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Sufficient conditions for decay estimates of the local energy
and a behavior of the total energy of dissipative wave equations
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Abstract. Decaying properties of the local energy for the dissipative wave equations
with the Dirichlet boundary conditions in exterior domains are discussed. For the
dissipation coefficient, natural conditions ensuring that waves trapped by obstacles
may lose their energy are considered. Under this setting, two sufficient conditions for
getting the decay estimates for the energy in bounded regions (i.e. the local energy)
are given. These conditions bring some relaxation on classes of the dissipation coeffi-
cient which uniformly decaying estimates for the local energy hold. Further, decaying
properties of the total energy are also discussed.
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1. Introduction

Let Q@ € R™ (n > 2) be an exterior domain of a bounded obstacle
O = R"\ Q. Assume that the boundary 99 is C* and compact, and Q is
connected. Consider the mixed problem of the usual wave equation with a
dissipation term and the Dirichlet condition:

(0?2 — A+ a(z)0)u(t,z) =0 in (0,00) x €,
u(t,z) =0 on (0,00) x 052, (1.1)
u(0,z) = fi(x), Owu(0,2) = fa(z) on Q.
Since O is compact, O C Bpg, holds for some fixed constant Ry > 0, where
Bgr, = Bpg,(0), and Bg,(a) = {z € R" | |z —a] < Rp}. Throughout

this paper, we always assume that a(x) > 0, which means that the term
a(x)0wu(t,z) in (1.1) works as a dissipation.
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For initial data {f1, fo} € Hg(Q) x L*(©2) problem (1.1) has the unique
solution u(t,x) € C([0,00); H'(Q)) with dyu(t, z) € C(]0,00); L*()) in the
weak sense. For any domain D C R"™, we put

e(t, z;u) f{\atu t,2)|*+|Vou(t,2)|*?} and E(u,D,t) = / e(t, z;u)dx.
D

We call E(u, D,t) the local energy in D of the solutions of (1.1). Note that
total energy F(u,,t) satisfies

E(u,Q,t) // x)|0su(s, x)|*deds = E(u,Q,0) (t > 0). (1.2)

This identity is given by multiplying d;u(t, x) by the equation in (1.1), and
using integration by parts. Since a(x) > 0, it follows that E(u,,t) <
E(u,Q,0) (t > 0). Thus, the term a(x)d;u in (1.1) may work as a dissipation.
When the equation in (1.1) is a usual wave equation, (i.e., a(z) = 0),
many authors investigate whether the uniform decay estimates are obtained
or not. For star shaped obstacles, Morawetz [21] gives the following uniform
decay estimate of the local energy for solutions of (1.1) (with a = 0):

E(u, QN Bg,,t) < C(1+t) ' E(u,,0) (1.3)

for any ¢t > 0 and (f1, f2) € HL(Q) x L2(Q) with supp f; Usupp fo C QN Bg,.
Note that the constant C' > 0 in (1.3) depends only on the obstacle O, the
radius R of the supports of initial data and the dimension n. When initial
data have noncompact supports, Ikehata [5] gives the same decay estimate
of local energy as (1.3) even for the variable coefficients case.

To describe decay estimates of local energy, we introduce the following
uniform decay rate p,, r(t) of the local energy of solutions u(¢,z) for usual
wave equation (i.e. (1.1) with a(x) = 0):

E(U,QOBRO,t)
||vwf1‘|§-]m(ﬂ) + ”f2||2 m ()

pm,Ro(t):Sup{ O#fl,fQECgO(QQBRO)
such that u € C*°(R x Q)},

where Ry > 0 is a constant satisfying O C Bpg,, and m > 0 is an integer.
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Note that (1.3) given by Morawetz [21] is the same as po g, (t) < C(1+¢)~!
for some fixed constant C' > 0 depending only on O, Ry and n. From now
on, the above estimate is written as pg g, (t) = O(t ') for brief descriptions.

The rate po, g, (t) is the uniform decay rate in the sense of Morawetz [22].
From (1.3), it follows that po g, (t) = O(e™**) if n > 3 is odd, where a > 0 is
a fixed constant depending only on O. If n is even, pg g, (t) = O(¢t" ') holds.
For odd n case, in [22] Morawetz shows that pg g, (t) = O(e~**) holds if only
lim;_, o0 Po, R, (t) = 0 holds. This result is given by using Huygens’ principle.
For even dimensional case, we only have Huygens’ principle of weak type.
Hence, for even n, lim;_, po,r, (t) = 0 implies po g, (t) = O(t"~!) only (see
[8] for n > 4 and Vodev [35] for n > 2).

On the other hand, when there are trapping rays of geometrical optics,
which is called trapping case, as is shown in Ralston [28], limy;_.« po,r, (t) =
0 never occurs. For example, O consists of two convex bodies, the line giving
the distance of two convex obstacles gives a trapped ray. This is a typical
example for the trapping case. Note that there is no trapped ray in the
exterior of star shaped obstacle. Thus, star shaped obstacles are one of the
examples of non-trapping case.

In the case that there is no dissipation, the uniform decay estimates
depend on the geometry of the obstacles. In this case, when there is no
trapped ray of geometrical optics, we can get the decay estimate of po g, (%)
(see e.g. [11], [23], [29] and [34]). The energy for high frequency waves
propagates along the rays of geometrical optics. As a result in Ralston [28§],
we can not obtain such decay estimates if there is a trapped ray. Hence, it
is important to investigate propagation of singularietes for wave equations
(about that, see e.g. [12] and [13] and references given there).

On the contrary, when m > 0, that is the case that initial data f; and fo
have additional regularities than usual energy of physical sense (i.e.(f1, f2) €
HY(Q)x L?(Q)), we encounter different aspects. When m > 1, Walker [36]
shows that lim; oo pm R, (f) = 0 always holds. Hence, the problems is how
fast pm, R, (t) decays if m > 1. For the case that n = 3 and O consists of two
convex bodies, Tkawa [2] obtains ps g, (t) = O(e~*)
« > 0. This result is imploved by Ikawa [3] as p2 g, (t) = O(e™ ") even when
O consists of finite many convex bodies with two additional conditions. One

for some fixed constant

condition is that there is no other body inside of the convex hull of each two
bodies. It is hard to say the other one correctly in here, but, this condition
holds if each body is a ball and they separetes well each other.
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About py, g, (t) with m > 0, a logarithmic upper bound, i.e. py, r,(t) =
O((log(14t))~™) is given by Burq [1]. Note that to obtain this bound, there
is no assumption for the obstacle O. Hence, for arbitrary obstacle O, energy
decays at least logarithmically if initial data has additional regularities.

