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A vector-valued estimate of multilinear Calderén-Zygmund

operators in Herz-Morrey spaces with variable exponents
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Abstract. In this paper, we obtain a vector valued inequality of multilinear
Calderén-Zygmund operators on products of Herz-Morrey spaces with variable ex-
ponents.
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1. Introduction

Recent decades, variable exponent function spaces have been received
more and more attention. This mainly begun with the work of Kovacik and
Rékosnik. In [15], the authors gave fundamental properties of the variable
Lebesgue and Sobolev spaces. Then some sufficient conditions were ob-
tained for the boundedness of Hardy-Littlewood maximal operator on vari-
able Lebesgue space, see [21]. After that, many function spaces with variable
exponents appeared, such as: Besov and Trieble-Lizorkin spaces with vari-
able exponents, Hardy spaces with variable exponents, Morrey spaces with
variable exponent, Bessel potential spaces with a variable exponent and
Herz-Morrey spaces with variable exponents; see [1], [2], [3], [5], [9], [11],
[14], [16], [20], [22], [24].

Recently, multilinear singular operators and their commutators are also
intensively studied by a significant number of authors, for instance, Grafakos
and Torres studied the boundedness of the multilinear Calderén-Zygmund
operators on products of Lebesgue spaces and the endpoint weak estimates
in [8], boundedness of commutators on Herz spaces with variable exponents
in [13], multilinear commutators of BMO functions and multilinear singular
integral operators with non-smooth kernels in [6], [17], maximal multilinear
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commutators and maximal iterated commutators generated by an multilin-
ear operator and a Lipschitz function in [4], multilinear singular integrals
and commutators in variable exponent Lebesgue spaces in [10]. In [23],
Tang, Wu and the second author obtained the boundedness of a commu-
tator generated by an multilinear Calderén-Zygmund operator and BMO
functions in Herz-Morrey spaces with variable exponents.

Motivated by the previous papers, the goal of this paper is to prove
a vector valued inequality of a multilinear Calderén-Zygmund operator on
products of Herz-Morrey spaces with variable exponents.

2. Main result

To state the main result of this paper, we need recall some notions firstly.
A multilinear operator T is called a Calderén-Zygmund operator if it is
initially defined on the m-fold product of the Schwartz space S(R™) and can
be extended bounded from LP* x LP2 x --- x LPm to LP with 1/p; +1/ps +
-+ 1/pm = 1/p, and for fi,..., fr, € LF(R™) (the space of compactly

—

supported bounded functions), = ¢ ﬂ;"zl supp fj, f=(f1,---, fm)

rf@ = [ Ko T dom,
)™ i=1

where the kernel K is a function in (R™)™*! away from the diagonal yo =

Y1 = -+ = ym and there exist positive constants €, A such that
m —mn
Kl <A Llo-ul)
i=1
Alz — /|
|K($7y17"'>ym>_K(xlvylv"'aymﬂS m ‘ | mn—4e
(zizl |z — yl|)
provided that |z — 2/| < (1/2) max{|z — y1],..., | — ym|}, and for each
1<:<m
Alyi — yil°

|K(x7y17"‘7yi7"'7y7n)_K(xvylw'wyflia"'aym”S m mnte
(29:1 |5U—yj‘)

provided that |y; — yi| < (1/2) max{|z — y1],..., |z — ym|}.
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Such kernels are called the m—linear Calderén-Zygmund kernels and the
collection of such functions is denoted by m — CZK (A, ¢€) in [7]. Grafakos
and Torres in [7] showed that if 7' is an m—linear Calderén-Zygmund
operator then 7' is bounded from L9 x L9 x --.- x L9 to L9 for each
1<aq1,q9, ..,¢m < oo such that 1/¢1 +1/qg2 + -+ + 1/¢m, = 1/q. Then,
Grafakos and Torres in [8] obtained weighted norm inequalities for multilin-
ear Calderén-Zygmund operators.

Definition 2.1 Let p(-) : R™ — [1,00) be a measurable function.

