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of some linear differential equations
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Abstract. In this paper, we investigate the order and the hyper-order of meromor-
phic solutions of the linear differential equation

kE—1
f(k)+Z(Dj+Bjer<z>)f<J)+(DO+A1€Q1(2)+A26Q2(Z))f:0,

j=1

where k > 2 is an integer, Q1(z),Q2(z), Pj(z) (j = 1,...,k — 1) are nonconstant
polynomials and Ag(z) (# 0) (s = 1,2), Bj(2) (Z0) (j = 1,...,k — 1), Dn(z)
(m = 0,1,...,k — 1) are meromorphic functions. Under some conditions, we prove

that every meromorphic solution f (# 0) of the above equation is of infinite order
and we give an estimate of its hyper-order. Furthermore, we obtain a result about the
exponent of convergence and the hyper-exponent of convergence of a sequence of zeros
and distinct zeros of f — ¢, where ¢ (Z 0) is a meromorphic function and f (# 0) is
a meromorphic solution of the above equation.

Key words: Linear Differential Equation, Meromorphic function, Hyper-order, Expo-
nent of convergence, hyper-exponent of convergence.

1. Introduction and statement of results

In this paper, we assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna’s value distribution
theory of meromorphic functions (see [11], [15]). In addition, we use the
notation o(f) to denote the order of growth of a meromorphic function
f, Mf) and A(f) to denote respectively the exponent of convergece of a
sequence of zeros and a sequence of distinct zeros of f. We also denote by
o2(f) the hyper-order of f which is defined by (see [15])

. log log T'(r,
oa(f) = hmiup gligr(f)

where T'(r, f) is the Nevanlinna characteristic function of f.
The hyper-exponent of convergence of a sequence of zeros and distints

2010 Mathematics Subject Classification : 34M10, 30D35.



488 H. Beddani and K. Hamani

zeros of f are respectively defined by

loglog N(r, 1
)\2(](-) — hm Sup Og Og (r7 /f)
—+00 logr

and

ol f) = limsup 28108 N (/1)

00 log r ’

where N(r,1/f) and N(r,1/f) are respectively the counting functions of
zeros and distinct zeros of f.
For the second order linear differential equation

f"+e*f +B(2)f =0, (1.1)

where B(z) is an entire function of finite order, it is well known that every
solution of (1.1) is an entire function and most solutions of (1.1) have an
infinite order. Thus, a natural question is: what conditions on B(z) will
guarantee that every solution f (# 0) of (1.1) has an infinite order? Ozawa
[13], Gundersen [8], Amemiya and Ozawa [1], and Langley [12] have studied
the problem, where B(z) is a nonconstant polynomial or a transcendental
entire function with order o(B) # 1. Recently in [14], Peng and Chen have
investigated the order and the hyper-order of solutions of equation (1.1) and
have proved the following result:

Theorem A ([14]) Let Aj(z) (# 0) (j = 1,2) be entire functions with
o(A;) < 1, a1, az be complex numbers such that ajas # 0 and a1 # as
(suppose that |a1| < |az|). If argay # m or ax < —1, then every solution
f(#£0) of the equation

[/ +e 7 + (A1e™? 4 Axe™?)f =0 (1.2)

has an infinite order and o2(f) = 1.

Recently in [9], the authors have extended Theorem A to some higher
order linear differential equations as follows:

Theorem B ([9]) Let A; (#0)(s=1,2),B; (#0)(j=1,...,k—=1), Dy,
(m=0,1,2,...,k—1) be entire functions with max{c(As),o(B;),0(Dm)} <
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1,0 (I=1,...,k—1) be complex numbers such that (i) argb, = arga; and
by =ca1 (0<¢ <1) (l€l) and (ii) b; is a real constant such that by < 0
(l S _[2), where I 75 a, I, 75 g, IhnNly= and I; Ul = {1,,]{3—1} and
ay, az are complex numbers such that ajas # 0 and a1 # ay (suppose that
la1| < laz|). If argay # 7 or ay is a real number such that a; < b/(1 — ¢),
where ¢ = max{c; : | € I} and b = min{b; : | € I}, then every solution
f(#0) of equation

) 4 Z i+ B; ebi® f(j) + (Do + A1e™* + Ae™*) f =0 (1.3)

satisfies o(f) = +oo and oa3(f) = 1.

In this paper, we continue the research in this type of problems. So, the
main purpose of this paper is to extend and improve the above results to
some higher order linear differential equations. We will prove the following
results:

Theorem 1.1 Let k > 2 be an integer, Qs(z) = E?:o a; 52" (s = 1,2)
and Pj(z) = Y1 gbi;z" (j = 1,...,k — 1) be nonconstant polynomials,
where ags,...,ans (s =1,2), boj,...,bn; (7 =1,...,k —1) are complex
numbers such that a, s = |ansle’ # 0 (s = 1,2), 05 € [-7/2,37/2) and
an1 # an2 (suppose that |an 1| < |an2]). Let As(z) (£0) (s =1,2), Bj(2)
(Z0) (j=1,....,k—1) and Dy,(2) (m =0,1,...,k — 1) be meromorphic
functions with max{o(As),0o(Bj),0(Dm)} < n. Let I and J be two sets
satisfying I # @, J # @, INJ =@ and IUJ ={1,... . k—1} such that for
JeI, byj=cjan1 (0<c; <1) and forjeJ, b,; <O0.

If 01 # m or ap, is a real number such that (1 — c)an1 < b, where
¢ =max{c; : j € I} and b = min{b, ; : j € J}, then every meromorphic
solution f(Z 0) of equation

k—1
f(k) + Z(D] + Bjepj(z))f(j) + (DO 4 Alte(z) + A2€Q2(z))f =0 (14)
is of infinite order and satisfies oo(f) > n. In addition, if A\(1/f) < +o0,

then oo(f) = n.
Theorem 1.2 Let k > 2 be an integer, Qs(z) = > g aisz" (s =1,2) and
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Pi(z) = Y0 obijzt (j = 1,...,k — 1) be nonconstant polynomials, where
ag,s--s0ns (s=1,2), b0j,...,0n; (j=1,...,k—1) are complex numbers
such that a, s = |an sle? #0 (s =1,2), 05 € [-7/2,37/2) and ap1 # an2-
Let Ag(z) (#0) (s=1,2), Bj(z) (#0) (j=1,...,k—1) and Dy,(2) (m=
0,1,...,k—1) be meromorphic functions with max{o(As),o(B;),0(Dn)} <
n. Let I and J be two sets satisfying I # @, J # @, INJ = & and
ITuJ ={1,...,k — 1} such that for j € I, b, ; = ajan1 (0 < a; < 1)
and for j € J, b, ; = Bjane (0 < B; < 1). Set a = max{a; : j € I} and
B =max{f;:j€J}.
Suppose that one of the following statements holds:

(1) 91 75 T and 91 75 92.

