Hokkaido Mathematical Journal Vol. 46 (2017) p. 423471

Spectral analysis of a massless charged scalar field with cutoffs
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Abstract. A quantum system of a massless charged scalar field with a self-interaction
is investigated. By introducing a spacial cut-off function, a Hamiltonian of the quan-
tum system is realized as a linear operator on a boson Fock space. Under certain
conditions, it is proven that the Hamiltonian is bounded below, self-adjoint and has a
ground state for an arbitrary coupling constant. Moreover the Hamiltonian strongly
commutes with the total charge operator. This fact implies that the state space of
the charged scalar field is decomposed into the infinite direct sum of fixed total charge
spaces. A total charge of an eigenstate is discussed.
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1. Introduction

Let us consider a quantum system of a charged scalar field ¢(Z) which
interacts with itself on the 1 + d dimensional space-time R'*? := {% =
(2% 2, ... 2% 1 2¥ € R,y =0,...,d} with the Minkowski metric g = (g,),
goo =1,9;, =-1,(j=1,...,d), guw = 0 (u # v). The Lagrangian L of a
complex Klein-Gordon equation with a self-interaction term is given by

A
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where the Einstein convention for the sum on repeated Greek induces is used,
A* denotes the complex conjugate of A, m > 0 is the mass of a particle and
A > 0 is a coupling constant. Let us consider the following Lagrangian £’:

£ = (@6)(06)" + 160" — (607 (1)

where > 0 is merely a parameter. £’ is the deformation of £ by the
replacement m? — —pu?. As is well known, the formal quantization of ¢
yields particles and anti-particles. We denote by a4 (k) (resp. a_(k)) the
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formal distribution kernel of the annihilation operator for the particle (resp.
anti-particle). The formal adjoint a4 (k)* (resp. a—_(k)*) represents the
formal distribution kernel of the creation operator for the particle (resp.
anti-particle). We denote by ¢(x) (z € R?) the time-zero charged scalar
field of ¢. Then the Hamiltonian derived from (1) is formally given by

Hioema = [ 160 (6" (8) + - (0)"a- (1) di

+ [ (oot + 0o Jan @

The integrand of the second term on the right hand side of (2) is of the
form of the so-called Higgs potential. The Lagrangian £’ is introduced as an
example of spontaneous symmetry breaking in quantum field theory (see, e.g.,
[18], [23]). It is interesting to study about it from an operator theoretical
point of view. However we can not analyze (2) directly as a linear operator
on a boson Fock space, since the second term on the right hand side of (2)
always diverges even if a vector belongs to a nice class. Therefore we need
modifications.

Let w be a multiplication operator of a non-negative function on R?
denoting a one-boson Hamiltonian. Then the free Hamiltonian Hy of a
charged scalar field is defined by the second quantization of w @ w:

Hy = dT'p(w & w)

on a suitable boson Fock space (see Section 2). Let xsp, be a non-negative
function on R¢ which plays a role as a spacial cut-off. For z € R, let ¢(f.)
be a field operator smeared by a function f, on R¢. The Hamiltonian H we
consider is of the following form:

H = dTy(w ® w) + /R Xep @)B(L) 0 f2)dx

2 [ Xal@) @l 9072 0

where ;1 € R and A > 0 are coupling constants. A rigorous definition of H
is given in Section 2. The integral on the right hand side of (3) is taken
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in the sense of strong Bochner integral. By introducing a spacial cut-off,
the quantum system we want to study loses translation invariance. Thus
H does not have relativistic covariance. However we are able to analyze H
as an approximation version of Hi,mal by virtue of a spacial cut-off. We
expect that the study of H will be also a first step towards understanding
spontaneous symmetry breaking. In this paper we study properties of H
via operator theoretical methods. In related works, it is assumed the space
dimension to be one. However we assume the space dimension to be d € N for
a mathematical generalization. If 1 < 0, H describes a cut-off Hamiltonian
of a charged scalar field with a Higgs type potential. If 4 = 0, H becomes
a complex-\¢* model with cut-offs. Hence H unifies two important models.
Properties of Hy are already known. In particular, it is self-adjoint and
has a ground state. It is not trivial, however, whether H still holds these
properties even if 4 > 0 and A = 0. In view of perturbation theory of
linear operators, it is interesting to find the condition that H is still self-
adjoint and has a ground state. Since the third term on the right hand
side of (3) is not “small “with respect to Hy, we need careful treatment
to analyze H. Moreover, we certainly meet a perturbation problem for an
embedded eigenvalue since the mass of boson to be zero. Therefore it makes
spectral analysis more difficult. As is seen below, the quantum system holds
the charge conservation. It means that the Hamiltonian H and the total
charge operator strongly commute. In the physical context, this property
corresponds to the global U(1)-gauge symmetry. Note that this structure is
not seen in a real scalar Bose field model.

There are several models similar to (3), which have been studied so
far. Glimm-Jaffe [13] considered the real ¢3 model which describes a real
scalar Bose field with quartic interaction in the 2-dimensional space-time.
Dereziriski-Gérard [8] considered the scattering theory for the real P(y)2
model. Gérard-Panati [12] considered the spectral and scattering theory for
an abstract Hamiltonian which include the real P(¢); model. Gérard [11]
considered the charged P(¢)2 model which describes the charged scalar Bose
field with a self-interaction in the 2-dimensional space-time. In these studies,
the infimum of w is assumed to be strictly positive but ultraviolet cut off
is not imposed. On the other hand, we consider the case of the infimum
of w is 0 and ultraviolet cut off is imposed. An interaction model between
quantum mechanical particles and a real scalar Bose field is also established.
Recently, some singular perturbed models are studied. Miyao and Sasaki [20]
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considered the generalized spin-boson model (GSB model) with quadratic
interaction. They gave a criteria for the existence of the ground state.
Teranishi [27] also considered the same model in terms of the self-adjointness.
Takaesu [26] considered the GSB model with ¢*-perturbation. He showed
the existence of a ground state and the existence of asymptotic fields for
sufficiently small coupling constants. Hidaka [16] considered the Nelson
model with perturbation of a form Z?Zl cj¢’ with ¢4 > 0. He showed the
existence of a ground state for arbitrary coupling constants. The study
about the total charge operator is already done by Takaesu [25], who treats
a model of the quantum electrodynamics. To our best knowledge, there are
few results about the charged scalar field with the infimum of w being zero.

We give our strategy comparing with some related works.

Self-adjointness: To show the self-adjointness of H, we apply the
method in [16] and [26]. A key lemma is that the interaction term is H-
bounded. To prove this lemma, we need the fact that the second term on
the right hand side of (3) is infinitesimally small with respect to the third
term of it. We need some technical treatments because of strong Bochner
integral.

Ezistence of ground states: First of all, we show the existence of a ground
state of a massive Hamiltonian. After that, we consider the mass zero limit
of massive ground states. In the massive case, we apply methods used in
[7], [8], [16] and references therein. In these methods, the so-called Number-
Energy Estimate (NEE) is important to show the existence of ground states
for the massive case. However, it is difficult to prove this lemma in our
Hamiltonian since the interaction term is singular. As is seen below, we
study the massive case without using a NEE (see Lemma5.1 and 5.2). To
show that the mass zero limit of massive ground states is not zero, we apply
methods in [14], [24] and references therein.

Total charge of eigenstates: First of all, we show the strong commu-
tativity of H and the total charge operator (Theorem 2.4). After that we
show that the total charge of eigenstates are zero under certain conditions
(Theorem 2.5). To prove Theorem 2.5, symmetry between particles and
anti-particles plays important roles.

The contents of this paper are as follows. In Section 2, we recall several
notations and symbols about the abstract boson Fock space. After that,
we introduce the Hamiltonian H rigorously and state main results. The
self-adjointness of H is discussed in Section 3. In Section 4, the spectrum
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of H is specified. The existence of a ground state is proved in Section 5.
The total charge in eigenstates is discussed in Section 6. In Appendix A,
some results which are used in this paper are collected. In Appendix B, we
summarize the results of [2], [5] which we use in Section 3 and Section 4.

2. A charged scalar field with spacial cut-off

2.1. Preliminaries

Let us recall some notations and symbols about the abstract boson Fock
space. For a Hilbert space H, we denote its inner product and norm by (-, -) %
(linear in the right vector) and || - || respectively. But, if there is no danger
of confusion, then we often omit the subscript H of them.

Let . be a separable Hilbert space over C. Then the boson Fock space
over J is given by

Fo(H) =P R A,
n=0 s

where @ denotes the n-fold symmetric tensor product with ®g H = C.
The Fock vacuum in F, (%) is denoted by Q and

Q2 :={1,0,0,...} € F,(X).
Let us introduce the finite particle subspace %y, o(-£") as follows:
g‘\bp(%) = {\I/ = {\I,(n)}zozo S jb(e%/) :
JN such that U™ =0 for all n > N + 1}.

Note that %, o(#) is dense in .#,(#). For each u € J#, the creation
operator A(u) is defined as follows:

D) = { U= (F)e € 5 3o nlSulus ¥ D)2, <00l

n=1

(A(w) )™ = /nS,(u@ ¥ D), ¥ e DAW), (n=>1),

and (A(u)fW)(© := 0. Here D(T) denotes the domain of a linear operator
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T, and S,, denotes the symmetrization operator on ®".%". The annihilation
operator with u is given by the adjoint of A(u)T:

Then, for all u,v € 2, the annihilation and creation operators satisfy the
following canonical commutation relations on %y, o(%):

[A(u), A(v)] = [A(w)T, A()T] = 0, [A(«), A(v)'] = (u,v).2,

where [X,Y] := XY —Y X. For a subspace D of %, the subspace %, sin (D)
is introduced as follows,

LQ\bfm(l)) = LH{Q,A(ul)T .- A(un)TQ ne N,Uj S D,j = 1, ... ,n},

where L.H{---} denotes the linear hull of a set {---}. Note that, if D is
dense in ', then %}, an(D) is dense in Fy,(%).