In this article, we discuss whether energy decay estimates can be given
or not in dissipative case (i.e. a(z) Z 0). When the dissipative term works
well, even the total energy decays uniformly. On the other hand, if the
term is not so effective, the total energy remains, and scattering theory are
developed. These phenomena are clarified by many authors. We can not
give complete guide of it, however, let us mention some of the results before
going to the main problem in this article.

In the case where {2 = R"™, all waves go out to far field since there is
no trapped rays. Hence, decaying properties are closely connected with the
asymptotic behavior of the dissipation term a(x) as |z| — oo. Matsumura
[14] and Mochizuki [17] gave decay estimates of the total energy when ag(1+
|z[)~! < a(z) < a1 and the initial data have compact support or have an
appropriate decaying property as |z| — oo respectively. Oppositely, when
0 < a(z) < az(1+ |z])~'1° for some § > 0, Mochizuki [16, 17] showed that
scattering phenomena occurs, that is, every solution of (1.1) is close to some
solution of the free space problem (i.e. the case where a(z) =0 in Q@ = R")
as t — oo. Thus, in this case, the total energy never decay.

From the results introduced above, we can see that the critical order
dividing the decaying or non-decaying phenomena is a(z) = O(]z|™!).
About the critical order, Mochizuki and Nakazawa [19] introduce finer order
like as a(x) ~ {(e + |z])log(e + |z|) - log(log(e + |z|)) - - - log(log - - - (log(e +
|z[))--+))} ! and discuss decaying and non-decaying properties even for the
case of exterior domains. All works describing in the above are discussed the
case that dissipation coefficients depend also on the time variable ¢. Note
also that Mochizuki and Nakazawa [20] treat decaying property for the case
of star shaped obstacles even if the dissipation coefficient is localized near
infinity. Mochizuki [18] also develops the scattering theory even in the case
containing such a fine critical order.

In the case where Q2 = R™ in problem (1.1), Nakazawa [26] shows that
non-decaying property and the scattering phenomena if a(x) satisfies 0 <
a(z) < a(jz|) (z € R™) with some non-increasing a € L'((0,00)) such
that [|a||z1((0,00)) is small enough. Only for getting non-decaying property,
it suffices to assume that fooo a(xg + sw)ds < oo for some zy €  and
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w € S"71. Modifying the argument in Kawashita, Nakazawa and Soga [9],
we can obtain this fact. Note that the half line 29 + sw (s > 0) is the ray
of geometrical optics, and the above condition means that the amplitude of
high frequency waves propagating along this ray does not decay as ¢t — oo.
This is why the total energy does not decay. For general wave equations
with dissipation terms, using microlocal defect measures, Nishiyama [27]
investigates the relation between the rays of geometrical optics and the total
energy, and gives a lower bound of the uniform decay rate causing by high
frequency waves.

Let v(x) = *(v1(z),v2(x), ..., vn(x)) be the unit outer normal vector of
00 at x € 9N pointing into the outside of €. If the obstacle O is star shaped
with respect to a point zg, i.e. v(z) - (z —z¢) <0 (x € IQ = 00), there is
no trapped ray. Thus, a part causing trapping phenomena of the boundary
0f is included by the set I' defined by

F={ze€d|v(z) (x—x9) >0}

Hence, we can expect to obtain local decay estimate (1.3) if we make the
following assumptions:

(A1) a € L™(Q), a(x) >0 ae x €.
(A.2) There exist a bounded open set w C R™ and a constant €y > 0 such
that I' C w, and a(x) > ¢ a.e. £ € wN Q.

In what follows, we may assume that o = 0 € O without loss of gener-
arity.

About this expectation, assuming (A.1) and (A.2), and suppa C QN Bg
for some R > 0 as an additional assumption, Nakao [24] shows the decay
estimate given by replacing C(1 + ¢)~! in (1.3) by Cs(1 4 )~ for any
6 > 0. Note that this constant Cs may depend not only O, Ry, n and the
dissipation coefficient a(x) but also 6 > 0 chosen arbitrary, and be large
when 6 — 0.

In [24], support compactness of the initial data is also assumed. This
restriction is removed in Ikehata [4]. To describe this result (and a part of
the main theorems of this paper), we introduce the following notations:
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K(fi, fo) = / (L4 12D{ Vo fa (0 + [fol) P}

+ldn () (f2 + al) )220y + 1 f1llZ2(0)-

In the above, d,(x) are defined by d,(x) = |z| (n > 3) and d(z) =
|z|log(Blz|) (n = 2), where B > 0 is a constant satisfying Binf,cq |z| > 2.

In [4], for any 6 > 0, Ikehata gives the following local energy decay
estimate for solutions u of (1.1):

E(u, QNBg,,t) < Cs(1 +t) 1K (f1, fo) (1.4)

for any ¢t > 0 and (f1, f2) € H3 () x L?(Q) with K(f1, f2) < oco. The con-
stant Cs in (1.4) depends not only on O, n and the dissipation coefficient
a(x) but also § > 0 chosen arbitorary. Note that in (1.4), support compact-
ness of the initial data is removed. For non dissipative case, serial works of
Ikehata show that § in the above estimate can be taken as § = 0. In these
works of Ikehata, the argument is simpler than the original one of Morawetz
[21], and also remove the restriction that the support of the initial data is
compact (see e.g. Ikehata [5] and the references therein).

In this article, we give sufficient conditions for the local energy decay
estimates. Throughout this paper, we put

2

J(s,z;u) = ’qu(s,x) + i(%u(s,a:)

|z]
Theorem 1.1  Assume that (A.1), (A.2) and there exists a functional

L(f1, fa,t) such that one of the following estimates holds for every solution
w of (1.1) with initial data f1, fo € C§°(2):

1
2

(S.1) /0 /QJ(S,x;u)dsdac <Lififort)  (t>0),

(S.2) /0 /Q(a(:v)|x])2 Byu(s, z)|* dsdx < L(f1, fa,t) (t>0).