(2) 61 # 7, 61 =02 and (i) |an,1| < (1=0)|an2| or (ii) |an2| < (1—a)|an 1]

(3) an1 and ay 2 are real number such that (i) (1 — B)an2 < ap1 <0 or
(i) (1 —a)an1 < ap2 <O.

Then every meromorphic solution f(Z 0) of equation (1.4) is of infinite order
and satisfies oo(f) > n. In addition, if N(1/f) < 400, then oa(f) = n.

Theorem 1.3 Let k > 2 be an integer, Qs(2) = > g ai 2" (s =1,2) and
Pi(z) = Y0 obijzt (j = 1,...,k — 1) be nonconstant polynomials, where
ag,sy---s0ns ($=1,2),b0j,...,0n; (j=1,...,k—1) are complex numbers
such that a,, s = \ams]ews #0(s=1,2), 0, € [-7/2,37/2) and an1 # an2.
Let As(z) (#0) (s=1,2), Bj(2) (#0) (j=1,...,k—1) and D,,(2) (m =
0,1,...,k—1) be meromorphic functions with max{o(As),o(Bj),0(Dm)} <
n. Let I and J be two sets satisfying I # @, J # &, INJ = & and
I1UJ ={1,...,k — 1} such that for j € I, b, ; = ajan1 + Bjan2 (0 <
a; <1) (0< B <1) and forj € J, by <0. Set a = max{a; : j € I},
B=max{f;:j €} and b=min{b, ; : j € J}.
Suppose that one of the following statements holds:
(1) 01 75 7 and 91 75 92.
(2) 61 # 7, 61 =02 and (i) |an,1| < (1—0)|an2| or (ii) |an2| < (1—a)|ap 1]
(3) an1 and an,2 are real numbers such that (i) (1 — B)an2 —b < an1 <0
or (i) (1 —a)ap1 —b < an2 <0.

Then every meromorphic solution f(# 0) of equation (1.4) is of infinite order
and satisfies oo(f) > n. In addition, if \(1/f) < 400, then oo(f) = n.

Theorem 1.4 Let k > 2 be an integer, As(z) (£ 0), an,s (s =1,2), B;(2)
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(#0), bp; (j=1,....,k—1) and D,,(2) (m = 0,1,...,k — 1) satisfy the
additional hypotheses of Theorem 1.1 or Theorem 1.2 or Theorem 1.3. If ¢
(# 0) is a meromorphic function of finite order, then every meromorphic
solution f(# 0) of equation (1.4) satisfies A\(f — ) = A(f — @) = +oc0 and
Xo(f — @) = Xa(f — ) = o2(f) > n. In addition, if \(1/f) < +oo, then
Ao (f =) = Xa(f — ) = 02(f) = n.

2. Preliminary Lemmas

Lemma 2.1 ([6]) Let f(2) be a transcendental meromorphic function and
let « > 1 be a given constant. Then there exists a set By C (1,400) having
finite logarithmic measure and a constant B > 0 that depends only on 1,
J (3,7 positive integers with 0 < i < j < k) such that for all z satisfying
|z| =r ¢ ]0,1] U Eq, we have

f(j)(z)

70 (2) (log®r)log T(ar, f)| . (2.1)

[ﬂm%f) a

Lemma 2.2 ([5]) Let g(z) be a meromorphic function of order o(g) =
o < +o00. Then for any given € > 0, there exists a set By C (1,4+00) that
has finite logarithmic measure such that

|9(2)| < exp{r7*°} (2:2)

holds for |z| =r ¢ [0,1] U Ea, 7 — +00.

Lemma 2.3 ([14]) Suppose that n > 1 is an integer, Q;(z) = ajnz™ +---
(7 = 1,2) be noncostant polynomials, where ajq, (¢ =1,2,...,n) are complex
numbers and ainaz, # 0. Set z = re?, a;, = |ajnle®, 0; € [-7/2,37/2),
0(Q;,0) = |ajn| cos(8; + nb), then there is a set E5 C [—m/2n,3w/2n) that
has linear measure zero. If 01 # 0o, then there exists a ray argz = 0,
0 € (—m/2n,7/2n)/(E5 U Ey) such that

0(Q1,0) >0, 6(Q2,0)<0 (2.3)

or

5(Q1,0) <0, 5(Qs,0) >0, (2.4)
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where By = {6 € [—n/2n,37/2n) : 6(Q;,0) = 0} is a finite set which has
linear measure zero.

Remark 2.1 ([14]) In Lemma 2.3, if § € (—7/2n,7/2n)/(E3 U Ey) is
replaced by 6 € (7/2n,3m/2n)/(Es U E4), then we obtain the same result.

Lemma 2.4 ([10]) Let P(z) = (a +i8)z" + --- (a, B are real num-
bers, |a| + 18] # 0) be a polynomial with degree n > 1 and A(z) be a
meromorphic function with o(A) < n. Set f(z) = A(z)eP’®), z = re,
d(P,0) = acos(nf) — Bsin(nh). Then for any given € > 0, there exists
a set E5 C (1,+00) having finite logarithmic measure such that for any
0 c|-7n/2,3n/2)/H and |z| =r ¢ [0,1] U E5, r — 400, we have

(i) if 8(P,0) >0, then

exp{(1 —€)d(P,0)r"} < |f(re”)| < exp{(1 +€)(P,0)r"},  (2.5)
(i) if 5(P,0) < 0, then

exp{(1+e)d(P,0)r"} < |f(re”)| < exp{(1 —)8(P,0)r"},  (2.6)

where H ={6 € [-7/2,37/2) : 6(P,0) = 0}.

Lemma 2.5 ([2]) Suppose that k > 2 and Ay, Ai,...,Ax_1 are meromor-
phic functions of finite order. Let p = max{o(A;):j=0,1,...,k—1} and
let f be a transcendental meromorphic solution with A(1/f) < +oo of the
equation

FR 4 Ap fF Y 4 L A f 4+ Agf = 0. (2.7)

Then oo(f) < p.

Lemma 2.6 ([2]) Let Pj(z) (j =0,1,...,k) be polynomials with deg Py(z)
=n (n > 1) and degPj(z) < n (j = 1,2,...,k). Let Aj(z) (j =
0,1,...,k) be meromorphic functions with finite order and max{o(A;): j =

0,1,...,k} <n such that Ag(z) Z 0. We denote
F(z) = Ap(2)e" @1 Ay 1 (2)eP1 & o4 4y (2)eP B 4 Ap (2)e ). (2.8)

If deg(Py(2) — Pj(2)) =n for all j =1,...,k, then F is a nontrivial mero-
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morphic function with finite order and satisfies o(F') = n.