(i) The Lebesgue space with variable exponent LP()(R™) is defined by

f is measurable:

LPO(R™) = I <|f<x>|
-

p(z)
5y > dxr < oo for some A > 0

(ii) The space Lfo(g (R™) is defined by

Lfo(g (R™) := {f: fxx € LP)(R™) for all compact subsets K C R"},

where and what follows, xs denotes the characteristic function of a
measurable set S C R™.

LPC)(R™) is a Banach function space when equipped with the norm

p(x)
HfHLP()(Rn) = ll’lf{)\>0/n <|f(>\x)|) dz < 1}

For brevity, we denote || - || o) by || - [[2o¢) (-
Let p(-) : R™ — (0, 00), we denote

p_:=ess inf p(x) and py :=ess sup p(x).
zeR™ rER™

The set P(R™) consists of all p(-) satisfying p_ > 1 and p, < oo; P°(R")
consists of all p(-) satisfying p_ > 0 and p, < oo. LP() can be similarly
defined as above for p(-) € P°(R™). p/(-) means the conjugate exponent of

p(+), that means 1/p(-) + 1/p'(:) = 1.
Let f € Ll (R™). Then the standard Hardy-Littlewood maximal func-
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tion of f is defined by
1 n
Mf(z) = sup — [ [f(y)ldy, VzeR",
B>x ‘B’ B

where B is a ball. Let B(R™) be the set of p(-) € P(R™) such that M is
bounded on LPC)(R™).

Definition 2.2 Let a(-) be a real-valued measurable function on R”.

(1) a(-) is locally log-Hélder continuous if there exists a constant C; such
that

C, 1
< , r,yeR™ ) |z —y| < =;
< v ifle gy TYERT e vl<g

() — a(y)

(ii) «(-) is log-Holder continuous at the origin if

Cy

la(z) — a(0)] < m

, Vr e R
(iii) «(-) is log-Holder continuous at the infinity if there exists as € R
such that

Cs

— 3 Yz eR™
log(e + |z])

(@) — o] <

(iv) «af-) is global log-Hélder continuous if «(+) is both locally log-Hélder
continuous and log-Hdélder continuous at the infinity.

We denote by P[l)og(R") and PX2(R") the class of all exponents p €
P(R™) which is log-Ho6lder continuous at the origin and at the infinity re-
spectively.

To give the definitions of Herz spaces and Herz-Morrey spaces with

variable exponents, we use the following notations. For each k € Z we
define

By :={x € R": |z| < 2"}, Dy := By \ Bx_1, Xk := XD, -

Definition 2.3 Let 0 < ¢ < oo, p(-) € P(R"), 0 < A < o0 and af-) :
R™ — R with o € L>(R"™).
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(i) The homogeneous Herz-Morrey space M K o () ;‘(R") with variable ex-
ponents is defined by
a(),A
ME 5 RY) = {f € L RO £ £y g0 gy < 00}

a,p(- ) loc

where

L 1/q
N —LX\ ka(-) q .
sy ey =52 (3 20wl )

k=—o00

(ii) The non-homogeneous Herz-Morrey space MK o), A(R") with vari-

a,p(")
able exponents is defined by

MECONR?) = {f € LY (R™\{0}) : I g geacrn any < o<},

a,p(- ) loc

where

L

1/q
I G DI CArovi /ey I

k=—o00

If a(-) is a constant, then MKQ;() )/\(R”) Mqu‘ >E ) (R™) was defined in
[12]. If A = 0, then MK“(Q)*(Rn) = K2%) (R™). Tf both a(-) and p(") are
constants and A = 0, then MKq ;().) (R™) = Kip(R") is the classical Herz
space in [18].

Throughout this paper, |E| denotes the Lebesgue measure, C' will always
denote a positive constant depending on the context, whose value may be

different at different occurrences.
Our main result is the following.