Then, there exists a constant C > 0 depending only on the space dimension
n, Q and a(z) such that
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(t - R)E(u7 QﬂBR,t) < C{K(flaf2) + L(f17f27t)}
(t,R >0, f1,f2 € CSO(Q)) (1.5)

Remark 1.2 (1) From (1.5) and (1.2), it follows that

(1+t— R)E(u,QNBRg,t) < C{K(f1, f2) + L(f1, f2,t)}
(t, R >0, f1, f2 € C5°(2)).

Note that the constant C' > 0 in the above estimate does not depend on
R > 0. Thus, for example, we can choose R = t/2, and obtain

E(U,QﬁBt/27t) < 20(1 +t)_1{K(f17f2) +L(f17f27t)}
(t =0, f1, f2 € C5°(Q)).

(2) The local energy decay estimate in Theorem 1.1 implies that

tE(u, QNBg,t) < C{K(f1, f2) + L(f1, f2,t)} + RE(u,,0)
(t >0, f1, f2 € C5°(Q))

since it follows that E(u, Q2N Bg,t) < E(u,$,0).

(3) If a functional L(f, f2,t) in (S.1) or (S.2) can be taken as it is less than
linear order of growth in ¢, (1.5) gives a decay estimate of the local energy.

(4) Throughout this article, only the case of the Dirichlet problems is treated.
This restriction comes from the Hardy inequality. For n > 3 or n = 2 with
the Dirichlet boundary condition, there exists a constant C,, > 0 depending
on the dimension n such that

|f ()] / 2
———dr < (), Vaef(x)|“dz, 1.6
| o [ 1V.1(a) (16)
holds. This is called the Hardy inequality. Hence, when n > 3, even for
the case of the Cauchy problems (i.e. 2 = R™ and there is no boundary
condition), the same result as Theorem 1.1 can be obtained.

In what follows, two applications of Theorem 1.1 are given. The first one
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is to remove the restriction 4 > 0 and the support compactness assumptions
of a(z) in the decay estimate (1.4). About this problem, in the Master thesis
of Suzuki [30] these restrictions are removed by introducing the following
conditions on the dissipation coefficient a(z): there exists a constant Cy > 0
such that a(x)|z| < Cy, |Va(z)| < Coa(z), Aa(z)|z| < Coa(x) (z € Q).
In [10], these additional conditions on a(x) are little bit relaxed. Using
Theorem 1.1, we can extend the results in [10]. In what follows, we use the
notation (x) = (1 4 |=|?)1/2.

Theorem 1.3 Let n > 2 and assume that (A.1) and (A.2) hold. Then
there exists a constant C > 0 such that

E(u, QNBg,,t) < C(1+t)" K (f1, f2) (1.7)

for any t >0 and (f1, f2) € HE() x L?(Q) with K(f1, f2) < oo if the one
of the following properties are assumed:

(A.3) a € WH(Q), and there exists a constant C > 0 such that
Vaa(z)| < Cva(z)(z)™! ae ze.
(A.4) There exist constants C > 0 and Ry > 0 such that
a(@)|z)* < C ae x€Q, |2| > Ryp.

Examlpes satsifying (A.1), (A.2) and (A.3) are systematically made. We
choose a function F € C*(R™ \ {0}) satisfying sup,cgn (—F(x)) < oo and

IV F ()] < CoelF@ID ()=t (4 £0)
for some fixed constant Cy > 0. For this F, we put a(x) = e ¥'(*). Since

sup e F@/20F@I/2) < mayf], esPacen (CF@)) — O < o0,
xeR’ll

a satisfies (A.1), (A.2) and (A.3). For example, a;(x) = e~ (=D and
as(x) = (14|z]) =0 = e~0108(+12]) with § > 0 satisfy (A.1)-(A.3). These have
rather fast decaying property as |z| — oco. There are also many examples
satisfying (A.1)-(A.3) with weaker decaying property, for example, a3(z) =
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(log(e + |z])) =% = e~dlosllosletlzD) g, (z) = (log(log(e + |z])))~ with § >0
and so forth.

In comparison with (A.3), assumption (A.4) has strong restrictions
about decaying property as |x| — oo. The function a; with 6 = 0, as
with 6 < 2, and the functions ag and a4 with any § > 0 do not satisfy (A.4).
Instead of that, (A.4) does not contain any condition on regularities of a(z).
This is the advantage of (A.4). For example, the compact supported case is
covered by (A.4). Further for any b € L>°(£2) having positive lower bound
near the boundary 99, the function as(z) = b(z)(1 + |z|) 2 satisfies (A.1),
(A.2) and (A.4).

Next is an example not satisfying both (A.3) and (A.4). Consider
ag(xz) = ez Tt seems that ag(z) gives a strong dissipation since
ag(r) > e ! (x € R™). Despite of that, Theorem 1.3 can not conclude
whether estimate (1.7) holds or not. Of course, in this case, (1.7) holds.
Indeed, Nakao [25] shows that the following total energy decay:

BE(u,,t) < C(1+ )" B(u, 2,0)  (£>0,(f1, f2) € HX(Q) x L2(Q))

when (A.1), (A.2) and a(z) > eo (x € , |x| > Ry) for some constant g > 0
and Ro > 0 hold. Note that the above constant C' depends on O, n and

a(z).
The second application is for decay property of total energy decay if the
dissipation satisfies the following condition:

(A.5) There exist constants ag > 0 and Ry > 0 such that
a(x)|z| > ap a.e. x € QN(Bg,)".

Theorem 1.4 Let n > 2 and assume that (A.1), (A.2) and (A.5) hold.
Then there exists a constant C' > 0 such that

E(u,0,t) < C(1+ 1) "K(f1, f2) (1.8)

for any t > 0 and (f1, f2) € HE(Q) x L?(Q) with K(f1,f2) < oo, where
pu=min{l,agp}.
Assumption (A.5) is weaker than that “a(x) > gy > 0 a.e. in Q7

in Nakao [25], however, we need additional condition K(f1, f2) < oo on
the initial data. Note also that Mochizuki and Nakazawa [19] investigate
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the similar case to (A.5) with time dependent dissipation. They show the
estimate

E(u,Q,t) < Ot~ ™t /2))
if the dissipation coefficient b(¢, z) depending also in time satisfies
Bole+r+t) P <b(t,r)<by  (t>0,2€Q). (1.9)

Note that decay rate in (1.8) is better than that in [19]. Instead of that
advantage, we need K(f1, f2) < oo, which is stronger than that in [19].
When ay < 1, the decay rate O(t~%) is the same as in the lower bound
estimates given by Nishiyama [27]. Thus, in this case, estimate (1.8) is
optimal. Note also that Matsumura [15] and Uesaka [33] give estimates
corresponding to E(u,Q,t) = Ot~ ™r{LA}) for compact supported initial
data if (1.9) holds.