Let T be a densely defined closable operator on 2. We denote the
closure of T by T. Then the second quantization of 7T is given by

o n j—th n
dry(T) =0e@P> I®-- @I T ®I---a1|&;D(T),

n=1j=1

where [ is the identity on %, S | D is the restriction of S to D and
®: denotes the n-fold algebraic symmetric tensor product. It is seen that
dI'y(T) is closed. If T is self-adjoint, so is dI',(T"). Associated with T,
another operator I',(T) is also defined as follows:

oo
Th(T)=16@PT®- T | & D(T).
n=1
Note that, if T is bounded with the operator norm ||T'|| < 1, then I'y(T) is

also bounded with [|I'y,(7)| < 1.

2.2. A Hamiltonian of a charged scalar field and main results
For a subspace D of a Hilbert space ., we use a notation

D:=DeDC X dX.
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For d € N, the state space S of a charged scalar field is given by
A = Fy([L*(R)),

the boson Fock space over [L2(R9)]. In the physical context under con-
sideration, [L?(R?)] describes the state space of pairs of a particle and an
anti-particle. For u € L%(R%), the operators a+(u) and a+(u)f on . are
defined as follows:

0y () = A((,0)),  as(w)! == A((w,0))",
a_(u) := A((0,u), a(u)":= A((0,u))".
The operators a4 (u) and a_(u) are called the annihilation operator of a
particle and an anti-particle with a state function u, respectively. On the
other hand, a (u)' and a_(u)' are called the creation operator of a particle
and an anti-particle, respectively. These operators satisfy the canonical
commutation relations on the finite particle subspace 7, o([L?(R?)]):
[ax(u), ax (v)] = [ax (u), a5 (v)] = [ax(u)", ax (v)"]
= [ax (W), az (v)'] = lax(u), a5 (v)'] = 0, (4)

o (), a(0) ] = (u,0) 2 g

We denote the field operator with a state function u € L?(R%) by
o(u) = L(cur(u) +a_(u)h).
V2

It is easy to see that ¢(u) is densely defined and closable. We denote the
closure of ¢(u) by the same symbol. By von Neumann’s theorem, ¢(u)*¢(u)
is non-negative self-adjoint operator on 7. Note that a concrete action of
¢d(u)* is as follows:

b(u)” = ;i(a+ (W) +a_(w), (on Fio([L2RE])).

By (4), the field operators satisfy the following commutation relations on

Fo.0([L2(RY)]):
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[p(u), ¢(v)] = [p(u)", (v)*] = 0, [p(u), p(v)*] = ilm(u, v) 2 (Ra),

where Im z denotes the imaginary part of z € C. Let w be the multiplication
operator on L?(R%) by the function

w(k) :== k| (k€R?).
For a linear operator T' on L?(R%), we use a notation
T]:=TaT.

Then the free Hamiltonian of the charged scalar field Hy is defined by the
second quantization of |w]:

Hy :=dl'y([w]).
The number operator IVy, is introduced as
Nb = de([l])

Note that Hy and Ny, are non-negative self-adjoint on 7. For ¢ € R\ {0},
the total charge operator () is defined as follows:

Q= dI'v((¢® —q)).

For z € R%, a function f, is defined as follows:

fao(k) = (k) e kT (ae. k € RY)

with kz := kyx1+- - +kgxg, fork = (k1,...,kg) € RT'and z = (21, ...,24) €
R?. Here ¢ is a function which satisfies following assumption.
Assumption 2.1 ¢ € D(w=2) N Dw'?), |p(k)| = |o(=k)| (a.e. k €
R%).

Remark 2.1 By ¢ € D(w™'/?), we have f, € L?>(R?) and the Hamiltonian

H (defined below) is symmetric. As is seen in Lemma 3.1, H is essentially
self-adjoint. To show the self-adjointness of H, ¢ € D(w'/?) is needed.
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From | (k)| = |¢(—k)], we have [¢(f2), (f,)*] = 0 on Fyo([L*(R?)]). This
commutativity is important in our analysis (see e.g. Lemma 3.2 or Lemma

4.1).

Before introduce the Hamiltonian, we pick a function x,, which satisfies
following conditions.

Assumption 2.2 g, is a non-negative function and s, € L' (R?).

The Hamiltonian we study in this paper is as follows:
H := Hy+ uH1 + AHo. (5)

Here, i € R and A > 0 are coupling constants and

o= [ @) 6(fde, Hyi= [ (@604 0(1)) de. (6)

R

The integrals on the right hand sides of (6) are taken in the sense of J#-
valued strong Bochner integral. Namely, the domain and the action of H;
and H, are defined as follows:

D(H,) {w e we () DUSf)O(f)),

TESUPP Xsp

(@(fz)*QS(fx))i\I/ is measurable,
[ @ (@027 6() v < oo}, (=12,

H;V = /Rd XSp(x)((b(fz)*d)(fm))z\Ildx

By using xsp € L' (R?), Proposition A.1 and Proposition A.2, it follows that
Foan([L2(RY)]) € D(Hy) N D(H3). Thus Hy and Hy are densely defined
and symmetric.

Remark 2.2 In [8], [11], [12] and [13], there are used “Wick ordering”

- 1, which is defined in a product of annihilation and creation operators
by moving the creation operators to the left and the annihilation operators
to the right without canonical commutation relations. For u € L?(R%), by
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using the commutation relations for creation and annihilation operators, it
follows that

(D00 o(w)” = (3(u)6(w))’ — lull?6(u) 6(u) + 5 ull
on Fio[L7(R))

Therefore if we want to know the property of Hamiltonian with Wick order-
ing, it suffices to study (5).

Our first task is to find a condition for the self-adjointness of H. Let
us denote the set of infinitely differentiable functions on R¢ with compact
support by C§°(R9).

Theorem 2.1  Under Assumption 2.1 and 2.2, H is bounded from below,
self-adjoint with D(H) = D(Hg) N D(Hy) and essentially self-adjoint on
Fo,in([CSC(RY)]) for arbitrary p € R and X > 0.

For a self-adjoint operator T', o(T) denotes the spectrum of T' and
Oess(T'), the essential spectrum of T. If T is bounded from below and
self-adjoint, then we define

Ey(T) :=info(T).
Theorem 2.2  Under Assumption 2.1 and 2.2,
0(H) = 0ess(H) = [Eg(H), ).

Let T be a bounded from below self-adjoint operator. In general, we
say that T has ground states if Fy(T) is an eigenvalue of T. To prove the
existence of ground states of H for arbitrary coupling constants, we need
more assumptions which are based on [14] and [24].

Assumption 2.3

(1) ¢ is a rotation-invariant function and has a compact support.

(2) There exists an open set V. C R such that V = supp e and p is contin-
uously differentiable on V. Here for A C R?, A denotes the closure of
A.

(3) v € D(w™?/?).
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(4) w™2p € LP(RY) and w™3/2(0p/0k;) € LP(RY) (j = 1,...,d) for all
1<p<2.
(5) Jra(1+ [2[*)xsp(2)da < 0.

Remark 2.3 We give some comments about (1), (2), (3) and (4) of As-
sumption 2.3. A rotation invariance of ¢ implies that V' has a cone property.
This property and compactness of supp ¢ are needed to employ ”Rellich-
Kondrachov theorem”. (3) is required to get a boson number bound (see
Lemma 5.6). (4) is important to show that a sequence of ground states
belongs to suitable Sobolev spaces and its norm are uniformly bounded (see
Lemma 5.10). We note that Assumption 2.3 implies Assumption 2.1 and
Assumption 2.2.

Remark 2.4 We remark on the assumption of spacial cut-off function yp.
To show the existence of ground states of massive Hamiltonian H,, (defined
in Section 5), we only use the condition xg, € L'(R?). On the other hand,
in the case of H, more faster decay of xs, is required to control a behavior
of derivatives in ground states (see Lemma 5.7). Therefore as a sufficient
condition, Assumption 2.3-(5) is needed.

Theorem 2.3 Under Assumption 2.3, H has ground states for arbitrary
uw € R and A > 0.

Remark 2.5 (1) Asis seen in [6], [24], [25], it is shown that there exists a
ground state for sufficiently small coupling constants under the assumption
of ¢ € D(w™3/2). Tt is expected that similar statements follow in the case of
H. But it has not been proved yet because of a singular perturbation. We
explain a reason in detail after Lemma 5.6.

(2) We expect that if ground states of H exists, it is unique (i.e.
dimker(H — Ey(H)) = 1). However we have not been solved yet. We left
this problem for a future study.

The next theorem is not seen in the case of the real scalar Bose field
and it corresponds to the charge conservation of the quantum system.

Theorem 2.4  Under Assumption 2.1 and 2.2, H and Q strongly commute.

By Theorem 2.4, 57 is decomposed with respect to the spectrum of the
total charge operator Q) as
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A =P A=),

z€EZL

where J7(z) := Ker(Q — ¢z).
To describe Theorem 2.5, we introduce a linear transform 7 on [L?(R?)]
by

7(f,9) == (g, f) for (f,g) € [L*(RY)].