Theorem 2.4 Let T be a m-linear Calderdn-Zygmund operator, p;(-) €
B(R") and p(-) € PO(R”) satisfying 1/p(x) = 1/pi(z) + 1/pa(z) + -+ +
Vpm(2), 1 <07 < F < /M, (00)/ps)’ € BR?) for some 0 < p, < p_,
i=12,...,m. Let 0 < ¢ < 00, 0 < \; < 00 and a;(-) € L*®(R"™) N
PE(R™) N PLOE(R™) fori=1,2,...,m with

2\, —noy; < Ozi_ < Oé;i_ < 77,(521‘, (1)
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where 614,02; € (0,1) are the constants appearing in (2) and (3) for p;(-).
Suppose that X =3 1" N, a(x) = > a(x), 1/g=>1",1/q;. Then

o o ‘ 1/r
' (DT(ﬁ,f;,...,fw)
j=1
0 _ 1/r;
( > !fﬁ”)
j=1

with the constant C' > 0 independent of f_3 = (ff, fg, o f).

()N mn
MKq«,p(~) (R™)

o (1), N
Mqunpi(-) (R™)

Remark Here we only declare our result in the homogeneous Herz-
Morrey spaces with variable exponents, but there is an analogue for the
non-homogeneous Herz-Morrey spaces with variable exponents, we omit the
detail here.

To prove our result, we need the following Lemmas.

Lemma 2.5 (see [12, Lemma 1 and (10)]) If p(-) € B(R™), then there
exist constants 01,02 € (0,1) and C > 0 such that for all balls B in R"™ and
all measurable subsets S C B,

01

Ixsllzror (!5!> @)
lIxBllzeor
5
bsthss ¢ o 151)" )
HXBHLp() B |B|
Lemma 2.6 (see [19, Proposition 2])  Let p(-) € P(R™), ¢ € (0,00), 0 <

A < 0o and a(-) € L®(R™) N PLE(R™) N PLOE(R™), then

L 1/q
1 g o ~maX{ sup 2_“( > 2ROy, !Lpu) ,

L<0,LEZ Pt

-1 1/q
Sup |:2—L/\< Z Qka(O)quXkHLp())

L>0,LEZ i

L 1/q
427X ( Z Qka“’quXkH%p(z)) ] }

k=0
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Lemma 2.7 (see [12, Lemma 2]) If p(-) € B(R™), then there exists a
constant C > 0 such that for all balls B in R™,

C‘1<L

< ‘B’HXBHLP(')”XBHLP’(O <C. (4)

Lemma 2.8 (see [15, Theorem 2.1]) If p(-) € P(R™), then for all f €
LPO(R™) and all g € LP'O)(R™) we have

[ 1r@gta@)lds < ryl il gl

where r, :=1+1/py —1/p_.

Lemma 2.9 (see [10, Theorem 2.3]) Let p, p1, p2 € PY(R™) such that
1/p(x) = 1/p1(x) +1/p2(z). Then there exists a constant C, p, independent
of the functions f and g such that

HngLP<'> < vapl”fHLpﬂ') HQHLpz(-)

holds for every f € LP*C)(R™) and g € LP2C)(R™).

Lemma 2.10 (see [10, Corollary 2.1]) Let T be a 2-linear Calderén-
Zygmund operator and let p(-) € P°(R™) such that there exists 0 < p, < p_
with (p(+)/p«)" € BR™). If p1(-),p2(-) € B(R™) such that 1/p(x) =
1/p1(x) + 1/pa(x), then there exists a constant C' independent of functions
ff € LPiO)(R™) for j € N,i = 1,2 such that

oo ) ' 1/q
‘ (Lt )
j=1 Lr()
0 a1 0 1/q2
(1) (1)
j=1 Jj=1

where 1 < ¢; < 0o fori=1,2 and 1/q=1/q¢1 +1/q¢s.

<C

)
Lpr2()

Lpr1()

Proof of Theorem 2.4. In the following, we only consider 2-linear operators
for simplicity. Since the set of all bounded compactly supported functions
is dense in Herz-Morrey spaces with variable exponents, we let f{ and fg be
bounded compactly supported functions for j € N and write
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Z fi(x Z fi.(z), i=1,2,5€N.