If ag > 1, the situation is different. For the case of the Cauchy problem
(i.e. € = R™ and there is no boundary condition), Ikehata, Todorova and
Yordanov [7] give the optimal decay estimates of the total energy for com-
pactly supported initial data. They assume that the dissipation coefficient
a € L®(R™)NC(R™) and there exist constants 0 < ag < a; such that

ay

ap
<a(z) < At P72

A S (x € R™).

In the above setting, they show that for any fixed § > 0, E(u,Q,t) =
O(t~mirdaon=o}) (n, > 3) and E(u,Q,t) = Ot~ ™r{®0=02}) (n = 2) hold.
Thus, they find another threshold ag = n, which comes from the aspect cor-
responding to the heat equations (i.e. the low frequency parts of solutions).
On the other hand, optimality of estimate (1.8) reflects on high frequency
parts of waves. Thus, there are differences between (1.8) and the estimates
of Ikehata, Todorova and Yordanov [7]. Note that in [7], the upper bound
estimate of a(z) in the above assumption is needed. If a decays more slowly
like a(z) ~ (14 |z|)~* with 0 < o < 1, as is in Todorova and Yordanov
[32], for any fixed ¢ > 0, E(u,Q,t) = O(t=~("=2)/(2=2)=1) holds. Thus,
decay rates of the total energy change although this is also caused by the
low frequency parts.
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2. Preliminaries

We begin by introducing basic identities and estimates to obtain theo-
rems describing in introduction. In what follows, only for the solutions u of
problem (1.1) with f1, fo € C§°(Q2) are treated. Every solution u of (1.1) in
the space ﬂjl.zo C19([0,00); HJ (Q)) can be approximated by a sequence of
solutions u; (j = 1,2,...) of (1.1) with w;(0,-), dsu;(0,-) € C§°(R?). Thus,
we can always assume that fi, fo € C§°(£2). From usual existence theorems
and the finite propagation property of the solutions of wave equation, we can
see that u € ﬂ;:o C?77([0,00); H7(Q)) and suppu is compact in [0,7] x
for any T > 0.

We choose any 7 € C1(Q) of real-valued. Multiplying t0;u, ndyu, nu,
x - 0;u by the equation in (1.1) respectively, and integrating by parts, we
obtain the following identities:

E(u,Q,t)—i—/t/ sa(w)|8tu]2da:ds:/OtE(u,Q,s)ds, (2.1)
/ n(z)e txudx+// ) |0pul? dads

—&—Re/o /Q(ng-vxu)atudxds = /Qn(x)e(o,x;u)dx, (2.2)

t t
// n(|Vaul® — |0pul?)dzds + Re [/ nu@tudm]
0Jo
= —;[/ a(x)n\u|2dac] Re// 2N - Vyu)udzds, (2.3)
Q

// 10ul? — |V ul? dwds%—//\v u|?dxds

+ Re [/ Ou(z -V u)dx}
0

// x)Ou(x - Vyu)deds + — // x - v(2)|0,u|*dS,ds,
o0

(2.4)

where [f}é = f(t) — f(0). Note that identities (2.2) and (2.3) hold even for
€ Wh(Q). For any fi and fo € C3°(Q) and any t > 0, there exists

loc
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R > 0 such that suppu C [0,t] x (2NBg) since the propagation speed is
less than 1. Noting Wllocoo(Q) C W,21(Q), we can choose a seqence {n;} in

loc
C1(Q) satisfying n; — n in WH1(QNBR) as j — oo. Using this sequence
{n;}, we can show the above mentioned facts.
Adding (2.4) to the equality obtained by multiplying (n — 1)/2 by (2.3)
with n = 1, we have

t
/ E(u,$, s)ds
0
t

t
__n-l Re [/ u@tudx] _n-ld [/ a(:c)]u\zdx}
2 Q 0 4 Q 0
—Re{/atuw Vudx} —Re// x)O0yu(x - Vyu)dzds
1 2
+// x - v(x)|0yul dSyds. (2.5)
2 Jo Jog

To handle the boundary integral in (2.5), we need assumption (A.2). As
is in Ikehata [4] and Nakao [24], (A.2) implies the following estimate:

//H

Thus we need to control |[lu(t, -)H%Q(Q). Here, we use a variation of

dS ds < CE(u,9,0) +C// ) |ul*dzds

+ Cllu(t, s @) + C a0, )72y - (2:6)

Lemma 2.6 in Ikehata [4] originated in Ikehata and Matsuyama [6].

Lemma 2.1  There ezists a constant C > 0 such that every solution u(t, x)
of (1.1) with the inital data f1, fo € C§°(R2) satisfies the following estimate:

Moy + [ / ) lu(s, @) ? dads

< C(lldn()(fo +al) fi)ll2(@) + I1illT2@) (&= 0).

Note that in this article, the Hardy inequality (1.6) is needed only for getting
Lemma 2.1. This is the reason why only the Dirichlet problem (1.1) is
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treated and the case of the Cauchy problems are excluded for n = 2.

Identity (2.5), estimate (2.6) and Lemma 2.1 imply that there exists
a constant C' > 0 depending only on the space dimension n, 2 and a(x)
satisfying

/Euﬂsds+/ x)|u(t, z)|*dx

< CK(f1, f2) + /Q |zle(t, z;u)dr + I(t;u) (¢t >0), (2.7)

where

I(t;u [// z)Oyu(s, z)z - Vu(sm)dxds]

We also need the following estimates for |x| > ¢, i.e. the outside of the
propagation cone:

/(\xy—t)+e<t,x;u)dxg/Q|xye(o,x;u)dx, (2.8)

/ / V(|2 = 8)s |Beus, 2)[° dxds</ wle(0, 3 u)de,  (2.9)

where (|z| —t)+ = max{|z| —¢,0}. As is in Ikehata [4], (2.8) is obtained by
using the idea showing weighted estimates given in Todorova and Yordanov
[31]. In [30] and [10], we also need estimate (2.9), which is given by the
same manner as for (2.8).