In the physical context under consideration, I'y (7) changes particles for anti-
particles and anti-particles for particles simultaneously. Some properties of
Iy (7) are discussed in Section 6. If a self-adjoint operator A and I'y(7) are
strongly commute (i,e, I'y(7)Al'v(7) = A), we say that A has a symmetry
with respect to I'y (7). Following theorem says that a total charge of a non-
degenerate eigenstate is automatically zero if a self-adjoint operator has
symmetry with respect to I'y (7).

Theorem 2.5 Let A be a self-adjoint operator on € which satisfies fol-
lowing conditions:

(1) A and Q strongly commute.
(2) There exists an eigenvalue X such that dimKer(A — \) = 1.
(3) A and T'y(1) strongly commute.

Then for any ¥ € Ker(A — X) \ {0}, ¥ € J£(0).

It is easy to see that H and I'y,(7) strongly commute. From this fact,
Theorem 2.3 and Theorem 2.4, we have the following consequence.

Corollary 2.1  Suppose that the ground state of H is unique. Then for
any ¥ € ker(H — Ey(H)) \ {0}, ¥ € 7(0).

Remark 2.6 (1) Let T be injective self-adjoint on L?(R?). As an example,
dI', ([T]) satisfies assumptions of Theorem 2.5.

(2) Theorem 2.5 is not only applicable to H but also other models
which are similar to H. H,, (see Section 5) and an operator whose form
is AT ([T]) + P(o(f)*¢(f)) are these examples. Here, f € L2(RY), T is a
non-negative self-adjoint operator on L?(R%) and P(-) is a bounded from
below real polynomial. If the ground state is unique in these models, then
we can conclude that the total charge of the ground state is zero.



Spectral analysis of a massless charged scalar field with cutoffs 435

3. Self-adjointness of H

In this section, we prove Theorem 2.1. The following lemma is important
to show the self-adjointness of H.

Lemma 3.1 Assume that ¢ € D(w™'/?) and Assumption 2.2, then H is
bounded from below essentially self-adjoint on Fy i ([CS°(RY))]).

Proof. First of all, we check that H satisfies a criterion of essential self-
adjointness on D(Hy) N %y, o([L2(RY)]) (see Proposition B.1). Since pH; +
AHy maps @!'([L*(R9)]) to @?:_4 QU ([L2(R%)]), we see that

(O™ (uHy + AHy)U™)) =0 (whenever |n —m| > 5).

If 4 > 0, then it is obvious that H is bounded from below on D(Hy) N
Fu.0o([L2(RY)]). The case where o < 0, for any ¥ € D(Hy)N.Z, o([L?(R?)]),
we see that

(U HY) = (0 HoW)+ [ xapla) (0 i )"0+ AOUfe) 902 W)
xr 2 2 X
-/ /@XS"( )t + M2)d| B (1) W2

2
> Pl > o

where E,(-) is the spectral measure of ¢(f.)*@¢(f.). The relative bounded-
ness of uHy + AHy with respect to (Np + 1)2 is seen by using Proposition
A.1. Therefore H is essentially self-adjoint on D(Hy) N %, o([L?(R?)]).
Since Z, n([CE°(RY)]) is a core of Hp, for any ¥ € D(Hp) N
Foo([L*(RT)]), there exist an N € N and a sequence {¥;}>°, C
Fb.5n([C5°(RY)]) such that U; — W, HyW¥,; — HoW¥ (j — oo) and U™ =0,
whenever n > N. Since (uHy + AHs) | (@i\io ®i[L2(Rd)]) is bounded ,
we see that ¥; — ¥ and H¥; — HY¥ (j — oo0). Thus the desired result
follows. (]

Let € and 7 be arbitrary positive constants with A% — 2e — A2 u%n/e > 0.
Then we define a constant C(u, A, €,n) as follows:
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C(p, A €,m)

e N eI v
= 02 = 2= )2 (3l + 2t g )

Lemma 3.2 Suppose that Assumption 2.1 and 2.2 are satisfied. Then for
all V€ D(H),

_ _ 1
|H19|| < 6C(u, A, e,n)|HE|| + <GC(M,A, €n) + %HXSPHLl)\

7)
[Ea < O en) ([HY] + ]). ®)

where 0 is an arbitrary positive constant.

Proof. Since |p(k)] = |p(—k)|, we have [¢(fz),¢(fy)*] = 0 on
Fpo([L2(RY)]) for all z,y € RY. For any ¥ € F, 4, ([C5°(RY)]), it follows
that

[l = [ @i @) G0 0L, ¥ drdy
< L @@l o0, 61, ¥ fdndy
<e [ @b lo) 60 0l drdy
+ sl (9
e ] @O D). G, 0L, W)y
sl
= | + o[l ] (10)
Here, to get (9), we used the following elementary inequality:

1
ab§6a2+4—b2 (for a,b >0, € > 0). (11)
€
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Thus, H; is infinitesimally small with respect to Hy. Next we show that Hs
is H-bounded. For all ¥ € %}, 4,([C5°(RY))),

[\ ||* = (2 ~ Ho — pH) ¥

= ||HY|* — (HV, (Hy + pH1)¥) — ((Ho + puH,)¥, HY)
+ || (Ho + pH) |

= HH\I/H2 — MHU, HyWU) — M HoW, HyWU) — 2\uRe(H, ¥, Ho¥)
- H(Ho + #Hl)‘IJH2

< HH\I/HQ—)\(Hﬂ/,HO\I/)—A(HO\IJ,HQ\P>+2)\|M|\Re<H1\I/,H2\IJ>|,

where Re z denotes the real part of z € C. By using (10) and (11),
2\ p||Re(H ¥, HoW)| is estimated as follows:

2X\|p||[Re(H W, HyW)| < 2|l H1 ||| H29 ||
)\2 2
< ff|Ho ¥ |* + S|y
A 2 2
< e+ 2L (0 + ol ),
where € and 7 are arbitrary positive constants. Therefore we have

NH W ||* < ||[HY|* - A/ Xop (2) (W, { (6 f2) 6 f))”, Ho } W) dx

A%
(e XY P+ 2

where {X,Y} := XY +Y X. By using the identity X2Y + Y X? = 2XY X +
[X, [X, Y]] and the fact that Hy is non-negative, we see that

INH0||* < ||[HY|* — A /R Xsp (@) (W, [6(f2) D (fa), [6(f) " S(f), Hol|¥)d

A2 2 N 2 ?
o (e 2 s X o
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By applying Proposition A.2, we have

() D(fo), [6(f2) S f2), Hol) = —2|| 0|52 0(f2) b (f2)-
Hence it follows that

A" < |l +2A||<PHZ<‘1”H1‘I’>
P 22
(e ) o]+ S a0l a2
By using (10) and (11), we have

2|70 (0, HiW) < 27| ol|2 | W]|| H1 0|

2
< [[H 2| + Xl za @)
2 ||Xsp||?:1 2 4 2
<l Ho |+ ( S el )P (13)
From (12) and (13), it is seen that

o < o)+ (2e 220 )

A2y Ixsp 17
+ (sl + Pl ) o

By choosing constants € and 7 such that 2e + A\?u?n/e < A%, we have the
following inequality:

(A2 = 2¢ — \2%n/e) || Ho W ||

2 (N2 2 ol 2
< ol + (S Il + P22 2l ) o)
Thus (8) holds for all ¥ € F, 4, ([C5°(R?)]). Since Fp, an([C5C(RY)]) is a

core of H, (8) follows for all ¥ € D(H) from a limiting argument. (7)
immediately follows from (8), (10) and (11). O
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Proof of Theorem 2.1. We show H = H as an operator equality. Then we
can conclude that H is self-adjoint since H is self-adjoint by Lemma 3.1.
H D H is trivial. To show the inverse, it suffices to show that D(H) C D(H).
For any ¥ € D(H), there exists a sequence {U,,}22 | C F, a1 ([C5°(R)])
such that

v, —-V¥,  HU, — HV, (n— ).

By Lemma 3.2, Hy is H-bounded on %, s, ([C5°(R?)]). Indeed we note that
the following inequality holds:

)

[ Ho®|| = [[(H — pHy = AH2)®| < [|H®|| + [ul 12| + A[| Ha2|

(® € Fusn([C5°(RD))).

Therefore, {Ho¥,}>2, and {H2¥,}>2, are Cauchy sequences. By the
closedness of Hy and the closability of Hs, it follows that ¥ € D(Hy) N
D(H3) = D(H). Reminder assertions follow from Lemma 3.1. O

4. Identification of o(H)

In this section, we prove Theorem 2.2. Throughout this section,
we always assume Assumption 2.1 and 2.2. Let us calculate [uH; +
AHa, A((u,v))T] with u,v € L2(R%). For all ¥ € F, 4n([C5°(R?)]), we see
that

[WH: + AHa, A((u,v))T] = é(uﬂ + uTy + 20T + 2Ty ¥,
where,
Tyi= [ xupla)( i )ol)do
Tyi= [ xupla) o))",
Tyi= [ Xupla) s 0000 6 )i,
Tii= [ xapla) s w002 00 Fe) 0 )
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Note that integrals on the right hand side are taken in the sense of J#-valued
strong Bochner integral.

