

wing(3) ()
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The other theta constants ¥q(0,¢) are

_1 \S/g 1 3/2
'19 0 = . I =
0,1/2( 7() e( 8) \?/ZIT(' <3> 5
1 \8/3 1 3/2
9 0,)=el — (=
sva=<() ()"
11 \8/3 1 3/2
tan0.0=e( 1) 527 (3)
5\ V27 (1\Y?
V1/6,1/6(0,¢C) —e<14> o F<3
_7 \8/3 1 3/2
19%71/3(07C) —6(14> 27TF<3> )
53\ V3 . /1\*?
791/3,%(070 = e(l4> 27rF<3> .
Proof. Recall that
t _ _3\/§i190,0(2)2790,1/2(Z>2191/2y0(2)2
t—1 191/2,1/2(2)6

Thus we have

()
t t t
_dz [6191/2,1/2(2)5791/2,1/2(2)/ - 00,0(2)*V0,1/2(2)*01/2,0(2)*
—3v/3i Y0,0(2)40,1/2(2)11 /2,0(2)*
B ?91/2,1/2(2)6 : (190,0(2)279071/2(2)2191/2,0(2’)2)/
V0,0(2)100,1/2(2)101 2,0(2)* ’

where f(z) = df(z)/dz. Since ¢ = u - t/(t — 1) - dt/t?, the pull-back of v
under the map jc_l is e(—1/8)v/27 times
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6190,0(2’)2190,1/2(2)2191/2,0(2)2191/2,1/2(z)/—191/2,1/2(z)(90,0(2)2190,1/2(2)2191/2,0(2)2)'dZ
(V3i0,0(2)2 — 91 /2,1/2(2)2)290,0(2)00,1/2(2)91 /2,0(2)

It should be a constant times dz. We determine this constant by substituting
z = 0 into the above. By Fact 1 and Lemma 5, we have

1) = e 5 )2r V20000

Note that
11 oo 1¢(Poon)
B 0~ :/ :/ ]71 d}
<3 6) 1 J¢(P1) ¢ ( )
-1 4 1
= e(8>27r\/ﬁ19070(0,§“)2 . (C—; — 0>

by Proposition 3. The well-known formula
2
1 1
ANy L V3,1
6 V2T \3

B(l 1) I'(1/3)I'(1/6) \/§F<1>3'

yields that

3

36) " 1(1/2) o=

Hence we evaluate the theta constant as

00,0(0,¢)? = e<214> e/gf(;)s'

We can determine the sign of 9y 0(0,¢) by a numerical computation. The
rests can be obtained by Lemma 5. (]

Corollary 7  The inverse of the Schwarz map (5.1) for F(1/3,0,1/2) is
given by

=3V3i0,0(2,¢)*P0,1/2(2,)*V1/2.0(2,¢)*
(V3ido,0(2, )2 = V1j21/2(2,0)?)>
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Proof. It is clear by Theorem 3. We can check this map is invariant under
the action of () by Lemma 3. O

Corollary 8 For any point z around 0, we have
\B/EWCQ 1
ray/sy - Po,0(,¢)?
1 3 el O
191/2,1/2(370

(1 1 Z 191/2,1/2(ZaC)6 > —
672767 (91/2,1/2(2,¢)? — V3iddo 0(2,¢)?)? ’

where the branch of the square root is selected as \/C? = ¢ for z = (/2.

Proof. Let z be the image of the Schwarz map (5.1). We have seen in
Proof of Theorem 3 that

1 _ 3\/51'190,0(2)2190,1/2(2)2791/2,0(2)2 + 191/2,1/2(2)6
1-x ?91/2,1/2(2)6

(191/2,1/2(2)2 - \/§i190,0(z)2)3
191/2,1/2(2)6 .

Thus we have the desired identity modulo the monodromy group of
F(1/3,0,1/2). Since the both sides of the above become 0 for z = 0, their
difference is represented as the group (¢). Consider the limit of the both
sides as z — (/2 along the segment connecting 0 and (/2. Since 1/(1 — x)
converges to 1 by this limit, it turns out that = converges to 0. Use

m P00(6/2,* 912,0(0,0)> 2
L GO = VG oo = L V3ie=¢

and the Gauss-Kummer formula. O

5.3. (14 ¢)-multiplication
Theorem 4 Let z € E¢ be the image of (t,u) € C¢ under the Abel-Jacobi
map j¢. Then we have

_1 (9 —8t)? 1 9 -8t
0 = (=) VB =) 62
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Proof. We set (t',u') = jc_l((l +()z). Then ¢ is given by the substitution
z to (z + 1)z into the expression of ¢ in Theorem 3. Rewrite ¥, ((1 + ¢)z)
in terms of ¥, (z) by Lemma 4. Its numerator N (t') is

N(t') = 3\/31'190,0(2)2190,1/2(2)2191/2,0(2)2
x (90,0(2)% — i0,1/2(2)%)? (Y0,0(2)? + ity 2,0(2)%)?
X (790,1/2(2’)2 - 191/2,0(2)2)2,

and its denominator D(t') is

D(t") = { — (V391 2,0(2)% + V12,1 /2(2)) (W0,0(2)* — Vo,1/2(2)*)

+2i(V3012,0(2)% = 91/2.1/2(2)2) 90.0(2)2 00,1 /2(2)% ).