Noting (x) < 1+ |z| and |z| < ¢t + (|z| — t)4 for |x] > R and |z| <
s+ (|z| — )+, we can obtain the following estimates:

/ (@)e(t, zsu)dz < CK(fi, f2) + LE(w, 0. 1) — (t — R)E(u, N By, 1),
N (2.10)

// x) [Opul* dwds < CK(f1, f2) // )s |Opul® deds.  (2.11)

Concluding this section, we introduce another identity which is also
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useful to show Theorems 1.1, 1.3 and 1.4. Choosing n(z) = ((z)5)’(=
(6 + |z|2)%/2) (6 > 0) in identity (2.2), we have

/(<>) t:cudx+// )s)? |0,ul” dzds

+ Re / / (B((2))°~22 - Vo) Frudads — / ((2)5)e(0, z: ) da.
0 Jo Q
We add f(f Jo B((x)5)P~2|a|e(s, x; u)dzds to the both side of the above iden-
tity. Since
2

)

— 1

] ]

e(t, z;u) + Re<

it follows that

| (@ tﬂ:udx+// )5)? ol dids
+ﬁ// V)02 || J (s, 23 u)dsdz

/(( )s) e 0xudz+ﬁ// 5)°P72|zle(s, z;u)dzds.  (2.12)

Taking the limit as ¢ — 40 in (2.12), we obtain

/|ZC|B (t,z;u d:L‘+/ / (2)|x]? |0yul® dzds
—l—ﬁ/ /\w|ﬁlJ(8,x;u)dsd:L‘
0o Jo
t
:/ |a:|ﬁe(0,a:;u)d:v—|—ﬁ/ /!m|ﬁle(s,x;u)dazds. (2.13)
Q 0o Ja

Note that even for the case of the Cauchy problems (i.e. Q = R"), (2.13)
is vaild for 3 > —n + 1. Since |(z)?~! — (2)572|z|| < (2)?~2/((z) + |z|) <
(z)8=3 from (2.12) with 6 = 1, it follows that
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/<> t:cud:c+// ()7 |0yu|? dzds
+/3/0 /(x)ﬁ_lJ(s,x;u)dsdx
§/<> (Oﬂcudm—l—ﬁ// Vi Le(s, z;u)dxds

—|—2B/ / Vi=3¢e(s, x;u)dxds (6>0). (2.14)

3. Proof of Theorem 1.1

In this section, we give a proof of Theorem 1.1. First we show (1.5)
assuming (S.1). Choosing 5 =1 in (2.13), we have

/ |zle(t, z;u dx—i—/ / x)|z| |Opul dwds—i—/ / s, x;u)dsdz
:/ |x]e(0,w;u)dac+/ E(u,,s)ds. (3.1)
Q 0

From assumption (S.1) and (3.1), it follows that

/EuQs ds < L(f1, f2,t) /\x!etxuda:—i—// )|x| |0yl dads.

Combining this estimate with (2.10), (2.11) and (2.1) we obtain

t
/ E(u,Q,s)ds
0

< L(f17f27t)+CK(f17f2)

+tE(u,Q,t) — (t — R)E(u, Q2N Bg,t) / / )s |0yul? dzds

— L1, fort) + CK(f1, fo) + / E(u,Q, s)ds — (t — R)E(u, 21 Bp, 1),
0
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where C' > 0 is a constant in (2.10) and (2.11). The above estimate implies
that

(t — R)E(u,Q2N Bgr,t) < CK(f1, f2) + L(fl, fa,t)
(taR > Oaflva € CSO(Q))
Hence we obtain estimate (1.5) in Theorem 1.1 if we assume (S.1).

Next we show (1.5) assuming (S.2). We begin by estimating I(t;u) in
(2.7). Since it follows that

‘a(m)@tu(s, x)x - Vyu(s, :c)‘

a(az)]:v|8tui -Vau

||
= a(x)|z] <Vmu—¢— x&u) L — Bl
|z| || |lz| ||
1 2
4‘V u + z |8tu + ((a(m)\x|)2 +a(x)|m|)|8tu\2,

assumption (S.2) and (1.2) implies that

I(hu) <+ // sxudmds+// )] + (a(z)|2])2)|Oul2deds

< §A(t) + B(t) + L(f1, f2, 1),

where we put

// J(s,z;u)drds and B(t // z)|x||0ul*drds. (3.2)

From the above estimate, (2.7) and (3.1), it follows that

/Q |z|e(t, z;u)dx + B(t) + A(t)

t
S/ ]w\e(O,x;u)dw—i—/ E(u,Q,s)ds
Q 0
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<CR(fufo) + [ Jale(t s w)da + 16 w)
Q
S/Q\x]e(t,m;u)der;A(t)+B(t)+CK(f1,f2)+L(f1,f2,t),

which implies that A(t) < 2CK(f1, f2) +2L(f1, f2,t). This means that (S.1)
is satisfied if we take L(f1, f2,t) in (S.1) as 2CK(f1, f2) +2L(f1, f2,t). This
completes the proof of Theorem 1.1. O

4. Proof of Theorem 1.3

We give a proof of Theorem 1.3. First assuming (A.1), (A.2) and (A.4),
we show the local decay estimate (1.7). In this case, since it follows that

a(@)|z* < a(@){(|2]* - RY)+ + R} < C+ Rillall =) (z € 9Q),

from (1.2), we obatin

/ / )|x))? |8tu(8,x)\2dsdx

< (C+ R{|lallL=(q)) / / ) |0u(s, z)|* dsda
< (C + Rillal| L= @) E(u, 2, 0).

Since E(u,,0) < K(f1, f2), it follows that (S.2) in Theorem 1.1 holds for
L(f1, f2,t) = (C + Rj||al| =) K (f1, f2). Thus, using Theorem 1.1 we get
(1.7).