Lemma 2.7 ([7]) Let ¢ :[0,+00) — R and v : [0,+00) — R be monotone
non-decreasing functions such that ¢(r) < ¢ (r) for all r ¢ Eg U0, 1], where
Eg C (1,400) is a set of finite logarithmic measure. Let o > 1 be a given
constant. Then there exists an ro = ro(c) > 0 such that p(r) < (ar) for
all v > rg.

Lemma 2.8 ([4]) Let Ao(2),A1(2),...,Ax—1(2), F(5 0) be finite order
meromorphic functions. If f is an infinite order meromorphic solution of
equation

FE+ A1 () 5D 4+ Ai(2) f + Ao(2)f = F, (2.9)

then f satisfies A(f) = M(f) = o(f) = +o0.

Lemma 2.9 ([3]) Let Ao(2),A41(2),...,Ax—1(2), F(5 0) be finite order
meromorphic functions. If f is a meromorphic solution of equation (2.9)
with o(f) = +oo and oa3(f) = o, then f satisfies Aa(f) = Aa(f) = oa(f) =

g.

3. Proof of Theorem 1.1

First we prove that every meromorphic solution f(% 0) of equation (1.4)
is transcendental. Assume that f(# 0) is a polynomial or a rational solution
of equation (1.4). Then o(f) = 0. We write equation (1.4) in the form

k—1
(A1) f)e? P + (A2(2) e + 3 B(2)f Ve = B(2), (3.1)

where B(z) = —(f(k) + Zf;ll Dj(z)f(j) + Do(Z)f)a Asf (s = 1,2) and
B;fY9 (j = 1,2,...,k — 1) are meromorphic functions of finite order with
Asf 0 (s = 1,2), o(B) < n, o(Asf) < n (s =1,2) and o(B; f9)) < n
(j=1,...,k—1). If 61 # 7 or a, 1 is areal number such that (1—c)a, 1 < b,
it follows that deg(Q1(z) — Q2(2)) = n and deg(Q1(2) — Pj(z)) =n (j =
1,...,k—1). Thus from (3.1) and by Lemma 2.6, we have o(B) = n, this
contradicts the fact o(B) < n. Hence every meromorphic solution f( 0)
of equation (1.4) is transcendental.



494 H. Beddani and K. Hamani

Set max{c(As),0(B;),0(Dm)} = p < n, where (s = 1,2), (j =
1,...,k—1)and (m=0,...,k—1). Assume that f(# 0) is a meromorphic
solution of equation (1.4). By Lemma 2.1, there exists a set Fy C (1, +00)
having finite logarithmic measure and a constant B > 0 such that for all z
satisfying |z| = r ¢ [0,1] U E7, we have

< B[T@r, )P (j=1,...,k). (3.2)

’f(j)(z)
f(2)

By Lemma 2.2, for any given € (0 < ¢ < n — p), there exists a set Ey C
(1,+00) that has finite logarithmic measure such that

|D(2)| < exp{r’™¢} (m=0,...,k—1) (3.3)

holds for |z| =7 ¢ [0,1] U Es, 7 — +00.

Case (1). 6, # 7.

(i) Suppose that 6; # 6. By Lemma 2.3, there exists a ray argz = 0,
such that 6 € (—m/2n,7/2n)\(E5 U E4), where FE5 and E4 are defined as in
Lemma 2.3, and satisfying

(5(@1,9) > 0, (5(@2,9) <0or 5(@1,9) <0, (5(@2,9) > 0.

a) When 6(Q1,0) > 0, §(Q2,0) < 0, by Lemma 2.4, for any given ¢ (0 <
e <min{n —p, (1 —¢)/(2(1 4 ¢))}), there exists a set E5 C [1,+00) having
finite logarithmic measure such that for |z| =7 ¢ [0,1] U E5, r — +00, we
have

|A1(2)e? )| > exp{(1 — £)d(Q1,0)r"} (3.4)
and
|A2(2)e22 )| < exp{(1 — €)6(Q2,0)r"} < 1. (3.5)
By (3.4) and (3.5), we have

|A1(2)eD® 4 Ay (2)eQ2 )| > | A1 (2)eQ )] — |Ag(2)e?=)|
> exp{(1 —&)d(Q1,0)r"} — 1
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> (1 —o(1)) exp{(1 = £)d(Qu,0)r"}.  (3.6)
By (1.4), we get

|A1(z)eQ1(Z) + A2(z)eQ2(z)‘

F®(2) . e £ )
< ’ ) + (|Di-1(2)| + |Be-1(2) ‘)‘ 7(2)
+ot (IDy(2)] + ’Bl(z)epl(z)])‘é:((;) + Do (2)]- (3.7)

For j € I, we have 0(P;,0) = ¢;0(Q1,6) > 0. Thus
’Bj(z)epj(z)’ <exp{(1+¢)c;6(Q1,0)r"} < exp{(1+¢)cd(Q1,0)r"}. (3.8)
For j € J, we have §(P;,0) = —|b, ;| cos(nf) < 0. Thus
‘Bj(z)epj(z)‘ <exp{(l —¢)d(P;,0)r"} < 1. (3.9)
Substituting (3.2), (3.3), (3.6), (3.8) and (3.9) into (3.7), for all z satisfying

argz = 0 € (—{n/2n,7/2n)\(E5 U Ey4), |z| = r ¢ [0,1] U E1 U Ey U Ej,
r — 400, we obtain

(1 —o(1)) exp{(1 — €)5(Q1,0)r" }
< M exp{r*T¢} exp{(1 + €)ed(Q1, 0)r" }[T'(2r, £)]FFL, (3.10)

where M; > 0 is a constant. From (3.10) and 0 < e < (1 —¢)/(2(1+¢)), we
get

(1 g c) 5(Q1,9)r"} < M, GXP{TP+€}[T(ZT, f)}k"'l. (3.11)

(1 - o(1)) exp {

By 6(Q1,0) > 0 and p + € < n, then by using Lemma 2.7 and (3.11), we
obtain o(f) = +o00 and o2(f) > n. In addition, if A\(1/f) < 400, then by
Lemma 2.5, we have o3(f) < n. Hence o3(f) = n.

b) When 6(Q1,60) < 0, 6(Q2,0) > 0, by Lemma 2.4, for the above ¢, there
exists a set F5 C (1,+00) having finite logarithmic measure such that for
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|z| =r ¢ [0,1] U E5, r — +00, we have
|A1(2)e? )| < exp{(1 —€)6(Q1,0)r"} < 1 (3.12)
and
| Az(2)e?*)| > exp{(1 — €)56(Q2,0)r™}. (3.13)
By (3.12) and (3.13), we have
|A1(2)e9 ) + Ay(2)e“92(®)] > (1 - o(1)) exp{(1 — £)5(Q2, 0)r"}.  (3.14)
For j € I, we have 6(P;,0) < 0. Thus
|B;(2)e" )| < exp{(1 — €)¢;6(Q1,0)r"} < 1. (3.15)