Lemma 4.1 T} (j=1,2,3,4) are H-bounded on F in([C5°(R)]).
Proof. Let ¥ € %, 40 ([C5°(RY)]). Then

701 < [ xapl@hp @l 0}y o)L 6,02 9) iy

o2l lell Xop (2)Xsp (4)
dwRd

X (o(fy) d(fy) ¥ ¢(f2) (fo) ¥)dady
1 2 2 2 2
+ Sl 2l Pl o | 121
1 1/2
= Sl el Pl (L2l + [P . 121%).

By applying Lemma 3.2, T} is H-bounded. It is shown that 75 is also
H-bounded. Next, we show the H-boundedness of T5. It follows that

HT?)\IJHQ < /Rd R Xsp(x)Xsp | fma H fyy ’
x

X [(D(fy) (fo) ¥, 8(f2) O (fo)o(fy) d(f,) ¥)|dxdy

1 —1/2
< 5 /ﬂH!H/ Xepl®)e9)
\wlﬂﬂuuw/ o))

X AD(f2) d(f2)d(fy)  d(fy) ¥, d(f2)* d(fz)(fy) D (fy)¥)dady
= Ll 2P ol (v + [ o).

Thus T3 is H-bounded by Lemma 3.2. The case of T, is also estimated
similarly. Thus the desired results follow. O
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Let {u,}%, and {v,}52, C D(w) N D(w~'/2) be arbitrary sequences
such that

w-limu, =0, w-limv, =0, [|u,||* + [|va]|®* =1, (n € N),
n—oo n—oo

where w-lim denotes weak limit. It is seen that
Fb sin([C° (RY)]) € D((Hy + AHz) A((un, va))")
A D(A(tn, v0))! (Hy + AH)) O D((Hy + AH)* A((tn, 0,))
N D(A((tn,vn))(nHy + AH2)™).
By applying Proposition B.3 as A = puH; + AHy, B = A((un,v,))", C =
H and D = & = Fn([C(RY)]), we see that the weak commutator
[Hy 4 NH2, A((tn, vn))]w,p(r) exists and

[WH + AHa, A((wn,v0)) T, pon)

1
— 7 (1T + pTo + 2050, + 2XTy ) | D(H), (14)

where

Xsp(x)<fa:7 Un)QZ)(fm)dxa

/
Ty, = / oo (@) (fr )6 f) "I,
/R Xop (@) (Fos v f) B f)* S(fu)dz,

Typ = / oo () Fr 1 )6 F ) O L) fr )"
Rd

Proof of Theorem 2.2. We apply Proposition B.4. Hence we need only to
show that for all ¥ € D(H),

nILHéO[IU/Hl + )\H27 A((un, Un))T]W,D(H)\II = 0.
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By (14), we have

lim [pHy + )\HQ,A((UmUn))]W,D(H)‘IJ

n—oo

= lim T(uTl n+ wWlon + 2XT5 ,, + 20T, n)

Thus it suffices to show that lim, o |75, %] =0 (j = 1,2,3,4). First, we
consider T} ,,. Since ., 4, ([C5°(R?)]) is a core of H, there exists a sequence
{Uete C Fosin([CE°(RY)]) such that ¥y, — ¥, HY, — HY, (kK — o0).
Then Ty, V), — T1.,¥ (k — o) by Lemma 4.1. For any k € N, we have

|T1n ¥ < [|Tin¥ = Ty Vel + || 700 W]
< || —w)| + Dl[w — wi

+ E||(Ny + 1)1/2\1%” /}Rd Xep (@) [{fry vn)|d,

where C, D and E are positive constants independent of n and k. By the
property of v,, it follows that

lim [(fz,vn)| =0, (for x € RY),

n—oo
and

—1/2

Xsp (@) {fz, )| < xsp (@)l ™ 20|

is integrable on R%. Hence, by applying the Lebesgue dominated convergence
theorem, we have

limsup |71, || < C|H(Y — @) + D||¥ — ¥y

Since k € N is arbitrary, we have lim,,_, |71, Y| = 0 by taking k& — oc.
In the same manner, we can show that lim, . ||7;,¥| =0 (j =2,3,4). O

5. Existence of ground states

In this section, we prove Theorem 2.3. Throughout this section, we
always suppose that Assumption 2.1 and 2.2 hold. For a positive constant
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m > 0, we define the function w,, by

wm(k) == VE2+m2 (keR?).

The constant m > 0 is regarded as the mass of a boson. Let us introduce a
massive Hamiltonian H,, as follows:

Hm = de([wm]) + ,qu + )\HQ

In the same way as in the proof of Theorem 2.1, one can show that
H,, is self-adjoint, bounded from below and essentially self-adjoint on
Fb,sin([C5°(R)]).

Remark 5.1 The operators H; and Hy are H,,-bounded with
_ 1
[0 < 6CuGu Aol + (€ 1 Ao + g el ) 9]
[7729] < Conlp M) (1 ,0%] + |91, w € DO,y
where 0 is arbitrary positive constant and

Cm(:“’a >‘7 € 77) = ()‘2 —2e— )‘2:“277/6)_1/2

/\2M2 2 lIxs ||21 2 1/2 —1/2 4 1z
X <46,7HXSpHL1 A lwp/2w™ 2|7, +1)

with € > 0 and n > 0 being arbitrary such that A2 > 2e + A\?1i?n/e. Note
that dI'y ([wy,]) is also H,,-bounded.
Let us introduce the extended Hilbert space ¢ defined by

HC =R .
Then the extended Hamiltonian H;, is defined as follows:

an =H, Qly+ 1, de([wm]),
Hg,m = de([wm]) Rl +1p,p® de([wm]).

Let us introduce a partition of unity. Let jo and j,, be R-valued functions
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such that jo, joo € C®(R?), j§ +j% =1, 0 < jo, joo < 1 and

1 |z| <1,
Jjo(z) = {

0 |z| =2,

where C>°(R?) denotes the set of infinitely differentiable functions on R.

We set for R > 0, jo,r := jo(-/R), joo,r := Joo(*/R), jo.r := Jo,r(—iV})
and jooR = joo r(—tVy), where Vi, := (90/0k1,...,0/0ky). We introduce
an operator jp which maps ®2L?(R%) into ®*L? (Rd) as follows:

jR(uav) = (30,Ru7 30,RU7 300,Ru7 jOO,RU)v (’LL,’U) € [LZ(Rd)]

Note that jR is isometry. Let us denote the unitary operator which maps
Fp(®*L*(RY)) to A by Ujp2gay [r2(ray (see Proposition A.3). We define
an operator I'(jg) : £ — ¢ by

f(ﬁR) = U[LQ(Rd)]’[Lz(Rd)]rb(jR). (15)

As mentioned in the introduction, the following lemma is important to avoid
making use of Number-Energy estimate. We set Ny := N, ® 1 and N,
1,7 ® Ny.

Lemma 5.1 There exists a constant C > 0 independent of R such that
the following inequality holds.

|(No + Noo + 1)1 (H; ® 1T (jr) — T(jr)H;) (N + 1) 7|

< [ @I~ )] s G =1.2)

Proof. We only show the case of j = 2. The case of j = 1 is proven
similarly and we omit the proof. For any ¥ € %, 4, ([C5°(R?)]), we have

(No + Noo + 1)1 (Ha @ 1 I'(jr) — T'(jr)Ha) (N, + 1) ' ¥
= /]Rd Xsp () (No + Noo + 1)_1 ((¢(fx)*¢(f:v)2) ® L%f’f‘(jR)
— D(jr) (¢(f2) 8(f2))”) (Vo +1) 7 Wda. (16)
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The integrand on the right hand side of (16) is decomposed as follows:

ir)

(No + Noo + )71 ((6(£2)"0(£2)?) ® LT
— D) (¢(f2)" 6 2) (Ny +1)7'0

3
= Z(Ng + Ny + 1)_1Rk ((f)((l —jOVR)fx)ﬂk R 1y
k=0
~ 1oe ® 9 (jooofa) " ) T(R) Re-k(No + 1) 70, (17)

where Ro := 1y, Ri = ¢(fz), Rz := ¢(f2)"0(f2), Rs == ¢(fa)d(f2)"d(f2),
Ry = R @15 (k=0,1,2,3), ¢(u)* = ¢(u)* if k = 0,2, and ¢(u)* =
¢(u) if k=1,3. To get (17), we used the following property:

P(im)é(w)f = (60w ® L + L © ¢juo,nw))EGR),  (18)

where ¢(u)* denotes ¢(u) or ¢(u)*. To estimate (17), we divide the quartic
products of field operators into two quadratic products of field operators.
After that we apply the later assertion of Proposition A.1 as T' = 1, or
T = 1. To explain more precisely, we consider k = 0 term of (17). For
simplicity, we introduce following operators

Go:=(No+ Noo +1)71 (qb((l —Jor)fe) @l =1y ® ¢(§'0,oofr)*)
X (qb(}'o,sz) ® Lor + 1 ® ¢(300,sz)),
G1 1= (60orfa)" ® Loe + Lur © 6(je.fs)" )
x (6((1 = Jo.r)fe) @ Lor = Lo @ (oo fi) ) (No + Nog + 1)
Ga = o(fx) o(fo)(Np + 1)~

By applying Proposition A.1, G and G2 are bounded. In particular, |Gz|| is
dominated by a constant independent of z. Moreover, there exists a constant
Cy > 0 independent of z and R such that

1G]] < Co(l(X = Jo,p) full + lljo,c0 fell)- (19)
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By the general theory of adjoint operators, G is also bounded and |G} =
|G1]|. Since G¥ D Gy and I'(jg)G2¥ € D(Gy), we have
|k = 0 term of (17))]| 2 [|GoT () G2¥|| = ||G3T(Gr)G2¥||
< |leilllie:lle|

Similarly, the other terms in (17) are also estimated. By combining these
results, there exists a constant C' > 0 independent of R such that

|(No + Noo + 1) (H2 ® 1T (jr) — T(jr)H2) (Vs + 1)~y

<l [ @10 = o) ol + Lioe 1)

Since Fp, a1 ([C5°(RY)]) is dense in 7, the desired result follows by make
use of extension theorem of bounded operators. O

Lemma 5.2 For any x € C§° (R),
Jim IX(H:)T(Gr) — D(jr)x(Hm)| = 0.