Z—*OO Z—*OO

By Lemma 2.6, we get

o o 1/r
||<Z|T(ff,f§)lr> ~ max{E, F'},
e e
where
L
E:= sup 271 oka(0)a
Lgo,fez (kz:z—oo
1/r q 1/q
N 2 ) )
j=1"lj=—0c0lx=—00 Lr()
-1
F:= sup 2_L>‘< oka(0)q
L>0,L€Z[ k:Z_OO
1/r q 1/q
(] = ) W)
J1= 1 ll 7OOl2 —00 L:D()
L
+ 27L)\ < Z 2ko¢ooq
k=0
1/r q 1/q
ool 2o ) )|
j=1'l1=—00la=—c0 Lr()

Since the estimation of F' is essentially similar to that of E, so it suffices
to prove E is bounded in Herz-Morrey spaces with variable exponents. It is
easy to see that

9
E<CY I,
i=1

where



Ili

IQZ

132

I :

15:

Is:

17:

Ig:

Ig:
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L
—LAX ka(0
LSS£EEZ2 (kzooz o
LA - ka(0)
— «a
2 (Ej q
LA = ka(0)
LSS(EEGZ 2 ( k;oo 2 1
LA = ka(0)
LSS(BEGZ 2 ( k;w 2 q
LA = ka(0)
LSS(BEGZ 2 (k;m 2 '
LA = ka(0)
L (k_Z_WQ q
LA - ka(0)
— «@
Lo (k_Zj q
ka(0
L2 (kZOf v
LA - ka(0)
— «a
Lgs(}?IL)eZ 2 ( k;oo 2 a

k—2
Z Z Tfh’flz

lij=—00 lg=—00

k—2 k+1

S> T )

li=—o0 lg=k—1

k—2 oo
SO>I

l1=—o0 log=k+2

k+1 k—2
Z Z fll’flz
l1=k—1la=—o0
k+1 k+1
Z Z fll’fZQ

l1=k—1las=k-—1
k+1

Z Z Tfll’fl2

li=k—1lo=k+2
oo
l1=k+4+21la=—0c0

k+1

Z Z Tfh’flz

l1=k+21lo=k—1

So> TR

l1=k+2lo=k+2

ST f)

Xk

Xk

)

)

)

1)
N
n

)

)

)
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By the symmetry of f{ and fg, we only need to estimate Iy, I, I3, I5, Ig and
Iy for the estimates of I4, I7 and Ig are analogous to that of I, I3 and Ig

respectively.
By Lemmas 2.5 and 2.7 and the Holder inequality, if [; < k— 1, we have

2—kn /
Rn

(guﬁ(y»

1/7”7;
”) dyixk

[o.¢]
< €27 k| e / (Zlfi.(w)
Rn .
7j=1

Lri()

1/7‘i
ri) dy;
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1/7‘2'
Ti> Xll
Lri()

(Z r
=1

< C27"|IxB |l Lo

i LP;(')

1/7‘1'
”) Xl;

(1
j=1

< 02" kn|Bk|HXBk||Lp ()”XBli PO
0 ] 1/7;
< CQ(li—k)n52i <Z |fz] m) Y,
j=1 Lri ()
If [; = k, then
o0 . 1/7‘7;
2_kn/ (Zﬁ(%)l”) dyi Xk
Re Jj=1 Lri()
o0 i 1/7’1
el [ (i)
R \ ;3
o0 . 1/7'1'
< C27 Ixse o (nyg ) | Il
Jj=1 Lri()
o0 ) 1/T‘i
< C27" x| i Iy, Il ot (Z!ff ”) X,
Jj=1 Lpi ()
o0 ) 1/1”7;
<c| (X))
Jj=1 Lri()
If [; > k + 1,then
oo i 1/7"1'
Tkn/ <Z|flji(yi)|”> dyi Xk
RN j=1 Lpi()
o0 1/’!‘1'
SCQk”HXkHLm(-)/ <Z £ () > dy;
oo ) 1/7‘7;
< C27"IxB, [l i) <Z|ff ”> Xt: Il ot
Jj=1 Lpri()

Lri()



Step 1: To estimate the term of I;, we note that I; < k—2 for 7= 1,2, and

< CQianXBk HLW(') ”Xj;lz‘

S C2(l¢—k})’n(1—61i)

| — il > |z] = Jy;| > 2871 —2h > 272,

X oo X, [ posos
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;z}i(') HXBzZ.

o0 ) 1/7‘7‘,

j=1

) ' 1/r;
<Z|fz]|”> Xl;

j=1

Lri()

Lri()