Substituting (3.2), (3.3), (3.9), (3.14) and (3.15) into (3.7), for all z satisfying
argz = 0 € (—n/2n,7/2n)\(E5 U Ey), |z| =r ¢ [0,1] U Ey U Ey U E5, 1 —
400, we obtain

(1 —o(1))exp{(1 — £)d(Q2,0)r"} < Myexp{r’te}[T(2r, f)]k+1, (3.16)

where My > 0 is a constant. By §(Q2,60) > 0 and p + ¢ < n, then by using
Lemma 2.7 and (3.16), we obtain o(f) = +o00 and o3(f) > n. In addition,
if A\(1/f) < 400, then by Lemma 2.5, we have o2(f) < n. Hence o2(f) = n.

(ii) Suppose that ; = 65. By Lemma 2.3, there is a ray argz = 6 such
that 0 € (—n/2n,7/2n)\(E3 U E4) and §(Q1,60) > 0. Since |an1| <
lan 2|, an1 # ang and 61 = Os, it follows that |a, 1| < |an2|. Thus
5(Q2,0) > §(Q1,0) > 0. By Lemma 2.4, for any given ¢ (0 < £ < min{n —
p, (|an2| — |lan1])/(2(|an,2| + |an,1]))}), there exists a set E5 C (1, 400) hav-
ing finite logarithmic measure such that for |z| =7 ¢ [0,1] U E5, r — 400,
we have (3.13) and

|A1(2)e@ )| < exp{(1 +)d(Q1,0)r"}. (3.17)

By (3.13) and (3.17), we get
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|A1(z)eQ1(z) + A2(z)€Q2(Z)‘

> |A2(z)eQ2(Z)| — ‘Al(z)te(z)‘
> exp{(1 —£)d(Q2,0)r"} — exp{(1 +¢£)d(Q1,0)r"}
= exp{(1 +¢)d(Q1, 0)r" }exp{yr"} — 1], (3.18)

where
7= (1-¢)d(Q2,0) — (1 +¢)d(Qn,0).
Since 0 < & < (|an,2| — |an1])/(2(Jan,2| + |an1])), then

v = (1= ¢)|an,z2| cos(Bz +nb) — (1 + €)|an 1] cos(61 + nb)

= (lan,2| = |an,1| — €(|an,2| + |an,1])) cos(01 + nb)

|lan2| — |an1]

5 cos(fy +nb) > 0.

Then, by v > 0 and from (3.18), we get
‘Al(z)te(z) + AQ(Z)BQz(Z)|
> (1—o(1))exp{(1+¢)6(Q1,0)r" } exp{yr"}. (3.19)

Substituting (3.2), (3.3), (3.8), (3.9) and (3.19) into (3.7), for all z satisfying
argz = 0 € (—m/2n,7/2n)\(E3 U Ey), |2| =r ¢ [0,1] U Ey UEy U E5, 1 —
400, we obtain

(I —o0(1))exp{(1+¢)d(Q1,0)r"} exp{yr"}
< My exp{r**} exp{(1 + €)cd(Q1, 0)r™ }[T(2r, f)]F1, (3.20)

where M3 > 0 is a constant. By (3.20), we have

(1 —o(1)) exp{[(1 +e)(1 = ©)6(Q1,0) +1r"}
< My exp{rPTe}[T(2r, f)]*+L. (3.21)

By 0(Q1,0) > 0,y > 0 and p+ ¢ < n, then by using Lemma 2.7 and (3.21),
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we obtain o(f) = +o0 and o2(f) > n. In addition, if A(1/f) < +oo, then
by Lemma 2.5, we have o3(f) < n. Hence o3(f) = n.

Case (2). a1 is a real number such that (1 — ¢)a, 1 < b, which is 6; = 7.

(i) Assume that 6; # 0, then 03 # w. By Lemma 2.3, there is a ray
arg z = 6 such that 6 € (—x/2n,7/2n)\(E3 U E4) and §(Q2,6) > 0. Since
cos(nf) > 0, we have 6(Q1,60) = |an,1|cos(61 + nb) = —|a, 1| cos(nd) < 0.
By Lemma 2.4, for any given € (0 < ¢ < min{n — p, (1 —¢)/(2(1 + ¢))}),
there exists a set E5 C (1, +00) having finite logarithmic measure such that
for |z| = r ¢ [0,1] U E5, 7 — +00, we have (3.12) and (3.13). Using the
same reasoning as in Case 1(i) b), we obtain o(f) = +oc and o2(f) > n. In
addition, if A\(1/f) < 400, then by Lemma 2.5, we have o2(f) < n. Hence

0'2<f) =N.

(ii) Assume that 6; = 0o, then 1 = 6, = 7. By Lemma 2.3, there is a
ray argz = 6 such that 6 € (7/2n,37/2n)\(Es U E4). Then cos(nf) < 0,
3(Q1,0) = |an1]| cos(01+nbh) = —|a, 1| cos(nf) > 0, 6(Q2,6) = |an,2| cos(b2+
nf) = —|an 2| cos(nf) > 0. Since |an 1| < |an2|,an1 # an2 and 01 = 0o,
then |an 1| < |an2|. Thus §(Q2,60) > 6(Q1,6) > 0. By Lemma 2.4, for
any given € (0 < ¢ < min{n — p, (|an,2| — |an,1])/(2(|an,2| + lan,1]))}), there
exists a set E5 C (1,+00) having finite logarithmic measure such that for
|z| =r ¢ [0,1] U E5, 7 — 400, we have (3.13), (3,17) and (3.19) holds. For
J € J, we have §(P;,0) = —|b,_ ;| cos(nf) > 0. Thus

|Bj(2)e" )| < exp{(1 +€)3(P;, 0)r"}
< exp{(1 + €)br" cos(nh)}. (3.22)
Substituting (3.2), (3.3), (3.8), (3.19) and (3.22) into (3.7), for all z satisfying

argz = 6 € (w/2n,3n/2n)\(Es U Ey), |z| =7 ¢ [0,1] U E1 U Es U E5, 1 —
400, we obtain

(1 —o(1)) exp{(1 +¢)d(Q1,0)r"} exp{yr"}
< Myexp{r"*e} exp{(1 + €)cd(Q1,0)r™}

x exp{(1 + €)br™ cos(nf) }[T(2r, f)]*1, (3.23)

where M, > 0 is a constant. Hence
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(1 - o(L) exp{dr"} < Myexp{r**}[T(2r, A, (3:24)
where
d=(1+¢)[(1—-1¢)0(Q1,0) — bcos(nb)] + ~.
Since v > 0, cos(nf) < 0, §(Q1,0) = —|an.1|cos(nd), (1 — c)ans < b and

b < 0, we have

d=—(1+¢)[(1—c)|lan|+ b cos(nd) +~
> —(1+¢e)[|b| 4+ b] cos(nf) +~v =~ > 0.