Proof. By the Helffer-Sjostrand formula [9], [15], it is seen that

v A

XUH )P (k) = TGR)X (Him)

—i Y e \— e Ta/0 v oA _ B
= %/(C(%x(z)(z — HE) T HHET(Gr) — T(jr)Hum) (2 — Hpn) " 'dzdz,
(20)
where x is an almost analytic extension of x and 0z = (1/2)(0, + i0y),

(z =z +1iy). Let us estimate the integrand on the left hand side of (20). It
follows that

(z— H) " (HL(r) = T(jr)Hm) (2 — Hp) ™!
=(2—H%) "(Ng+ Ny +1)(Ng + Noo + 1)1
x (HET(jr) — T(ir)Hm) (N + 1) (N, + 1) (2 — Hy) 7
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It is easy to see that (z — HE,) ™1 (Ng + No + 1) is bounded on D(Ng + N)
with the operator norm

|(z= Hg) " "(No+ Now + 1)|| < C(1+ (1 + |2))[Im 2|71,

where C' > 0 is a constant independent of z and we used the fact that Ny,
is dI'y (Jwm]) -bounded and the fact that if a linear operator S is bounded,
so is S*. Similarly one can show that (Ny, + 1)(z — H,,) ™! is also bounded
with the operator norm

|(Ny +1)(z = Hp) M| < D(14 (1+ [2])|Im 2| 71),

where D > 0 is a constant independent of z. Thus we have

(= = Hy,) " (H, T () = T(Gr)Hm) (2 — Hn) |
< CD(1+ (1+ |21

x ||(No + Noo + 1) (HE T (Gr) — T(jr)Hm) (N + 1) 7.

By the property of x, it suffices to show that

~

Jim [[(No + Noo + 1) 7 (HR D(Gr) = T(GR) Him) (N +1)7H[ = 0. (21)
We have following decomposition.
H;,T(jr) = T(jr) Hum
= {H§,, D (Gr) = DGR ([wm)) }
+ {(uH: + AH2) © 1pD(Gr) = D)t +AH2) . (22)

By the similar argument as in [7, Proof of Lemma 3.4], [16, Lemma IV .4],
one can show that

Jim [|(No + Noo + 1) (H§ ,,L(Gr) = P(GR)ALs ([wm])) (Vs + 1) || = 0.

Next we estimate (Ng + Noo + 1) (H; ® 12T (jr) — T(Jr))H;) (N + 1)~



448 K. Wada

(j =1,2). By Lemma 5.1, there exists C' > 0 such that
|(No + Noo + 1) (H; @ 1T (jr) — T(jr)H;) (N, + 1) 71|

< [ xa@(l0-on)f] +

Joourfe || )de, (G =1,2).
By definitions of jA'o’ r and j'oo, Rr, we have
Jim ([(1=Jo.p) fof| = Jim{|joo rfel| =0,

1= Jo.m) fall < Ml 2@ll, (0= Joo,m) fal| < [l0™* %0l (23)

By Xxsp € L'(RY) and an application of Lebesgue dominated convergence
theorem, it is seen that

lim [ Xsp(x)(H(l — Jo.r) fx| +

R—oo R

joo,waH)dx — 0.

Therefore the desired result follows. O

Lemma 5.3 For any x € C§°(R) such that supp x C (—oo, Eo(Hp,) +m),
X(H,,) is a compact operator. In particular, Hy, has a ground state.

Proof. Let Ey, be the spectral measure of NV},. For any n € N, it follows
that

En, ({n})rb([jaR])X(Hm)

~

= En, ({n})To (76, r]) (AT ([wim]) + 1) 7H(dTb ([wim]) + 1)x(Hm) = J1J2,

where

~

Ji = En, ({n})Ts (155 &) (AT ([wm]) + 1)1,
Jo = (dLp([wim]) + D)X (Hm).

Since Ji is compact (see [7, Lemma 4.2]) and Jo is bounded,

En, ({n})Tu([55 g])x(Hm) is compact. Note that



Spectral analysis of a massless charged scalar field with cutoffs 449

N
ra%ﬁuwmw—EjEmumnmm&mnﬂmw

< 7 T D (s + Dx(H)]| = 0, (N = o0).

Thus Fb([jg,R])x(Hm) is compact. Next we show that x(H,,) is compact.
Since supp x C (—o0, Eo(H,,) + m), it follows that

X(Hy,) = (L @ Po)x(Hy,), (24)

where Py is the orthogonal projection onto the subspace {282 : z € C}.
Furthermore, the following properties also hold:

T(jr)T(jr) = L, T(r) (1w @ P)I(jr) = Fb([%,R”

By applying Lemma 5.2, we have

X(Hp) = T(r) T (Gr)X(Hpm)

= T(jr)* X(H,)T(jr) + o(R")
(7r)*(Lor © Po)x(Hy, )T (jr) + o( R®)
(Fr)" (1 @ Po)T(jr)X(Hm) + o(R°)

58 m])x(Hin) + o(R),

I
ﬁ(

L(j
Iy (

where o(R°) denotes a bounded operator tending to 0 as R — oo in the
operator norm topology. Thus x(H,,) is compact. By applying a general
theorem [22, Theorem XIII-77], one sees that o(H,,) N (—oo, Eo(Hy,) +m)
is purely discrete. In particular, Eq(H,,) is an eigenvalue of H,,. O

For m > 0, let ®,,, be a ground state of H,, with ||®,,|| = 1.
Lemma 5.4 H,, — H (m — 0) in the strong resolvent sense. In partic-

ular, Eo(Hy) — Eo(H) (m — 0).

Proof. For any ¥ € F, 4, ([C5°(RY)]), we have H,,¥ — HW¥ (m — 0)
by a direct calculation. This fact implies the strong resolvent convergence
[21, Theorem VIII 25 (a)]. The strong resolvent convergence implies that
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limsup,,,_,o Eo(H) < Eo(H). For any m > 0, we have
Eo(Hp) = (P, Hy @1y) > (P, HO,,) > Eo(H). (25)

By taking liminf,,, .o on the both sides of (25), we obtain the desired result.
O

For each n € N, we denote the permutation group of {1,...,n} by S,.
We can identify 2 as follows:

H = @ L2 (R x R,

n, TL =
where

L3 (R7) = {f € L*RY™) : f(kn(r)s-- - kn(n) = flk1,. .. kn)
for a.e. k1,...,k, e RYand 7 € Sn},
L2, (R™ x R™) = {f € LAY ™)) : for ae. ki,...ky,l1,... Ly € R,
ceS,,TES,,
Flloiys s Koty 2 lrays s o)
= f(k1,oo kn by, lo) )

L2 (Rdn % RO) _ L2 (Rdn)’ L2 (RO x Rdn ) _ L2 (Rdn/),

sym sym sym sym

L2, (R% x R%) :=C,

sym

For k € RY, let us introduce linear operators a (k) and a_ (k) act on J# are
defined as follows:

(ar (B)O) ™) (ky, ook Ly L)
(

=+ 1Y) (ko kn . L), ae,
(a_ (K)®) ™) (ky, .. ky 1y, ,zn,)
= '+ 1p +1>(k1, ckly, . L), ae.

a+(-) and a_(-) are called the annihilation kernel of particle and anti-
particle, respectively. For each u € L?(R%), a, (u) and a_ (u) are represented
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by using the annihilation kernel as follows:

0 (u) = /R (k) o (K)k, (26)

where the integrals on the right hand side of (26) are taken in the sense
of s#-valued strong Bochner integral. For k € R?, let us introduce the
following operators:

oilk) = /R Xep(2)e” M7 0(f2)da,

/Rd Xep(2)e " H2G(£2) 6 ( f)* S f2)da,
Lk = [ (e o),

/R Xsp(@)e M H(f)* D (f2)o(f2)" da.

Note that these operators are also taken in the sense of J#-valued strong
Bochner integral.