Then, for z € Dy, we obtain

|K($aylay2)| < C(’CL‘ — yl‘ + ’.CL‘ — ?/2\)_2" < 02—2kn‘

Therefore, Vax € Dy, y; € Dy,

2
T(f f)(@)] < / K (@, 1, 92)| TT 17 (v) s
R i=1

2
<cx T [ |l
i=17/R"

By the Holder inequality and Minkowski inequality, we obtain

I

00 k—2 k—2 A N YT
> > T ) ) Xk
j=1"l1=—00lyg=—00 Lr()
) k—2 k—2 _ ' r\ 1/r
< g (Z( > [ el [ !fé(yQ)ldyz)> i
j:1 ZIZ_OOIQZ_OO R7 R
%) k—2 4 riN\ 1/m1
cor(S (X [ i) )
j=1 Mj=—o0 VR"

o' k—2 ) ro\ 1/r2
(X ([ i) )

Lpr()

x € Dy, y; € Dli-

361

(7)

Lr()
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00 — riN 1/71
o |(S( X [ wman))
j=1 1=— " Lr1()
00 k—2 roN 1/r2
(S X [ o) )
7j=1 Lr2()
k—2 1/r1
<cll X 2 kn/ (Zml Y1 \“) dy1 Xk
li=—00 Lr1()
1/7r2
x Z 2 Im/ <Z|f12 Y2 \”) dy1 Xk
l2 —00 LPQ(')
Since 1/q = 1/q1 + 1/qz2, it follows that
L
L, <C sup 2°% oka(0)g
' L<0,LeZ kZOO
oo ) 1/r1 q
Z 27" / (Zifi(ym“) dy1x
l1=—o00 j=1 Lr1()

1/72
Z 2" kn/ <Z|fl2 Y2 IT2> dy1 Xk

q 1/q
ly=—00 Lpr2()

L
<C sup 2—L>\1{ Z gka1(0)a
q1 1/q1
Lm(-)}

L<LO0,LeZ
q2 1/q2
Lr2()

k=—o00

1/m
Z 2_Im/ <Z|fll Y1 |T1> dy1 Xk

l1 — 00

L
« 2—L)\2{ Z 21602(0)112

k=—o00

1/7r2
Z 2_kn/ <Z|f12 Y2 |T2> dya X

12 — 00

=:C sup I11(L)2(L),
L<0,LeZ
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where
L
Li(L) = 2—L)\7:{ Z 9kai(0)g;
k=—c0
k—2 0o /7 g 1/qs
X Z Z_kn/ <Z|flj(yz) T) dyiXk } .
li=—o0 R \j=1 Lpi()

Therefore, from (5) we get

L
Ilz‘(L) < CQLM{ Z 9kai(0)g;
k=—oc0
k—2 00 ' 1/r; g ) Y4
(3 st (i) )
li=—00 j=1 Lri()
L k—2
:CQ—LA,{ Z < Z gk (0)
k=—oc0 “l;=—0o0
oo ' 1/r; qi 1/¢i
()] )
<]§ Lri ()
L k—2
k=—oc0 l;=—0o0
o 1/r; qi /g
() ] o))
j=1 Lri()

here b; := ndgi — al(O) > 0, 1= 1,2.
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If 1 < ¢; < o0, by the Holder inequality, we have

L k—2
mmgm—LM{ 3 < T gl

k=—oc0 “l;=—0o0

(X1

j=1
k—2

><< T ghali)2
l

X

qi

1/7',5
”) X1,
>qz-/q§}1/qi

qi

Lri()

QbiQi(lik’)/2>

i =—0Q
L k—2
k=—oc0l;=—0o0
> 1/r; Qi Vai
« |fﬂ|n> Xi, « 9biai(li—k)/2
k-2 ) ' 1/r; qi
< o2 BN N gleOa <Z!f$!”> X
li=—00 j=1 Lri()
L 1/q:
> Z 2biqi(li_k)/2}
k=l;+2

k—2
S C2—L)\i{ Z 2lioci(0)q¢
l

i ——0Q

1/7’1'
7”7;>

If 0 < g; <1, since for a1, as, -+ > 0,

<C

(Z e
j=1

RS
a5

s=1

so we have

o0 ) 1/Ti
(Z !ff!”) -
j=1

@i ()X
MK P () (R )