Next assume that (A.1), (A.2) and (A.3) hold. From (3.1) and (2.7), it
follows that

/ |z|e(t, z;u dw—i—/ / x)|x| |Opul dxds—i—/ / s, x;u)dsdz

< CK(fi, f2) / |z|e(t, z;u)de + = // z)|z|(|0wu|® + |Vaul?) duds,

which implies that
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SB(t) + A(t) < CK(f1, f2) + / / 2)|z| |Voul® dzds, (4.1)

where and in what follows, we use the notations given in (3.2).
To give estimate for the integral in the right hand side of (4.1), we use
1dent1ty (2.3) with n(z) = a(z)|z|. Since identity (2.3) still valids even for
€ W(9), we obtain

loc

t

// 2)|el(IVaul? — |0ul?)dzds + Re [/Qa(x)yx\umdx]o
= 3| [aiolopas]
—Re//{ ( v u)u+yg:\v 0 Vou)a }dwds

a(m)lwlfl(:v)m‘ < [z| | fa(2) + al2) f1(@)| | fo(@)] + [2] | fo ()
dn(@)? |fo(@) + a(@) fr(@)* + (1 + |2]) | f(a)

Since

and
(a(@))?2] |f1(2)]* < 20z[{|fo(2) + a(@) fr ()] + | f2(2)]*}
< 2d,(2)? | f2() + al@) f1 ()]
+Al|alF oo 1f1(@) P + 401+ |2]) [ f2(2)]?,

from the definition of K(f, f2), it follows that

/ a(x)|z|u(0, 2)0u(0, x)dz| +
Q

’ / Ll |u(0, ) [P
< 5(1 + ||alF oo ) K (f1, f2).

The above equality and estimate imply that
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// 2)|z| |[Vaul® dzds

< B(t) + q(t) + CK(f1, f2)

—Re/ot/Q{a(m)<|i|~ >u+]m|(v a-Vau)i }dxds (4.2)

where

q(t) = —Re/ﬂa(x)\a:|u(t,x)8tu(t,a:)da:.

Next, we treat the last integral of the right hand side of (4.2). Noting
that

alz) (é‘ : un)u = a(x)% : (qu + ’i‘@tu)u — a(z) (;’ : ;8tu>u,

we get
Vu + iﬁtu

- Re [o(o) (7 Vo )] < )|+

For the term |z|(Vza - Vyu)u, we use assumption (A.3) and get

a(x)0;|ul”

jul + 2

— Re [|z]|(Vza - Vou)u|

= —Re [|x|vwa- (un—i— z |8tu) — |z|Vza - z |(8tu)u],

-V
a|Vau+ ’x—‘@tu T Vad
x

&g\u]Z.

Jul +
Adding them, we obtain

~Re [a(:r) <"; : qu)u+ |2|(Vaa - un)u]

1
< —|V,
2’ u +

2 a(z)+x-Vza

atu + (llall =) + C*)a(z)|ul* + A (|uf?).
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Hence noting (A.3) and a € L*°(2) again, and using Lemma 2.1 we obtain

//{ ( Vu)uﬂxwa V) }dmds
// 5:1:uda:ds+0// o) |uf2drds

[ ]

< A(t) + CK(f1, f2)

with different constants C' > 0 from that in (A.3). This estimate and (4.2)
imply that

/ / )| Vol duds < B(t) + CK(f1, f2) + a(t) + A(t).

Hence (4.1) and the above estimate yield

5B(t) + A(t) < CK(f1, f2) + 5 {q )+ A(t) + B(t) + CK(f1, f2)},

which implies that
A(t) <3CK(f1, f2) +q(t)  (t=0). (4.3)

From the definition of ¢, it follows that

/ / / a@lel 2 asda

- /Q : x;‘x’ {I/1(@)]* = |0pu(t, z)|*}dx

</Qa(:l:2)|x||f1(x)2dx<oo (t>0),

since f1 € C§°(€2). Choose 7 > 0 arbitrary. Since A(t) is non-negative and
increasing for ¢ > 0, (4.3) and the above estimate imply
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A(r) <

t—1T1

t
[ As <s0x( o+ [ A0 )P

for any ¢ > 7. Taking t — oo, we obtain A(7) < 3CK(f1, f2). Thus, (S.1)
in Theorem 1.1 is satisfied if L(f1, f2,t) in (S.1) is chosen by L(f1, f2,t) =
3CK(f1, f2). Thus, Theorem 1.1 and (2) of Remark 1.2 imply Theorem 1.3.

U

5. Proof of Theorem 1.4

In the beginning, we introduce the following lemma which implies decay
estimates for the total energy:

Lemma 5.1 Assume that there exist constants 0 < p < 1 and Cy > 0
such that

/(x)“e(t,x;u)dm + /t / () (s, x5 u)dsde < CoK(f1, f2)
) o t>0), (5.1)
then there exists a constant C; > 0 such that
E(u,,t) <Cy(1+t)""K(f1,f2) (>0, f1,f2 € CF(Q)).
Proof. Assuming (5.1), we show (S.1) in Theorem 1.1 holds if we take
L(f1, fo,t) = C'K(f1, f2)(1 + t)!=# for some constant ¢’ > 0 independent

of f1, f2 and t. Note that (t)*=! < (x)#~1 for |z| < t. This and (5.1) imply
that

t t
(t)“_l/o /QOB J(S,x;u)dxdsg/() /QQB Y1 (s, 25 u)dxds
S/o /Q(x>“1J(s,x;u)dsdx < CoK(f1, f2).

On the othe hand, since p > 0, from (5.1), it follows that

()" / e(t, 3 u)dx < / (2)e(s, 2 u)dz < CoK (1, fa), (5.2)
QN(By)¢ QN(By)e
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which yields

t t
/ / J(s,z;u)drds < 2/ / e(s, z;u)dxds
0 Jan,)e 0 Jon(B.)e

sAcwthm>m3

< 2Cy

< g KU )T

if 0 < p < 1. Combining these estimates, for 0 < p < 1, we obtain

/t/ J(s,z;u)drds < OK(f1, fo)(1+1)#
0o Jo

for some constant C' > 0. Note that for 4 = 1, the above estimate is given
by assumption (5.1) itself.

Thus, when 0 < p < 1, assumption (S.1) in Theorem 1.1 is satisfied for
L(f1, f2,t) = CK(f1, f2)(1 + t)1=# for some constant C' > 0. Theorem 1.1
and (1) of Remark 1.2 imply that there exists a constant C' > 0 independent
of t such that

E(u, QNBy /o, t) < CK(f1, fo)(1+1)7" (t >0, f1, f2 € C5°(Q)).