Lemma 5.5 For almost every k € R?, we have

ay (k)®,, = (k) (Eo(Hp) — Hp — wim (k) ™ (181 (k) + 27S2(k)) By,

2w(k)
_ (k) -1 YA
a_(k)®,, = (Eo(Hm) — Hyy — win (k) (pL1 (k) 4+ 2XLa(k)) @y,
2w(k)
(27)
Proof. Here, we prove only the first equation . The second one is

proven similarly, and we omit the proof. Let © € Z, g, ([C5°(R?)]) and
g € C3°(R?). Since @, € Ker(H,, — Ey(H,,)), we have

(Hp — Eo(Hm))O, a4 (9)Pm)
= <[a+(g)T,Hm — Eo(Hm)]|0, ®p)
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— (a1 (wmg)'®, ®p)
R wlé | Xen(@)(g LN (10(12)" + 200(f2)0(12)0(12)") O, Brn)
—(ay(wmg)'®, @ >

/Rd /Rd 2w xsp(x)e‘“‘“

< ((uo(fz)" +2)\¢(fm) A(f2)$(f2)")©, o )dadk. (28)

Here to get the last equality of (28), we used Fubini’s theorem. By using
(26), we have

[ 90 (B = H = ()84 (1))

o * (p(k“) xefik:x
= [ Lot e

X ((po(f2)" +228(f2) 0 (f2)H(f2)") O, Dy )dadk,

Since g € C§°(R?) is arbitrary, we obtain

(Eo(Hm) — Hp — wim(k))O, at (k)P

k —ikx * * *
= O @R () + 20 D)) ), D)
V2w(k) Jra
Since ®,, € D(H,,), there exists a sequence {®7,}%°, C P an([C5°(RY)])
such that ®, — &,,, H,,®) — H,,®,, (j — co0). Therefore we have

(Bo(Hm) = Him — win(K))©, ay (k) Prm)

_ wlk) o (k)
= 2w(k)<97/i51(7‘~7)¢’m>+ Qw(k)a—>o<><@ 278 (K)®7,),

where we used the H,,-boundedness of S; (k). We show that for any k € R%,
So(k) is Hp,-bounded on ., 5, ([C5°(RY)]). For ¥ € F, 4, ([CS(RY)]), Tt
follows that
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20 < [ xplahranlo)

< (G O BT ()0 o)) iy
Lo el

< (60" 6(£,)) W, (6(£:)"6(£)) " W) dedy

5 [ @ O ). 0 L) 0L W)y

<

| =

= (| + || ).

Therefore So(k) is H,,-bounded by Remark 5.1. This fact implies that
{Sa(k)®,}52, is a Cauchy sequence. By the closability of Sy(k), we have

<(Eo(Hm) — Hip — wm(K))O, a4 (k) ®pm)

{(6, 1uS1(k) @) + (©,2XS5(k) ;) }

\ﬁ

Thus we see that a (k)®,, € D(Ey(H,,) — Hy, — wm(k)) and

(Bo(Hin) — Hy — o (B))as ()@ = —25L_ (15, (k) + 2255(8) @,

Since Eo(Hy) — Hpm — win (k) has a bounded inverse, the first equation of
(24) follows. O

Lemma 5.6  Suppose that ¢ € D(w=3/?). Then,
lim sup HN;/Z(ﬁmH < 0.
m—0

Proof. By Proposition A.3 and Proposition A.5, we see that

1520 = [ s WPkt [ [la ()0 dk
R4 R4



454 K. Wada

Note that S1(k), Sa(k), L1(k) and Lo(k) are H,,-bounded uniformly in k.
By Remark 5.1, Lemma 5.5 and ||(Eo(Hy) — Hpn — wm (k) 7| < w(k) ™1,
we have

-1

INL 2, ||* < /Rd |2<PU(J’ZI)€|) [(Eo(Hm) — Hyy — wi (k)

x (151 (k) + 2S5 (k)) @, || A

* /Rd ‘;Ocilzjl)gg H(EO(Hm) —H,, — Wm(k‘))il
x (1L (k) + 22 Lo (k) @, || *dk
< 2(|ul? —|—4)\2)(HH1(I)m”2 + HHQ(I>mH2H + HXspHi1|’®mH2)
(k)]
X /Rd (k)3 dk

= Dy (i, Ay €7, 0) (|1 + 402) (Eo(Hin)? + 1) |Jw ™ 20| 1.,

where for any 6 > 0, D,,, (1, A, €,7,0) is defined by
Dm(:ua )‘7 €, 773 0)

1 2
1= 2C, (1, Ay €,m)% (07 + 2) + 2<90m(u, A en)+ 26HXSPHL1> -

Thus the desired result follows by Remark 5.1, Lemma 5.4 and taking the
limit superior. O

Remark 5.2 To show the existence of ground states for sufficiently small
coupling constants under ¢ € D(w™3/?), it is important that ||N];/2i>mH
tends to zero when g and A tend to 0. Now, we fix 4 = 0 and con-
sider the behavior of HN];/ 2<I>mH as A — 0. Then we cannot conclude that
limy o A2D,,,(0,\,€,n,0) = 0. Since A2(A\? — 2¢)~! > 1, it is not expected
that A2C,,,(0, A\, ¢,1)2 — 0 (as A — 0). As a result, we cannot apply the idea
of proof in [6]. Therefore it is interesting to show the existence of ground
state for sufficiently small coupling constants under conditions weaker than
Assumption 2.3.

Lemma 5.7  Suppose that ¢ is differentiable and [5,(1+ |z]*)xsp(x)de <
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o0. Then, R4\ {0} 2 k — ax(k)®,, € S is strongly differentiable. More-
over, for k # 0,

(Djat)(k)Pm

1 15) k)k:
~{VaE e ® - wa)
X (Eo(Hm) — Hyn — wm (k) (1S1(k) + 2785 (k)) @,
kjo(k)
wim (k)\/2w(k)

(Eo(Hyp) — Hypy — win (k) "2 (1651 (k) + 2755 () B0,

. f% (Bo(Hun) = Hin = (k) ™" (1S1,5(k) + 20555 (k) @,

(Dja—) (k)@

_ 1 Op v p(k)k;

e ® - )

X (Eo(Hm) = Hm — wim(K)) ™ (L (k) + 20L2 (k) @pn
kjo(k)

wm (k) y/20(k) (Eo(Hrm) — Hin = win(k)) "~ (nL1(k) + 2ALa(k)) Prm

_ ii(a) (Bo(Hu) = Huy = wa(k)) ™ (L (k) + 2AL25 (R)) @i,

where
ijSp(x)e_ikmﬁb(fm) dz,

Sl](k) :/R
S24(0) = [ apvaplale Mo £)0(L) 0l de,
Ly (k) :/R

Las(0)i= [ a0l 0(f) 90l o,

and Dj is the strong differential operator in the j-th variable k;.
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Proof.  Since (Eo(Hy,) — Hy — wi (7))t is differentiable in the operator
norm topology and ¢/+/w is differentiable for any k # 0, it suffices to show
the strong differentiability of Sy, S, L1 and Ls. Here we only show the
case of Sy. Since ®,, € D(H,,), we can take a sequence {®} }2, C
Foain([C°(RY)]) such that & — &, and H,,®) — H,,®, (j — o0).
Since Sa(k) and Sp (k) are H,,-bounded, we have So(k)®I — So(k)®,,
and Sz ;(k)®%, — S2,(k)®nm (j — 00). Let {e;}¢, be the standard orthog-
onal basis of R? and h € R\ {0}. It is seen that

|

Sy (k + hey) — Sg(k)q) L 2

h
2
. ' Salk +her) = 52(W) g1 i, (ki
: e T o T
< lim Xsp () Xsp (Y) | ——7—— — i oo
J700 JRd xRd

< [(6(fo)o(f2) O (f2) @, 0(£y)S(fy)" (f,) ®T) | dardy

2

61 L — 1
d.CU

< hm Xsp(x) T — 12

J—00 JRd

g </ Xep () xep (W) (S f) 3 f)" ]
o 1/2
¢<fx>*¢<fx>¢(fy>*¢<fy)q»z‘n>;dedy> (29)

2

zh:m o 1
dx

— ia:l

VAN

< lim C[(dTy([wp]) + 1)®] H/ e

]—>OO

9 ] 9 ' 1/2
. ( [ X (O 00 @l (60 015,) <I>zn>dxdy)
R4 xR

2
dx.

(30)

zh:z: _
< Jim C@ry (o)) + D | Ha2 | [ xpte)|

Jj—00

— ’i:L'l

Here to get (29), we used the Schwartz inequality. Since dT'y([w,,]) and Ho
are H,,-bounded, the limit in (30) exists. Note that |(e?"®t —1)/h —iz|?> <
42?7 and Jga Xsp (z)z? < co. From the Lebesgue dominated convergence the-
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orem, we see that Sy (k)®,, is strongly differentiable and its strong derivative
is —iS52.(k)®,,. By using the Leibniz rule for (27), we obtain the desired
results. O

Lemma 5.8 Suppose that the same assumption as in Lemma 5.7 holds.
Then there exist positive constants C1,Cy and C3 independent of m and k
such that

|0 ()|
w(k)3/2

(k)
w(k)5/2

dp
2 (k
w(k)3/2 81@-( )|

(for kK #0). (31)

+Cs +C3

|Djas (k)®

Moreover, we suppose that Assumption 2.3 holds. For any p € [1,2), it
follows that

sup 2/ |Djax(k mH%dk‘ < 0. (32)

0<m<1

Proof. For k # 0, it is seen that ||(Eo(H,,) — —wi (k)7 < w(k)~
Since Si(k), Sa(k), Li(k), La(k), S1.5(k), Sa2.j ( ) Ly (k) and Lo (k) are
uniformly H,,-bounded in &, we have (31). (32 ) is immediately follows from
(31). O

We set &, = {‘I%(ff’"’)}?‘i‘,’nf:o- Note that &™) is a d(n + n’)-variable
function. We denote k; = (kj1,...,kjq) and {; = (lj1,...,15.4).