00 qi 00
(£) <5

s=1

qi 1/qi
Lpi()



Vector-valued multilinear Calderdn-Zygmund operators 365

1/7"£
ri) Xl;

L

k—2
Ilz‘(L) < CzLAi{ Z Z gliai(0)gs

k=—o0 l;=—0o0

1/111'
% 2biQi(li_k)}

L—-2

qi

(Z I
j=1

Lri()

qi

1/7‘1'
Ti) Xl

(Z 5
j=1

li=—oo Lri()
L 1/qi
% Z 2biQi(li_k)}
k=l;+2
L—-2 ') A 1/7r; s 1/q:
<ozt 3 o] (3) g
li=—o0 i=1 Lpi©)

gc‘

0 ' 1/r;
(1)
j=1

g (1), A
MK%M(-) (R™)

Therefore,

Il(L) S C sup Ill(L)Ilg(L)
L<0,L€eZ

0o ‘ 1/m
(Z \ff\“)
j=1

[e.e] ) 1/7’2
<C Zfé\”)

j=1

(

Step 2: To estimate I, for x € Dy, y; € Dy, i =1, 2 and I} < k — 2,
k—1<ly <k+1, then we have

g (1), A o2 (), A2 oy
Mqu,pl(-) (R™) Mquypz(-) (R™)

2 —yo| > |z — 1| > |z] — [pa] > 2872

Therefore, by the Holder inequality and Minkowski inequality, we get

r\ 1/r
) Xk

k—2 k+1

Yo > TULL A

Lr()
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00 k—2 k+1 rN\ 1/r
< 0272 (Z( > > / £ (1 Idy1/ Ifl2(y2)\dy2) ) Xk
=1 l1=—00la=k—1 Lr()
0 k—2 riN\ 1/71
<o (S (X [ ishian ) )
j=1 li1=—00

X <§:< lil / VAT |dy2> 2>1/T2Xk

7j=1 Le()
0o k—2 ) ri\ 1/m1
< oa-2n (Z( / Iffl(yl)ldm) ) i
j=1 Mi=—00 R™ Lr1(9)
00 k+1 ) ra\ 1/r2
. (z( > [ i) )

j=1 Np=k—17R" Lp2()

k—2 1/r1

> 2 kn/ (Z\f;l v |”) dy1 Xk

l1=—00 Lr1(+)

k+1 1/r2

>, 2 'm/ (Z!fzz Yo \”) dy X

lo=k—1 Lr2()

Again by the Holder inequality, we obtain,
L
I, <C sup 2_L>‘{ Z ke (0)q
L<0,LEZ pT
=—00
1/r1 q
Z Q_k”/ ( . I”> dy1xk
Lr1()

l1 —0o0

k+1 1/72
> 2 ’m/ ( 17, (g2 |r2> dy2 Xk

lo=k—1

L
<C sup 2—L/\1{ Z 2ka1(0)q1

L<0,L€EZ

2|
o q 1/q
> }
=1 Lpr2(9)

k=—oc0
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q1 1/Q1
li=—o00 Lr1()

1/r1
Z 2" Im/ (Zml Y1 r1> dy1 Xk
X2—L)\2{ Z 2ka2(0)q2

k=—o00

k+1 1/’7‘2 qz2 1/(12
> o [ (D) am
lo=k—1 Lr2()
=:C sup Io(L)I2(L).
L<0,LeZ
It is clear that
1/’!‘1
I (L) = I (L <Z|f]|”> :
Mkal(')’AI(R”)
q1,r1 ()

Now we have to estimate Ioo(L). Combining the inequalities (5), (6) and
(7), we have that

L k+1

122(L)§C2—L>\2{ Z gkaz(0)g2 Z

k=—o00 la=k—1

o ' 1/72
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here we used 27792 < 1 and 2(2=F)n(1=01) < 9(2=k)n ip (5) (7) respectively.
Therefore, we get
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Step 3: To estimate I3, for x € Dy, y; € D, i =1, 2and |} <k — 2,
lo > k + 2, then we have

z— 1| > 2| = y1] > 2872, o — yo| = |yo| — || > 2272

K (z,y1,12)| < C(lx — y1| + |z — yo|) 72" < 027 Fn27len,
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2 .
<c2 o T [ 1f oy
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Therefore,
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(i( Z 2" kn/ VA d@/1>h>1/hxk
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o o roN 1/72
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Then,
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L
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It is easy to see that