By p+¢ < nand d > 0, then by using Lemma 2.7 and (3.24), we obtain
o(f) = 400 and oo(f) > n. In addition, if A\(1/f) < 400, then by Lemma
2.5, we have o5(f) < n. Hence o2(f) = n.

4. Proof of Theorem 1.2

First we prove that every meromorphic solution f(# 0) of equation
(1.4) is transcendental. Assume that f(# 0) is a polynomial or a rational
solution of equation (1.4). Then o(f) = 0. We write equation (1.4) in
the form (3.1), where B(z) = —(f® + 25;11 Dj(2)f9 + Do(2)f), Asf
(s = 1,2) and BjfY) (j = 1,2,...,k — 1) are meromorphic functions of
finite order with Asf #0 (s = 1,2), 0(B) <n, 0(Asf) <n (s =1,2) and
o(BifD)y<n (j=1,....k—1).

If case (1) or case (2)(i) or case (3)(i) holds, it follows that deg(Q2(z) —
Q1(2z)) =n and deg(Q2(z) — Pj(2)) =n (j=1,...,k—1). Thus from (3.1)
and by Lemma 2.6, we have o(B) = n, this contradicts the fact o¢(B) < n.
Hence every meromorphic solution f(# 0) of equation (1.4) is transcenden-
tal.

If case (2)(ii) or case (3)(ii) holds, it follows that deg(Q1(2)—Q2(z)) =n
and deg(Q1(z) — Pj(z)) =n (j = 1,...,k —1). Thus from (3.1) and by
Lemma 2.6, we have o(B) = n, this contradicts the fact o(B) < n. Hence
every meromorphic solution f(# 0) of equation (1.4) is transcendental.

Set max{o(As),0(Bj),0(Dp)} = p < n, where (s = 1,2), (j =
1,...,k—=1)and (m=0,...,k—1). Assume that f(5 0) is a meromorphic
solution of equation (1.4). By Lemma 2.1, there exist a set Ey C (1,400)
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having finite logarithmic measure and a constant B > 0 such that for all z
satisfying |z| = r ¢ [0,1] U Eq, we have (3.2). By Lemma 2.2, for any given
e (0 < e <n—p), there exists a set 5 C (14 00) that has finite logarithmic
measure, such that (3.3) holds for |z| =7 ¢ [0,1] U E3, 7 — 400.

Case (1). Suppose that #; # 7 and 61 # 0. By Lemma 2.3, there exists a
ray arg z = 6 such that 0 € (—7/2n,7/2n)\(E3 U Ey), where F5 and E, are
defined as in Lemma 2.3 and satisfying

5(Q1,0) > 0, 5(Q2,0) < 0 or 5(Q1,0) <0, 5(Q2,6) > 0.

a) When 0(Q1,60) > 0, §(Q2,0) < 0, by Lemma 2.4, for any given ¢ (0 <
e <min{n—p, (1 —a)/(2(1+«))}), there exists a set E5 C (1, +00) having
finite logarithmic measure such that for |z| =7 ¢ [0,1] U E5, r — +00, we
have (3.4) and (3.5). By (3.4) and (3.5), we have (3.6).

For j € I, we have 6(P;,0) = a;6(Q1,6) > 0. Thus

‘Bj(z)epj(z)‘ <exp{(14+¢e)a;0(Q1,0)r"} < exp{(1+¢e)ad(Qq,0)r"}. (4.1)
For j € J, we have §(P;,0) = 3;0(Q2,60) < 0. Thus
|B;(2)e"®)| < exp{(1 — €)B;0(Q2,0)r"} < 1. (4.2)

Substituting (3.2), (3.3), (3.6), (4.1) and (4.2) into (3.7), for all z satisfying
argz = 0 € (—n/2n,7/2n)\(E3 U Ey4), |z| = r ¢ [0,1] U Ey U Ey U Es,
r — 400, we obtain
(1 —o(1)) exp{(1 — €)d(Q1, 0)r"}
< My exp{r”**}exp{(1 + €)ad(Qu, 0)r" }T(2r, ), (4.3)

where M; > 0 is a constant. From (4.3) and 0 < e < (1 —a)/(2(1 4+ «)), we
get

(1 —o0(1))exp { u ; @) 5(Q1, 9)7“”} < My exp{rPTe}[T(2r, £)]*FL.  (4.4)

By §(Q1,6) > 0 and p + ¢ < n, then by using Lemma 2.7 and (4.4), we
obtain o(f) = +o00 and o2(f) > n. In addition, if \(1/f) < 4o0o, then by
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Lemma 2.5, we have o2(f) < n. Hence o3(f) = n.

b) When §(Q1,6) < 0, §(Q2,6) > 0, by Lemma 2.4, for any given € (0 <

e <min{n—p,(1—-0)/(2(1+B))}), there exists a set E5 C [1,+00) having

finite logarithmic measure such that for |z| =r ¢ [0,1] U Es5, r — 400, we

have (3.12) and (3.13). By (3.12) and (3.13), we have we have (3.14).
For j € I, we have §(P;,6) < 0. Thus

|B;(2)e"1 )| < exp{(1 + €)a;0(Q1,0)r"} < 1. (4.5)

For j € J, we have §(P;,0) > 0. Thus
|B;(2)e"1®)| < exp{(1 +¢)3;6(Q2,0)r™} < exp{(1 +¢)B5(Q2,0)r"}. (4.6)
Substituting (3.2), (3.3), (3.14), (4.5) and (4.6) into (3.7), for all z satisfying

argz =0 € (—n/2n,7/2n)\(Es U Ey), |z| =7 ¢ [0,1]UE; UEyU Es5, 1 —
400, we obtain

(1 —o(1)) exp{(1 — €)d(Q2,0)r"}
< My exp{r”**} exp{(1 + £)85(Qz, O)r"}[T(2r, f)]**1, (4.7)

where My > 0 is a constant. From (4.7) and 0 < e < (1 —03)/(2(1 4 3)), we
get

(1-5)
2

(1—o(1)) eXP{ 0(Qa, 9)7””} < Myexp{rP*e}[T'(2r, ). (4.8)
By §(Q2,0) > 0 and p + & < n, then by using Lemma 2.7 and (4.8), we
obtain o(f) = +o0 and o2(f) > n. In addition, if A\(1/f) < 400, then by
Lemma 2.5, we have o3(f) < n. Hence o3(f) = n.