In this computation, the theta constants 9J9,0(0), J91/2(0), ¥1/2,0(0) are
canceled by Lemma 5. Divide them by 191/2’1/2(2)18 and rewrite

Do,0(2)? . 1+ t/u? 191/2,0(2’)2 B 1+ wt/u?

Dijoa2(2)? VBi T Pijaa2(2)? -3
Doa/2(2)? 1+ wt/u?
V1/2,1/2(2)? V3

Then we have

oo (LAWY (it w

where we use the relation u® = #3(t — 1).
By the same way, we can express u’ in terms of ¥, ;(2)’s, whose numer-
ator N(u') and denominator D(u') are

N(u') = e(;) V2700,0(2)90,1/2(2)01/2,0(2)01 /2,1 /2(2)

: (790,1/2(2’)2 - ’191/2,0(2)2) (190,0(2')4 + 190,1/2(2)4)
: (190,0(»2)2 + 73191/2,0(Z)2)7
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D(Ul) = {(\/5001/2,0(2)2 + 191/2,1/2(2)2)(190,0(2)4 - 790,1/2(2)4)
— 2i(V391/20(2)% = V1 /2.1/2(2)2) P0,0(2)*00.12(2)*} .

Divide them by 191/2’1/2(2)8(\/§i790’0(2)2 - 191/271/2<Z)2)2. We factor out
from the numerator as
N(u')
191/2,1/2(2)8(\/§i190,0(2)2 - 191/2,1/2(2)2)2

i P0172(° = 9120(2°) (o0 (2)* + 90,1 /2(2)*) (Bo.0()* + 01 12.0(2)%)
191/2,1/2(2)8 )

Since the rest terms are expressed in terms of 19a7b(z)2, we can compute them
quite similarly to the case of . Hence we have

o Z,u((:sz' - \/5)1(8;5 + 8u6)t>/<(t3;t—211;6)2> _3 +2\/§i . ((ft_—it))Q'

It is casy to see that (#/,u/) satisfies u/® = /> (¢ — 1). O

6. Limits of mean iterations

6.1. Limit formula by F(1/4,1/2,5/4;x)
Theorem 2 is interpreted as follows.

Theorem 5 Let P, = (x, v/x%(x — 1)) be a point of the curve C. We set

p_ ((2—:[;)2 (1+4)(2—2)4 x2(g;—1)> o

x2 22

Then we have

/Pwsoz (Hi)/&@ mod (i) x Z[i].

P1 Pl

Corollary 9  The following identity holds around x = 1:

1 115 (2 —x)2 115
—F( o, o1 - ) =F(~,=, 5, 1—x).
Nz <4’2’4’ 22 > <4’2’4’ x)
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Proof. Theorem 5 implies that
(2=a)*/a® &/ (= 1)dt T Yt - 1)dt
/) = (14i t/ mod (i) x Z[i].
1 -1 L tE-1)
Note that

T YR Ddt . 115
/ t—l = \/5(1+2)\/1—$F<4,2,4,1—l‘),
2—1)2 JJdr —4 v1-—
vh(;”—¢x2 = (1+1) ?
x x N

for 0 < z < 1 and arg(1—(2—x)?/2?) = m. We can cancel the factor v/1 — x
and determine the action of (i) x Z[i] by the substitution x = 1. Thus we
have the desired identity. (]

Let @ = a1 and b = by be positive real numbers. We define a pair
{an, bn }nen of sequences by the recursive relations

an +0b an(ay, +b
ng1 = n2 n, i1 = n(nzn) (61)

Corollary 10 (A formula in Theorem 2 in [HKM])  We have

I lim b .
im a, = lim b, = .
n— o0 n—00 F(1/4,1/2,5/4,1—b2/a2)2

Proof. We can show that the sequences {a,} and {b,} converge and
lim a, = lim b, by Lemma 1 in [HKM]. Substitute x = 2a/(a + b)

n—oo n—oo
into the identity between hypergeometric series in Corollary 9. Since

2—x b

)
T a

11 2 11 2
a+bF 7577§;1_b :F 7775§;]—_ a 9
v/ 2a 4°2° 4 a? 4°2° 4 a+b

we have
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F(1/4,1/2,5/4;1 — b2/a®)?
_ (a+b)/2
F(1/4,1/2,5/4;1 — (\/a(a+)/2/((a +b)/2))%)”
F(1/4,1/2,5/4;1 —b2/a2)2 ~~ F(1/4,1/2, 5/2 1—b2/a2)?