Similarly to (5.2), we also have
/ e(t,x;u)de < CK(fy, f2)(1+t)~#
QN (By/2)°
for any t > 0 and f1, fo € C§°(€2). Combining the above two estimates with

E(u,Q,t) = E(u, QNBy /s, 1) + / e(t,z;u)dz,
QN (By/2)°

we obtain

E(u, Q1) <CK(f1, )1+ 07" (20, f1, f2 € C5°(Q)),

which completes the proof of Lemma 5.1. Il
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From Lemma 5.1, to obtain Theorem 1.4, it suffices to show (5.1). We
need the following lemma converting energy estimates for space derivatives
to ones for time derivative:

Lemma 5.2  Assume that the dissipation coefficient a(x) satisfies (A.5).
For Ry in assumption (A.5), we take arbitrary ro > Ry and function n €
C®MR™) with0 <n<1,n=1(z| >ro+2) andn =0 (Jz] < rg+1).
We also choose a non-positive o < 0 arbitrarily. For these fized ro, n and
a <0, there exists a constant Cy, o > 0 such that

*(|Vyul® — [0pu|?) dzds

QNB¢

ro+1

2

K(f1, f2)

holds for anyt >0 and 0 < e < 1.
Proof. Changing 7 in identity (2.3) with n(z)(z)®, we obtain

t

// “(|Vul? — |9yul?)dads + Re [/ e o) "o |

:_;[/ a(@)n(@) (@) ul da:] —Re// ) - Vpu)dads.

Since n(z)(x)® is bounded for a < 0, from (1.2) and Lemma 2.1, it follows
that

/Qn(x)<x>o‘u6tudx < Cllult, )l 2o l10cu, )l 2@) < CK(f1, f2)
(t=0),

[ e atonds] < Cllallmia e )l < CK () (¢20)

which implies that
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// *(|Vaul® — |0pu|?) dads
// - Vyu)udzds

< CK(f1, f2) + (5.3)

Noting that
(Va(n(z)(x)) - Vou)u
— ((wa o+ anto

— ((Vamia)® + anta) 55 )

and 2Re(Oyuu) = 0;(|ul?), we have

// .V pu)Tdads
//(vn “ + anle <:”> <vu+| ‘au>udm

)
[/Q< )|zt Vo ;7+a77|$!< )~

() ful? dm}t.

0

From Lemma 2.1 it follows that

{/Q ()|~ - Vo + aﬂ|$|<x>1)<x>“1|u|2dx]t

0

S COLK(f17f2)

since o < 0 yields sup,epn |((#)|z] @ - Von + anlz|(z) 1) (z)* | < Co <
oo. Noting suppn C R™ \ B, +1, we get

(V) {(z)® + an(x)® 1.2 un—I—i&gu udxds
(z)

|z]
<6/0/QB, s

2

U u+ 8u dxds

|z
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¢ t a—1 2
+gﬂﬁmc}w (@ + ) [Van@) )2l + ol n() 2lul? }deds.

Since supp Vu1 C Bryi2 \ Bror1 and a(x)|z|ag’ > 1 on suppn which is
given by assumption (A.5), we obtain

// YT H (@) Van (@) )P ul® + |al®n(z))?|u]? }dads
SCLo_lfo/Q )|z (x)*H{ () Van(@)])? + o [n(2)? }u*dzds

< g sup (@) {IVan(@)2(z)? + a2l () u// 2)|uf*dzds.

zeR™

From o < 0 and Lemma 2.1, it follows that

ALM”WMWM%!W+MM 2)PJul? bdzds < CoK (fr, o).

Summarizing the above estimates, we obtain

YY) - Vyu)udzds
2
<a// e AT oy YK (fr, fa).
anBg, |z
Combining this estimate with (5.3), we obtain Lemma 5.2. O

To show Theorem 1.4, we need more precise estimate than (2.7). Recall
the Morawetz identity originally given by Morawetz [21].

(R x Q) and a real valued function
F € C*(R™\ {0}), we have the following identity:

Re [F (1: VRS n;1v> (07 — A)v}

= 0 (X (t,z;0)) + div(Y (t, z;0)) + Z(t, z;v)

Proposition 5.3 For any v € H?
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n—1

+ <2_1div(Fx) — F> (|0p0]* = |V4v]?) + F|Vv]?
+ Re[(V,F - Vyv)x -V, 0],

where

X(t,2;0) = Re [F(:z:)@tv(t, z) (x Voot a) + 2

S ).

Y(t,z;0) =271 (|Veo]? — [Ow]?) Fa

-1 -1
—Re [F(:p V) Ve + PV, T - y vaF},
n—1 9
Z(t.i) = - AP @)t
The case of F' =1 in Proposition 5.3 is just (2.5).
Now, let us choose F(x) in Proposition 5.3 as
1 T
Fla) =x) = 7 [ (o) =als)is. = .

where g and g € C§°(]0, 00)) satisfy the following properties:
(i) 0 < g <1, g is non-increace in [0,00), g(r) = 1 (r < Ry + 3) and
g(r)=0(r> Ry +4).
(i) 0 < g(r) < (1 + 7)Y suppg C (Ro + 5,00) and fooog(s)ds =
fooo g(s)ds.

We can take g, g as follows: First we make g satisfying (i). Noting that

/ (14 5)"'ds =log(1 +r) —log(Ro +6) — 00 (r — c0),
Ro+5

for g, we can choose a function h € C5°((Ro + 5,00)) satisfying 0 <
h(r) < (L+ )7t and [[Zg(s)ds < [, h(s)ds. If we put g(z) =
(J57g(s)ds)( [5° fz(s)ds)_lﬁ(r), then g satisfies property (ii) in the above.

Lemma 5.4 The function x satisfies the following properties:
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(i) x € C5°([0,00)), x(r) =1 (r < Ro+3), X'(r) <0 (r > 0).
(it) X' (r) + x(r) = (rx(r))" = g(r) = g(r) (r = 0).

Proof.  From definition of y, we have x € C*°([0,00)) and

1 T
/ lds =1 (r < Ry+3).
™ Jo

For any R; > 0 with supp g C (Ro+5, R1), it follows that x(r) =0 (r > Ry)
since

(s))ds =0 (r > Ry).