Case (2). Suppose that ; # 7 and ¢, = 6,. By Lemma 2.3, there is a ray
arg z = 6 such that 0 € (—n/2n,7/2n)\(E3 U E4) and §(Q1,60) > 0. Since
61 = 0, it follows that 6(Q2,6) > 0.

(i) If |an1| < (1 — B)|anz2|, by Lemma 2.4, for any given ¢ (0 < ¢ <
min{n—p, (1 = B)lanz| — Jan1 )/ L1 + B)lan2] + lana])}), there exists a
set E5 C (1,400) having finite logarithmic measure such that for |z| = r ¢
[0,1] U E5, 7 — 400, we have (3.13) and (3.17).
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By (1.4), we get

9 (5 D (2

| A3(2)e@®)]| < 'ff(s)) + (|Dr-1(2) + \Bk_l(z)ePk_l(z),)‘w
o (D1 + B e O [ £
+ [41(2)e2 )] + Dy (). (4.9

Substituting (3.2), (3.3), (3.13), (3.17), (4.1) and (4.6) into (4.9), for all z
satisfying arg z = 0 € (—7/2n,7/2n)\(E3UE,), |z| = r ¢ [0, 1JUE UE;UES,
r — 400, we obtain

exp{(1 —£)6(Q2,0)r"}
< kexp{r’™} exp{(1 + £)ad(Q1,0)r"}
x exp{(1 + €)B5(Q2, 0)r" T (2r, )",
+ exp{(1 +¢)d(Q1,0)r"} + exp{r’*<}
< Mzexp{r**t} exp{(1+¢)§(Q1,0)r"}
x exp{(1 + €)B5(Q2, 0)r" T (2r, )", (4.10)
where M3z > 0 is a constant. By (4.10), we have

exp{dr"} < Msexp{r*Te}[T(2r, f)]F1, (4.11)
where
di =(1-¢)8(Q2,0) — (1+¢€)6(Q1,0) — (1+¢)B6(Q2,0).
Since

(1 = B)lan.2| = |an|
[(1+ Blan2| + lanal]’

D<e<
£ 3

01 = 6 and cos(f; + nb) > 0, we have
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— B —e(1+8)]0(Q2,0) — (14€)6(Q1,0)
1— 6 —e(1+ 3)]ansa|cos(8r + nb) — (1 + €)|an 1| cos(6; + nb)
{(1 = B)lan,2| = lan1| = €[(1 + B)lan2| + [an,1]]} cos(61 + nd)
)]

[
=

- ’an71|

5 cos(f1 +nb) >0
Since d; > 0 and p+ ¢ < n, then by using Lemma 2.7 and (4.11), we obtain
o(f) = +oo and o3(f) > n. In addition, if A(1/f) < +oo, then by Lemma
2.5, we have o5(f) < n. Hence o2(f) = n.

(ii) If |an2| < (1 — a)|ap1|, by Lemma 2.4, for any given ¢ (0 < ¢ <
min{n —p, (1 — a)|an,1| — |an2])/2[(1 + a@)|an 1] + |an2]])}), there exists a
set E5 C (1,400) having finite logarithmic measure such that for |z| = r ¢
[0,1] U E5, 7 — 400, we have (3.4) and

‘AQ(Z)€Q2(Z)‘ <exp{(1+¢)i(Qa2,0)r"}. (4.12)
By (1.4), we get
A0 < | fPR) ; AP FR)
‘Al( ) g‘ 7y | F (D@l [ Bioa(2) |)’ )
et (D42 + Br(en O |
+[42(2)e%)| + |Do(2)] (113)

Substituting (3.2), (3.3), (3.4), (4.1), (4.6) and (4.12) into (4.13), for all z
satisfying argz = 0 € (—7/2n,7/2n)\(E3UEy), |z| =r ¢ [0, 1JUE UE,UES,
r — 400, we obtain

exp{(1 —¢€)0(Q1,0)r"}
< kexp{r’*} exp{(1 + €)ad(Q1,0)r"}
x exp{(1 +¢)B6(Q2, 0)r" [T (2r, f)]*,
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+ exp{(1 +¢)d(Qa,0)r"} + exp{r’*<}
< Myexp{r*T¢}exp{(1 + &)ad(Q1,0)r"}
x exp{(1 +€)d(Qz, 0)r"}T'(2r, f)]**, (4.14)
where My > 0 is a constant. By (4.14), we have

exp{dar™} < Myexp{r’T}[T(2r, f)]k“, (4.15)

where
dy = (1-¢)6(Q1,0) — (1 +¢)d(Q2,0) — (1 +)ad(Q1,0).

Since

(1 = a)lan| = |ans|

O<e< ,
2[(1 + a)|an 1| + [an2|]

01 = 02 and cos(f; + nf) > 0, we obtain

do = {(1 = a)|an 1| = |anz| —€[(1 + @)|an 1| + |an.2|]} cos(61 + nb)

(1 = a)lan| = |an,a|
2

cos(fy + nb) > 0.

Since d2 > 0 and p+ ¢ < n, then by using Lemma 2.7 and (4.15), we obtain
o(f) = 400 and o3(f) > n. In addition, if A(1/f) < 400, then by Lemma
2.5, we have o2(f) < n. Hence o2(f) = n.

Case (3). Suppose that a,; and a,2 are real numbers such that (1 —
Bans < apy < 0or (1 —a)ap1 < ape < 0, which is §; = 6, = 7. By
Lemma 2.3, there is a ray arg z = 6 such that 6 € (7/2n,37/2n)\(Es U Ej).
Then cos(nf) < 0, 6(Q1,0) = |an,1|cos(01 + nb) = —|ay, 1| cos(nf) > 0 and
3(Q2,0) = |an,2| cos(f2 + nb) = —|ay, 2| cos(nd) > 0.

(i) If (1 — B)an2 < an1 < 0, by using the same reasoning as in case (2) (i),
we get o(f) = 400 and o2(f) > n. In addition, if A\(1/f) < 400, then by
Lemma 2.5, we have o3(f) < n. Hence o3(f) = n.

(ii) If (1 — &)an,1 < an2 < 0, by using the same reasoning as in case (2)
(ii), we get o(f) = +oo and o2(f) > n. In addition, if A(1/f) < 400, then
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by Lemma 2.5, we have o3(f) < n. Hence o3(f) = n.

5. Proof of Theorem 1.3

Using the same reasoning as in the proof of Theorem 1.2, we obtain that
every meromorphic solution f(# 0) of equation (1.4) is transcendental.