Lemma 5.9 Forl <i<nandl <j<d, let 0;; be the distributional
derivative in k; j in V (see Assumption 2.3) and forn+1 < i < n+n'
and 1 < j <d, 0;; be the distributional derivative with respect to l; ;j in V.
Suppose that Assumption 2.3 holds. Then,

(81‘.]'(1353’71,))(]{71,...,]@” : ll,.. . 7ln’)

( 1 n— ’)"LI 7

%Dj@(ki)@ﬁn Y ey KK e L),

Dja_ (L)@ ™ "D (g, okl e L),
n+1<i<n+n/,

-
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where k denotes omitting of k.

Proof. Here, we consider only the case of 1 <i<mnand 1< j <d. The
other case is proven in a similar manner. Let f € C3°(V™*"). Then it
suffices to show that

/ O™ (ky, .k iy, 1) (0 P K by, Ly )A A
Rd(n«l»n/)

1 !/ A
+ — Diay (k)@ V) (key ok kel Ly
NGl + (ki) (k1 1 )
X fk1y .. kns . Ly)d kd™ 1 =0, (33)
where d"k := dky---dk,, d”'] = dly ---dl,,;. We denote the standard

orthogonal basis of R? by {e; }?:1. By the definition of classical derivative,
the absolute value of the left hand side of (33) is calculated as follows:

) (ky . ks heg, ok dn, L)

' / oD (kg kil ly)
lim
h—0 | Jrd(ntn’) h
X fkry .o ksl Ly )d™ k™ T
1

~ o Djay (k)@ 1) (ky, kg kn sl L)

x fkr, .. ksl L )d" kA

Since &™) € L2 (R x R9""), we have

sym

(a+(ki + hej) — a+(ki))(1>§,?71’n,)

/ (k1o kict,kigt, o kn il o L)
Rd(7L+n’) h

X (k1o by L )d kd™

h—0 /N

—/ Djay (k)5 (ky o ki ki Ly L)
Rd(7L+n’)
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x f(ky,. . knyla, . b )d kA L

By applying the Schwarz inequality with respect to dky ---dk;_1dk;yq---
dk,d" [, we see that it is dominated by

ki + he;) — k; (I’%L_l’n/) ’

L (a4 (ki + he;) — a (ki) — Djas (k)BT

h—0 \/ﬁ RrRd h L2(ﬂ§d(n+n’71))
X Hf('?ki,.)HLQ(Rd(7L+7l/—1))dki' (34)

Since the function k — a+(/<:)<I>£,’f —Ln) g strongly continuously differen-

tiable in V/, the first factor of the integrand of (34) is bounded on V uni-
formly in h. Therefore, we can apply the Lebesgue dominated convergence
theorem and the desired result follows. U

Let us denote the Sobolev space of order 1 and index p on an open set
U in RUH7) by Whe(U).

Lemma 5.10 Suppose that Assumption 2.3 holds. Then for any n+n’ > 1,
m>0and1<p<2,dm") ¢ WP (vt and

sup H<I>$,’Z’”,) < 0.

0<m<1

Wl,p(Vn+n’)
Proof.  Similar to the proof of [14, Proof of Theorem 2.1, Step2]. To prove
this, we need Lemma 5.8 and Lemma 5.9 O

Proof of Theorem 2.3. Since {®,,}o<m<1 is a bounded set on 7, there
exists a sequence {®,,, }32; and a vector ® € 7 such that m; — 0, (j — o0)
and

w-lim @,,,, = P.

Jj—oo
Let z € C\ R and ¥ € JZ be arbitrary. Then
(U, (Hp, — 2) ' @) = (U, (Eg(Hp, ) — 2) 7 @) (35)

By taking lim;_,., on the both sides of (35) and Lemma 5.4, we have,
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(U, (H = 2)7'®) = (T, (Eo(H) — 2)~'®).
This fact implies that ® € D(H) and
H® = Ey(H)9.

Hence @ is a ground state of H if ® # 0. Now we assume that ® = 0. Then
we have

Jem "= 32 ll2Gm1"+ > flof:

n+n’'<N n+n’>N
2 112 2
<y T IR )
n4+n’'<N
where N € N is arbitrary. Now we show that for any n and n/, @gﬁ;”/)

converges to ®(") = () strongly in L2(R¥"+7)) sense. By applying Lemma
5.5 and the definition of the annihilation kernel, we have

supp B = Vi,

since @ ’n) € L2 (R x R (see, e.g., [14, Proof of Theorem 2.1,
Step2]). Slnce the Lebesgue measure of yntn’ g finite, we have LS(V"JF",) C
L2(V™+7) for all s > 2. Thus, (13(”’"/) weakly converges to ®(™") = in the
LP (V”*”/) sense. By Lemma 5.10, a subsequence of {@(” ) 721 converges

to a vector &) € WLP(VH7') in the WP (V™+")* sense. It means that
for any fo, fi,. .., faminy € LP(V*H)* = L7 (V™) with 1/r +1/p = 1,
/ fo(®m) — Dy qrga™ |
yntn/ !
d(n+n’)

n+n

Hence we have

0=0"")(ky, .. kntly, .. ly) =0 ) (ky, ok iy, L), ace.
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(n,n")

Thus we have for all 1 < p < 2, &) " — 0, (j — 00) in the weak sense
of Wl’p(V”+”'). By applying the Rellich-Kondrachov theorem (see, e.g., [1,
Theorem 6.3], [19, Theorem 8.9]), we have

lim H(I)%Jn,)um(vwn’) =0,

Jj—o0

for all ¢ < (d(n+ n")p)/(d(n+n’) — p), since V has a cone property. To get
q = 2, we choose p as

2d(n+n') .
_— 2, if2<d !
d(n+n/)+2<p< y 1 = (n+n)’
p=1, ifdin+n')=1

Thus, by taking limsup;_, ., in (36), we have
1 = limsup H@mj H2 < i lim sup HNg/2<I>mj H2
Jj—o0 N j—o0

By Lemma 5.6, this is a contradiction since N is arbitrary. Hence ® # 0. [J

6. Total charge of eigenstates
In this section, we discus the total charge of eigenstates.

Proof of Theorem 2.4. It is trivial that Hy and e~*% commute (see Propo-
sition A.4). By Proposition A.2-(2) and Proposition A.4-(2), the following
relations hold:

e R0, (u)e"Q = ay(e7 M), e "Qa_(u)e'? = a_(eu),
e "R, (u)Te? = ay (e7u)T, e Qa_(u)Te? = a_(eu)T,
(u € L*(RY)).

Let ¥ € Z 40 ([C5°(RY)]). Then, €W € F, 4, ([CS°(RY)]) and we have

Y = [ () () ) s,
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e H e W = / Xop ()€™ (S f2) 0(f2)) %" W
Rd
It follows that on .7, g, ([C5° (R?)]):

eiitQ¢<fx)*¢(fm)eitQ

1

= S(@s (e LY+ o (L)) as (ML) +a (ML)

= e M(f) " D(fr) = ¢(f2) O (fa)-
Therefore for any ¥ € %, 4, ([C5°(RY)]), we see that
e MR HMCY = H.

Since e @ is unitary and %, 4, ([C5° (R?)]) is a core of H, the above equality
can be extended to the operator equality. By the functional calculus, we have

e—ith—isHeitQ _ e—isH7 (S, te R)

Hence the desired result follows. O

Remark 6.1 Also the massive Hamiltonian H,, strongly commutes with
Q. The proof is quite similar to that of Theorem 2.4.

The following result is a slight generalization of [25, Theorem 1.7].

Proposition 6.1 Let A be a self-adjoint operator on € which satisfies
following conditions:

(1) A and Q strongly commute.

(2) There exists an eigenvalue A such that dimker(A — \) = 1.

(3) W € ker(A—M\{0} satisfies | V]| = 1, ¥ € D(N,'?) and |[N,/*¥||2 < nq
for some ng € N.

Then U ¢ 5, (z) for all |z| > ng. In particular, if we can choose ng as 1,
then ¥ € 7,(0).

Proof. An idea is quite similar to [25, Proof of Theorem 1.7] thus we omit
the proof. O
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Remark 6.2 The later assertion of Proposition 6.1 is originally established
in the case of ground states in [25]. Proposition 6.1 says that the total charge
of a non-degenerate eigenvector is dominated by the expectation of number
operator. This is natural in the following sense. If there is a state which is
constructed by N-bosons, then it is impossible that the absolute value of a
total charge of this state is more than N. By virtue of this proposition, we
can reduce where the total charge of eigenstate are localized.

Next we discus properties of T, (7). For n,m € NU {0}, we define
W(n,m) := LHA{ay(f1)" - aq(fn)"a—(g91)" - a—(gm) 2 :
fiseeos frrGse e gm € L2(RY)},
W(0,m) :=LHA{a_(g1)" -~ a—(gm)*Q: g1, gm € L*(RF)},
W (n,0) := LH{a(f1)" - ar (f2)"Q: f1,. 0, fo € LX(RY)},
W(0,0) :={c2: c € C}.

Proposition 6.2

(1) Ty(7) is unitary, self-adjoint and Ty(7)* = 1.

(2) For any n,m € NU{0}, T'y(7)W (n,m) = W(m,n).
(3) For any z € Z, I'y(1);(2) = 75 (—=).

(4) As an operator equality, I'y(7)QT'y(7) = —Q holds.

Proof. (1) It is seen that 7 is unitary, self-adjoint and 72 = 1 on [L?(R4)].
By the property of T'y(+), I',(7) is unitary, self-adjoint and T'y(7)? = 1.

(2) By the definition of a4, canonical commutation relations and Propo-
sition A.2 (2), it follows that

=a_(f1)" - -a(fn) ar(g1)" - - at(gm)* Q2
=at(g1)" - ar(gm) a—(f1)" - a—(fn)"Q € W(m,n).