I31(L) = 121 (L

(Z\fﬂ“)lm

So we only need to estimate the term I35(L).
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Therefore, we have
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q2 1/q2
X X 2(k—l2)7’l512>
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L 00
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00 1/rg q2 1/q2
(1) | e
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where d := ndjz + a2(0) > 0. Again we consider it into two cases. If
1 < g2 < oo, then by the Holder inequality, we obtain
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Now we consider J; (L) and J3(L) respectively. Since d > 0, it is easy to see
that
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Since A2 — d/2 < 0, we obtain
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< C{2Lq2>\2 % 2dQ2L/22(>‘27d/2)q2L
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If 0 < g2 <1, in I32(L), we use (8) to get
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It is clear that the estimates of J3(L) and J4(L) are similar to the process
of case 1 < g2 < 00, we can conclude that
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Therefore,

I3 S C sup Igl(L)Igg(L)
L<0,LeZ

oo ‘ 1/r1 0 ) 1/72
<c (Zlffl“) (me)
im1 =1

Step 4: Now it goes to the estimate of I5. Using the Holder inequality and
Lemma 2.10, we get

L k+1 k+1
Is <C sup 2_L’\< Z oka(0)q Z Z

L<0,L€Z k=—o0 Li=k—1lo=k—1

w1 () A1 (n (), A2 mn
MKtn,Pl(‘) (R™) MKQQvPQ(') (R™)

1/r(q 1/q
(Z!T ) )
=1 Lr()
k+1 k+1 1/7'1 q
SC sup 27L)\ 2ka(0)q ( |f ‘7‘1)

q /q
Lpg('))

oo ' 1/r1 11 /@
()

j:l Lpl(')

0 . 1/r2q2 /a2
(Sr) T )

j=1 Lr2()

&9} ) 1/7‘1 q1 1/(]1
(X)) )

j=1 Lr1()

o0 ) 1/7’2 q2 1/QQ
(X)) )

=1 Lr2()

0o ‘ 1/ra
(1)

j=1

00 ) 1/re
(wa)
Jj=1

L k+1
<C sup 2—L>\1< Z gkai(0)q1 Z

L=0,LeZ k=—o0 Li—k—1

L k+1
X2—L)\2< Z 2ka2(0)q2 Z

k=—o0 lzik—l

L
<C sup 2L>\1< Z 2ka1(0)q1

L<0,L€EZ

k=—o00

L
% 2—L/\2< Z 2ka2(0)q2

k=—o00

00 . 1/7r1
<c (Zwrl)
j=1

-1 (1), A1 on -2 (4), A2
MK(I17P1(*) (R™) MK(I27P2(‘) (R™)



Vector-valued multilinear Calderon-Zygmund operators

375

Step 5: Now we do the estimate of Ig. Since k — 1 < Il; < k+ 1 and

lo > k + 2, then for x € Dy, y; € Dy,.

| K (z,y1,y2)| < C27kn x 9=l

2
T, 1)) < / K (1, 92)| TT 17 (v)
" i=1
2 .
< C27kng=ln H/R /i, (yi)ldyi.
i=17R"™

Applying the Holder inequality and Minkowski inequality, we get
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Then,
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By the symmetry of ff and fg, we can see that the estimate of Igi(L) is
similar to that of IQQ(L) and I62(L) = I32(L)

Step 6: In the last step, we estimate Ig. Note that lo > k+2 and |z —y;| >
2li=2 for x € Dy, yi € Dy, i =1, 2,
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we have
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L<0,LEZ

L
<C sup Q—L/\l{ Z 9ka1(0)a

k=—o00

X

q Va
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q2 1/(12
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Obviously, the estimate of Ig;(L),7 = 1,2 is similar to that of Is2(L).
Combing all estimates for I;,i = 1,2,...,9, together, we get
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Thus we complete the proof. O
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