Set max{c(As),0(B;),0(Dm)} = p < n, where (s = 1,2), (j =
1,...,k—1)and (m=0,...,k—1). Assume that f( 0) is a meromorphic
solution of equation (1.4). By Lemma 2.1, there exist a set Fy C (1,+00)
having finite logarithmic measure and a constant B > 0 such that for all z
satisfying |z| = r ¢ [0, 1] U E1,we have (3.2). By Lemma 2.2, for any given &
(0 < e <n—p), there exists a set Ey C (1,+00) that has finite logarithmic
measure, such that (3.3) holds for |z| =7 ¢ [0,1] U Ea, r — +o00.

Case (1). Suppose that 6; # 7 and 6, # 0. By Lemma 2.3, there exists
a ray argz = 0, such that 6 € (—n/2n,7/2n)\(E3 U E,), where E3 and E,
are defined as in Lemma 2.3 and satisfying

5(Q1,0) > 0, 5(Q2,60) < 0 or 6(Q1,0) <0, 5(Qs,0) > 0.

a) When 6(Q1,0) > 0, 6(Q2,0) < 0, by Lemma 2.4, for any given ¢ (0 <
e <min{n —p, (1 —a)/(2(1 + a))}), there exists a set E5 C (1, +00) having
finite logarithmic measure such that for |z| =r ¢ [0,1] U E5, r — +00, we
have (3.4) and (3.5). By (3.4) and (3.5), we have (3.6).

For j € I, we have

dajan12",0) = a;j6(Q1,0) > 0 and 6(Pj(z)—ajan12",0) = 3;0(Q2,0) < 0.

Thus
|By(2)e2%2%"| < exp{(1 + £)ayd(Qr, 0)r"}
< exp{(1 +£)ad(Q1,0)r"} (5.1)
and
|eP () mianaz" | < exp{(1 — £)3;6(Qa, 0)r"} < 1. (5.2)

By (5.1) and (5.2), we obtain
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Bi(2)eli®| = |Bi(2)eYion 12" ||Fi(2)—ajan 12"
|Bj(2)e"?| = |Bj(2) | |

< exp{(1+¢&)ad(Q1,0)r"}. (5.3)

Substituting (3.2), (3.3), (3.6), (3.9) and (5.3) into (3.7), for all z satisfying
argz = 0 € (—n/2n,7/2n)\(E5 U Ey), |2| = r ¢ [0,1] U E4 U Ey U Es,
r — 400, we obtain (4.3). From (4.3) and 0 < e < (1 — )/(2(1 + «)), we
get (4.4). By 6(Q1,0) > 0 and p + £ < n, then by using Lemma 2.7 and
(4.4), we obtain o(f) = +o00 and o2(f) > n. In addition, if A(1/f) < +oo,
then by Lemma 2.5, we have o2(f) < n. Hence o3(f) = n.

b) When 6(Q1,6) < 0, 6(Q2,60) > 0, by Lemma 2.4, for any given € (0 <
e <min{n—p, (1 —705)/(2(143))}), there exists a set E5 C (1, 400) having
finite logarithmic measure such that for |z| =r ¢ [0,1] U Es5, r — 400, we
have (3.12) and (3.13). By (3.12) and (3.13), we have (3.14).

For j € I, we have

(5(ﬂjan’22”,0) = BJ(S(QQ,G) > 0 and 5(Pj(z)—6jan’gz”,0) = ajé(Ql,H) < 0.

Thus
|Bj(2)e”m2*" | < exp{(1 +€)3;6(Q2,0)r"}
< exp{(1 +¢)36(Q2,0)r"} (5-4)
and
|eFi () =Fan 22" | < exp{(1 — £)a;0(Q1, 0)r"} < 1. (5.5)
By (5.4) and (5.5), we obtain
|B; (2)eP1®)| = | B, (2)ePian22" || o) —Bians"|
< exp{(1+¢)B(Q2,0)r"}. (5.6)

Substituting (3.2), (3.3), (3.9), (3.14) and (5.6) into (3.7), for all z satisfying
argz =0 € (—m/2n,7/2n)\(E3UEY), |z| =7 ¢ [0, 1] UE1UE;UESs, r — +00,
we obtain (4.7). From (4.7) and 0 < e < (1—-0)/(2(1+0)), we get (4.8). By
3(Q2,0) > 0 and p + € < n, then by using Lemma 2.7 and (4.8), we obtain
o(f) = +oo and o2(f) > n. In addition, if A(1/f) < +o0o, then by Lemma
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2.5, we have o2(f) < n. Hence o2(f) = n.

Case (2). Suppose that §; # 7 and ¢, = 65. By Lemma 2.3, there is a ray
arg z = 6 such that 6 € (—n/2n,7/2n)\(Es U E4) and §(Q1,60) > 0. Since
61 = 0, it follows that 6(Q2,6) > 0.

(i) I Jani| < (1 — B)|ansz|, by Lemma 2.4, for any given ¢ (0 < ¢ <
min{n —p, (1 = B)|ana| = |ani])/2[(1 + B)|an2| + |an1]])}), there exists a
set E5 C (1,400) having finite logarithmic measure such that for |z| = r ¢
[0,1] U E5, 7 — 400, we have (3.13) and (3.17).

For j € I, we have

d(ajan12",0) = aj6(Q1,0) > 0 and §(Pj(z)—ajan12",0) = 3;6(Q2,0) > 0.
Thus (5.1) holds and

|6Pj(z)*oéjan,1z"‘ < exp{(l + 6)@5(@2,0)7“"}
< exp{(1+¢)Bi(Q2,0)r"}. (5.7)

By (5.1) and (5.7), we get
|Bj(z)e (z)‘ <exp{(1+¢&)ad(Q1,0)r"} exp{(1 +¢)B(Q2,0)r"}. (5.8)

Substituting (3.2), (3.3), (3.9), (3.13), (3.17) and (5.8) into (4.9), for all z
satisfying argz = 6 € (—7/2n,7/2n)\(E3 U Ey4), |z| = r ¢ [0,1] U E1 U
E; U E5, 1 — 400, we obtain (4.10). By (4.10), we have (4.11). Using
similar reasoning as in case (2) (i) in the proof of Theorem 1.2, we obtain
o(f) = 400 and oo(f) > n. In addition, if A\(1/f) < 400, then by Lemma
2.5, we have o2(f) < n. Hence o2(f) = n.

(ii) If |anz2| < (1 — @)|an1], by Lemma 2.4, for any given ¢ (0 < ¢ <
min{n—p, (1 — a)|an,1| — |an2|)/(2[(1 + &)|an1| + |an2|])}), there exists a
set E5 C (1,400) having finite logarithmic measure such that for |z| = r ¢
[0,1] U E5, 7 — 400, we have (3.4) and (4.12).