By the limiting argument, we have I'y(7)W (n,m) = W(m,n).
(3) For z € Z, we can identify J7(z) as follows:
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Hy(2) = @ W(n,m).

n—m=z

By Proposition 6.2-(2), we have I'y (7). (2) = 5 (—=).

(4) For any ¥ € .Zy, an([L2(RY)]), ¥ is decomposed as {¥U(*)}, 5 with
(%) € s, (z). By Proposition 6.2-(1) and (3), we have I',(7)QT, (1) ¥(?) =
—2U(2), Thus we have I'y(7)QT', (7)¥ = —QW. Since I',(7) is unitary and
Fb sin([L2(R)]) is a core of Q, the desired result follows. O

To prove Theorem 2.5, we prepare the following Lemma:

Lemma 6.1 Let A be a self-adjoint operator strongly commute with Q.
Suppose that A has an eigenvalue A and Ny := dimKer(A — \) < co. We
denote the orthogonal projection onto (z) by P,. Then for any ¥ €
Ker(A — )\ {0},

1<#{z€Z: PV +£0} <Ny,

where §A denotes the number of elements of a set A.

Proof. Since U # 0,1 <#{z € Z: P,V # 0} is trivial. Suppose that there
are 21,...,2n € Z such that N > Ny, z; # z; if ¢ # j and P,,¥ # 0. Since
A and @ strongly commute, P,, ¥ € Ker(A — \) \ {0}. On the other hand,
we have (P, W, P, W), = 0if (i # j). Thus P, V,..., P, ¥ are linearly
independent. As a result, we have N, > N. But it is a contradiction. O

Proof of Theorem 2.5. Let ¥ € Ker(A—X)\{0}. Since dimKer(A—\) =1,
there is a unique zp € Z such that P,V # 0 by Lemma 6.1. Now we
set zp # 0. By assumptions of Theorem 2.5, it follows that I'y(7)P,, ¥ €
Ker(A—X)\ {0}. Since P, ¥ € J#,(2) and I'y(7)P,, ¥ € ;(—z0), we have
(P, ¥, T'y(7)P,,¥) = 0. In particular P, ¥ and I'y,(7)P,, ¥ are linearly
independent. Thus we have dimKer(A — \) > 2. But it is a contradiction.
Therefore we have ¥ € 7,(0). O

APPENDIX A

In this section, we introduce some facts which are often used in this
paper and are well known. We use the same notations and symbols as in
Section 2. Let X and Y be Hilbert spaces.
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Proposition A.1 ([3, Proposition 4.24], [4, Lemma 6.32]) Let T be a
non-negative self-adjoint operator on X with ker T = {0}. Ifu € D(T~'/?),

then
[ AG)w]| < |77 2ull[|dro(T) "2 ]|,
[T < |77 2ul[ | dro(T) 2| + [lul]]| 2.
for all U € D(dU'y(T)Y?). Moreover if u,v € D(T) N D(T~/2), then
|4 A@)*e || < Cl[(dry(T) + D)@ || (|77 2w)| + [Ju]])

x (77420 + ol + |7l + [| 720

);

for all W € D(dUy(T)). Here A(-)* denotes A(:) or A(-)' and C > 0 is a
constant independent of u,v,T and W.

Proposition A.2 ([3, Proposition 4.26], [7, Lemma 2.7 and Lemma 2.8])

Let T be a densely defined closable operator on X and w € D(T) N D(T™).
Then:

(D) 1a0y(1), A(w)] = —A(T*w),  [d0y(T), A(w)T] = A(Tw)',
on ﬂ‘b,ﬁn(D(T)).

(2) Ifu € D(T), then
Ty(T)A(u)' = A(Tw)'Ty(T), on Fy a(D(T)).
Moreover, if T is isometry, then
Ty(T)A(u) = A(Tu)Ty(T).

Proposition A.3 ([3, Theorem 4-55 and Theorem 4-56]) Let X and ) be
Hilbert spaces. Then there exists a unique unitary operator Uy y: Fp(X @
V) — Fp(X) @ F,(Y) satisfying the following (1) and (2) :

(1)

UxyQxay = Qx ® Qy,

where Qx is the Fock vacuum in Fy(X).
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(2) Ux yA(u @ v)ﬁU;}y =Aw)fol+I®AW)E, (veX,ve)),
and
Ux yFb,fin(X ®Y) = T fin(X) 0T, fin(V)-

Moreover, for all self-adjoint operators T on X and S on ),

Ux,ydly(T & S)Uzl, = d0y(T) © I + 1 @ dl'y(S).

Remark If 7T and S are non-negative in the above, then

dly(T) @ I + I @ dTL(S) = dIy(T) @ I + I @ dTy(.9).

Proposition A.4 (3, Theorem 4-17 and Theorem 4-20]) Let A and B be
self-adjoint operators on J .

(1) A and B strongly commute if and only if dU'y(A) and dU'y(B) strongly
commute.

(2) Fb(eﬂm) _ o—itdDy(A).

Let # = L?(R?). Then .%,(L?(R%)) is rewritten as follows:
Fp(LA(RY)) =Ca @Lsym (R,

where
LSym(Rdn) = {f € L2(Rdn) : f(kﬂ(l)v R 7k71'(n)) = f(kh ceey kn)
for a.e. ki,...,k, € R? and 7 € Sn}.

For a.e. k € RY, an annihilation kernel a(k) act on .7, (L?(RY)) is defined
as follows.

(a(k)®) ™ (ky, ... k) =V + 18D (B Ky Ey).

Proposition A.5 ([3, Proposition 8])  Let f be a measurable function such
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that 0 < f(k) < oo for a.e. k € R%. Then ¥ € D(dT,(f)'/?) if and only if

/ F(k)||a(k)@||* dk < oo.
R4
In that case

= = [ et

APPENDIX B

In this section, we introduce some facts about essential self-adjointness
and essential spectrum which are used in Section 3 and Section 4.

For n € NU {0}, let X,, be a Hilbert space and X := @, X,,. We set
Xan = {¥ = {UM}>° € X : 3N such that ¥ =0 foralln > N +1}.

The number operator Ny is defined by

D(Ny) := {\I/ ex: Y w2}, < oo},

n=0

(N2 ¥)™ .= n¥™ (¥ € D(Nx), n € NU{0}).

For n € NU {0}, let A,, be a self-adjoint operator on X,,, and set A :=
@, A,. Let B be a symmetric operator on X. We identify () ¢ X, as

o™ ={0,...,0,0™ 0,...} e x.

Proposition B.1 ([2]) Suppose that the following (1)—(3) hold:

(1) Xfn C D(B) and A+ B is bounded from below on D(A) N Xy,
(2) There exists a p € N such that

(@™ BEm), =0, (¥ € X, whenever [n—m| > p).

(3) There exist a constant ¢ > 0 and a linear operator L on X such that
D(((A+ B) | D(A)N Xf,)*) C D(L), Ran(L | D(L)NX,) C &), and
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(@, BY)| < c||L®||||[(Nx + 1)*¥|, (¥ € Xjn, @ € D(L)).

Then A + B is essentially self-adjoint on D(A) N Xy,

Let ¢ and X be Hilbert spaces. We consider the Hilbert space J# ®
F1,(X). Let A be a bounded from below self-adjoint operator on .# and S
be a non-negative self-adjoint operator on X with Ker S = {0}. Then

Hy:=A®1+10dlL(S)

is self-adjoint on D(A®1)ND(1®dIy(S)). Let H; be a symmetric operator
on ¥ ® %,(X) and

H .= Hy+ H;.

Let us recall the notion of a weak commutator.

Definition B.2 ([5]) Let 2" be a Hilbert space. Let A and B be densely
defined linear operators on 2 . If there exists a dense subspace ¢ and a
linear operator K such that # C D(K) N D(A) N D(A*) N D(B) N D(B*)
and

(A", Bg) — (B*), A¢) = (¥, K¢), (¢,0€ %),

then we say that the couple (A, B) has the weak commutator on % defined
by

[A,Blyw =K | ¥.

The next proposition gives a sufficient condition for (A, B) to have a weak
commutator.

Proposition B.3 ([5]) Let X be a Hilbert space and D be a dense subspace
of X. Let A and B be densely defined linear operators on X such that
D C D(A) N D(B)N D(A*) N D(B*). Assume that there exist a densely
defined closed linear operator C' on X and a core Ec of C with the following
properties:

(1) & D C D(C).
(2) A and B are C-bounded on Ec.
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(3) && € D(AB)ND(BA) and K :=[A, B] | ¢ is C-bounded on Ec.
(4) D(A*B*) N D(B*A*) is dense in Z .

Then K is closable with D(C) C D(K) and (A, B) has a weak commutator
on D which is given by

[A,Blup =K | D.

Proposition B.4 ([5]) Suppose that following (1) and (2) hold.

(1) H is self-adjoint and bounded below.

(2) For any u € D(S)ND(S™2), the couple (H;, I ® A(u)) has the weak
commutator [Hy, I ® A(u)'],, piry on D(H). Furthermore, for any ¥ €
D(H), and any sequences {u, }°< C D(S)ND(S~Y/2) such that ||u,|| =
1, w-lim,, . u, =0, and

lim [H7, I ® A(un)'w.pn® = 0.

If 0(S) =[0,00), then
o(H) = 0ess(H) = [Eo(H), 00).
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