The last term is equal to lim a, since lim (b2 Ja2) = 1 and F(1/4,1/2,

n— o0 n—

5/4;0) = 1. 0

Hence we see that the (144)-multiple formula (4.2) in Theorem 2 implies
this limit formula for the sequences defined by the mean iteration (6.1).

6.2. Limit formula by F(1/6,1/2,7/6;x)
Theorem 4 is interpreted as follows.

Theorem 6 Let P, = (x, y/2z3(x — 1)) be a point of the curve C¢. We set
(B AT )

Then we have

PLE/ PJJ

Y= (1+C) (0 mod (¢) X Z[w].

Pl Pl

Corollary 11  The following identity holds around xz = 1:

11 1 11 — 2
p(LLT N1 11T a-sePy
626 Vdr—3 \6°2°6 (4z — 3)3
where \/dx —3 =1 forx = 1.

Proof. Theorem 6 implies that

/6t3t—1dt_ /“t?’t_l M wod (0w 2l

for 2’ = 2(9 — 82)2/(4x — 3)3. By this relation, there exists k¥ € N such that
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<k627(x—1)F<1 1 7_1 1‘(9—895)2)

Vizr =3 626’ (4x — 3)3
117
=(1+¢V1 F<6261—x)

We cancel (1 + ¢)v1—2 and /27(x — 1), and choose k = 0 so that the
identity holds for z = 1. O

By Corollary 11, we define two means as follows. We solve the cubic
equation

(9 —8x)%2 »?

(42 —3)3 a2

of the variable x, where we assume 0 < a < b. A real solution zg of this
equation is

Z[ Va? (\/b+\/ﬁ \/b— —a2)+2].

We set
m=>b+Vb*—a2 n=b- Vb —ad? (6.2)
Note that

2 771+772:b7 m—"n2 12

= 2
mn2 =a, 5 B)

—a“.

We express x¢ and 4xg — 3 in terms of 77 and 72 as
Y /i 3 Y /s
= g o (V) 2] = [f+rw+f
_ 3 (Ut ym)?
L + gy Vi
-3 = 5| VIV 3/ 3/
tro =3 2[(?7 772)/2(\ﬁ \ﬁ)JFZ] YRt ymymt VB
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Thus the identity in Corollary 11 is transformed into

P17 (et mY \/ EERSTERENTEN
6’2’6’ 2 3

2/3 1/3 1/3_’_772/3 117 b2
F 77777;1_7 .
6°2" 6 a?

This formula is equivalent to

F(1/6,1/2,7/6;1 — b2/a?)
ma(a,b)
F(1/6,1/2,7/6;1 — ma(a,b)?/m1(a,b)?)

(6.3)

if we define two means m; and my of positive real numbers a and b by

Q31 Pl 2l ria(a.b) = 0?3 (" + m3°)
\/g 9 2 b - 2 Y

where 1, and 72 are given in (6.2) with conditions

mq(a,b) =

™ 1/3 1/3 _ 2/3

™ 1/3
—Z <arg(n?) < ny'" =a

6 ! 6’

Let a1 = a and b; = b be positive real numbers. We give a pair of sequences
{an, by, }nen with initial terms a; = a, by = b by the recursive relations

Ap+1 = M7 (ana bn)a bn+1 = m2(ana bn) (64)

Corollary 12 (A formula in Theorem 3 in [HKM]) We have

lim a, = lim b, = ¢
n—oo n_n—>00 n_F(1/6,1/2,7/6,1—b2/CL2)

Proof. 1t is shown in §5 of [HKM] that the sequences {a, } and {b,} con-
verge and satisfy lim a, = lim b,. By (6.3), we have
n—oo

n—oo
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a as
F(1/6,1/2,7/6;1 —b2/a?)  F(1/6,1/2,7/6;1 — b%/a2)
a3
T F(1/6,1/2,7/6;1 — b2/a2)
= tn =...= lim a
F(1/6,1/2,7/6;1 — b2 /a2) n—oo
since lim (b2 /a2) =1 and F(1/6,1/2,7/6;0) = 1. O

n—o0o

Hence we see that the (1+¢)-multiple formula (5.2) in Theorem 4 implies
this limit formula for the sequences defined by the mean iteration (6.4).
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