Substituting (3.2), (3.3), (3.4), (3.9), (4.12) and (5.8) into (4.13), for all
z satisfying argz = 0 € (—7n/2n,7/2n)\(E5 U Ey,), |z| = r ¢ [0,1]U E1 U
E; U E5, 1 — 400, we obtain (4.14). By (4.14), we have (4.15). Using
similar reasoning as in case (2) (ii) in the proof of Theorem 1.2, we obtain
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o(f) = +o0 and o3(f) > n. In addition, if A(1/f) < 400, then by Lemma
2.5, we have o2(f) < n. Hence o2(f) = n.

Case (3). Suppose that a,; and a, 2 are real numbers such that (1 —
Bans —b<apn1 <0or (1 —a)ay1 < apo <0, which is §; =6, = 7. By
Lemma 2.3, there is a ray arg z = 6 such that 6 € (7/2n,37/2n)\(E3 U Ey).
Then cos(nf) < 0, 6(Q1,0) = |an 1| cos(01 + nb) = —|ay 1| cos(nh) > 0 and
3(Q2,0) = |anz2|cos(f2 + nb) = —|ap2|cos(nf) > 0. For j € J, we have
§(Pj,0) = —|by, ;| cos(nd) > 0.
(i) If (1 — B)an2 —b < an1 <0, by Lemma 2.4, for any given ¢ (0 < € <
mingn — p, (1 — B)lana| — ln1| + 8/ Q11+ Blanzl + ans] — )}, there
exists a set E5 C (1,+00) having finite logarithmic measure such that for
|z| =7 ¢ [0,1] U E5, r — +o00, we have (3.13) and (3.17).
Substituting (3.2), (3.3), (3.13), (3.17), (3.22) and (5.8) into (4.9), for
all z satisfying argz = 6 € (w/2n,3mw/2n)\(E3 U Ey), |2| =r ¢ [0,1] U B4 U
E> U E5, r — 400, we obtain
exp{(1 —€)6(Q2,0)r"}
< My exp{r*} exp{(1 + £)[8(Q1, 6) + A5(Q2,0)

+beos(nd)]r"HT(2r, HIFT, (5.9)
where Ms > 0 is a constant. By (5.9), we have
exp{dsr™} < Msexp{r’Te}[T(2r, f)]F1, (5.10)
where
dy = (1 —€)8(Q2,0) — (1+¢)[0(Q1,0) + B5(Q2,8) + beos(nd)].

From 0 < e < ((1 — B)|an,2| — |an,1
02 = 7 and cos(nf) < 0, we obtain

+0)/I(1+ Blan2| + ana| = b)), 01 =

d3=[1-08—e(140)]6(Q2,0) — (14 ¢)[6(Q1,0) + bcos(nbd)]
=—[1—-8—¢e(1+4 B)]]anz|cos(nb) + (1 + &)[|an 1| — b] cos(nh)
=—{(1- B)’an,ﬂ - |an,1

+b—el(1+4 B)|anz2| + |an,1| — b]} cos(nh)
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. [(1-— ﬂ)|an,2|2 |an,1] +b] cos(nf) > 0.

Since d3 > 0 and p+ ¢ < n, then by using Lemma 2.7 and (5.10), we obtain
o(f) = 400 and o2(f) > n. In addition, if A(1/f) < 400, then by Lemma
2.5, we have o2(f) < n. Hence o2(f) = n.

(ii) If (1 — a)an,1 — b < ap2 < 0, by Lemma 2.4, for any given ¢ (0 <
e < minfn — p, (1 = a)lana| = an 2] +6)/(2[(1 + @)lan 1| + |an 2| = D)])}),
there exists a set F5 C (1,400) having finite logarithmic measure such that
for |z| =7 ¢ [0,1] U E5, r — 400, we have (3.4) and (4.12).

Substituting (3.2), (3.3), (3.4), (3.22), (4.12) and (5.8) into (4.13), for
all z satisfying argz = 6 € (7/2n,3nw/2n)\(Es U Ey), |z| =7 ¢ [0,1]U Ey U
FEy U E5, r — 400, we obtain

exp{(1 —€)d(Q1,0)r"}
< Mg exp{r’*te} exp{(1 + ¢)[0(Q2,0) + ad(Q1,0)
+ beos(nd)|r™ T (2r, £))FT,  (5.11)

where Mg > 0 is a constant. By (5.11), we have
exp{dar”™} < Mg exp{r*<}[T'(2r, )", (5.12)
where
di = (1= )5(Q1,60) — (1 + )[5(Qa2,0) + ad(Q1, 8) + beos(nb)].

From0 < e < ((1 — a)|an1| — |an2| +0)/(2[(1 + &) |an 1| + |an,2| —b]), 01 =
02 = 7 and cos(nf) < 0, we obtain

ds=[1—a—¢e(1+ a)]d(Q1,0) — (1 +¢)[6(Q2,0) + bcos(nh)]
=—[1—a—¢e(l+ a)llan,1|cos(nb) + (1 + ¢€)[|an,2| — b] cos(nb)
=—{(1 —a)lan1| = lan2| +b—¢c[(1+ a)|an

+ |an,2| — b]} cos(nd)

> — [a- a)]aml;— [n.2| +b] cos(nd) > 0.

Since d4 > 0 and p+¢ < n, then by using Lemma 2.7 and (5.12), we obtain
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o(f) = +o0 and o3(f) > n. In addition, if A(1/f) < 400, then by Lemma
2.5, we have o2(f) < n. Hence o2(f) = n.

6. Proof of Theorem 1.4

Assume that f (# 0) is a solution of equation (1.4). Set g = f — ¢.
Then we have o(g) = o(f) = +o00. Substituting f = g + ¢ into (1.4), we
obtain

k—1
g(k) + Z(D] +Bjepj(z))g(j) + (DO + Alte(z) + A26Q2(Z))g = H’ (61)
j=1

where H = — [go(k)+2§;11 (Dj—f-Bjer(z))QO(j)+(D0+A1€Q1(Z)+A2€Q2(Z))(p].
Now we prove that H # 0. In fact if H =0, then

k—1
(,D(k) € Z (D] + Bjepj(z))(p(j) + (DO 4 Alte(Z) + AQ@QQ(Z))SO =0. (62)
J=1

Hence ¢ (# 0) is a solution of equation (1.4). Thus o(p) = +oo by the
hypotheses of Theorem 1.4, which is a contradiction. Hence H # 0. By
Lemma 2.8 and Lemma 2.9, we have

Ag) = Mg) = o(g) = o(f) = +oo and s (g) = Aa(g) = 02(f) = n,
AMf=¢) = Mf—¢) = 0(f) = +oo and ao(f —¢) = Xao(f — ) = 02(f) > n.
In addition, if A\(1/f) < 400, then Xo(f — @) = Xo(f — @) = o2(f) = n.
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