=
—~
=
S~—
|
3
L
o\
— N
Na)
—
»
S~—
|
N}l
—~
'S
N—
S~—
QL
&
Il
ﬁI
—
S—
3
—~
Q
—~
S
N—
|
N}

Thus we obtain x € C§°([0,00)). Note that we also have
rX'(r) + x(r) = (rx(r)) = g(r) =g(r) ~ (r=0).

Last, we show x/(r) <0 (r > 0). For r < Ry + 5, we have

) = /Org(s)ds%—g(:) _ ! (/Org(s)ds—rg(r)> <0 (r<Ry+5)

r2 r2

since ¢ is non-increasing. Since § > 0 and g = 0 for r > Ry + 5, it follows
that

/Org(S)d,g B /Org(s)ds > /Ooo g(s)ds — /Oo §(s)ds=0 (r>Ro+5).

Ro+5

This implies that

X'(r) = - /Or(g(s) —g(s))ds + M

r2

r
—1 oo r ~
:2</ g(s)ds—/ §(S)ds>—g(”§0 (r > Ro + 5).
" 0 Ro+5 T
This completes the proof of Lemma 5.4. 0O

From V,F = x'(|z|)(z/|x|), it follows that
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n—1

27 div(Fz) — F =

(X (=) + x(l=]))

M\»ﬂ

2
Re[(VF - Vyu)z - V,u| = <X’(|:c\)|i| . fou)a: -V u = |z|X'(|z]) =z V.,

]

. x n—1
& =i (o) % ) =x"(el) + " (o
|| ||
Hence Proposition 5.3, equation (1.1) and (ii) of Lemma 5.4 imply

Re {—X(|x|)a(x) <x~V a 1u>3tu]

= X (i) + (Y (8 ) + (g - 3(Jal))elt, a5 )
2
— lz|x'(|z a2 — |- L
(o) (1920 - |25 )

e (IR = ) T (5.4

-V,u

We integrate (5.4) in [0,¢] x Q. As is in Morawetz [21], integration by
parts implies

/ /dleda:dS—/ / -YdS ds-—/ / Fuv - z|0,ul?dS,ds
o0 o0

since from the Dirichlet condition, it follows that V, u(t,z) = v(z)d,u(t, )
on R x 9Q. Noting Lemma 5.4 and |V, u|? — |z/|z| - V,ul? > 0, we obtain

/Ot/Qg(|$|)6(5,x;u)dxds/Ot/ﬂg(m)e(s’x;u)dxds
<=z [ [ x(eata)(+-v.
— Re [/Qx(m)atu@.vwr n-
+;/Ot/mﬂf -v(x) |0yul? dS,ds

—1 ) Orudxds

1 t
u) dm]
0
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[t + "o buasas

From (2.6) and Lemma 2.1, the boundary integral in the above are estimated
as

t
// z-v(x)|0,ul’ dSyds < CK(f1, f2) (> 0).
0JoQ

Since x'(r) < 0 (r > 0), for any r > 0, it follows that 1 = x(0) > x(r) >
lim, o x(r) = 0. Thus Lemma 2.1 implies that

‘2Re/0t/Qx(\x])a(x)ué?tuda:ds _ '/(]t/gx(\x])a(x)ﬁtu\deds
:H/ﬂx(\ﬂ)a(:ﬁnm?dzr < llallze@K(f1,f2)  (t=0).
0

From (1.2) and Lemma 2.1 and boundness of |z|x(|z|) in R, it also follows

that
-1
u> dx

[ xtebor(s

For the integral of Re x(|z|)a(z)(x - V,u)0u in [0, ] x €, noting

< c/ (19l + [Vou® + |uf? ) du
Q

<CK(fi,f2)  (20).

x(|z)a(z)(x - Vou)du
- T . T 9
= x(Jz)a(@)|z[{ Vou + o) rd x([z))a(z)[z][dru|
and |z|x(|z|]) = 0 (Jx| > Ry) for some Ry > Ry +5, for any 5 < 1, we obtain
Ix(J2])a(@)(z - V1) dul

< C{(R1>(15)/2<x)(51)/2a(x) Vou+ —8u

]

Oyl + a(x)\atuﬁ}
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2
z
Vau + matu +C {1+ <R1>1_5Ha||Loo(Q)}a(x)|8tu|2.

< e(z)Pt

This and (1.2) imply
t
‘Re/ / x(lz)a(x)(z - Vou)Oyudrds
0 Jo
vxu + iatu

. / f ]

Summarizing the above estimates, we obtain for any § <1, 0 < ¢,

[ [ athets s
: ET/Ot /Qmﬁ_l Vet O

o [ [ stebetsasudaas
" 1 / / { (=) + ,;‘1 (\SCI)}\U\deds. (5.5)

Using (5.5), we show the following lemma:

2
dxds + Ce gK(f1, f2) (>0, >0).

2
dzds + C. g K (f1, f2)

Lemma 5.5 Assume that the dissipation coefficient a(x) satisfies (A.5).
Then for any € > 0 and B < 1 there exists a constant Cz . > 0 such that

[ [ stets aswazas
Ss/(]t/ﬂ<x>ﬁ—1

Proof.  Since x'(|z]) # 0 implies Ry + 3 < |z|, from (A.5), it follows that
a(z)|zlagt > 1 for x € Q with x'(|]z|) # 0. Combining this with Lemma 2.1,
we get

2
Vau + iatu dzds + Cg K (f1, f2)

]

(t>0,0<e<1,B8<1).
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[ [ {en ‘;f (|$|)}IU|2d:vds

< sup |TX (n—1)x / /
r>0 Qﬂ(BR0+3)C

<C / / o)|ul?deds < CK(f1, f).

ao Ya(z)|z||ul?dxds

Since § is chosen satisfying 0 < g(r) (r > 0) and supp g C (Ro + 5, R;) for
some Ry + 5 < Ry, it follows that

t t
/ / g(z|)e(s, z;u)dxds < <R1>2_/B/ / ()P 2e(s, z;u)dzds
0 JQ 0 JOQN(BRrg+s)©

for # < 1. From these estimates and (5.5), to obtain Lemma 5.5, it suffices
to show for any 0 < 6 <1, 0 < ¢,

t
/ / (x)P~2e(s, z;u)dzds
0 Qﬂ(BRO+5)C
Vmu + i8,5u

<< / =

We use Lemma 5.2 with g = Rgp+3 and o = §—2 < —1. Since 7
in Lemma 5.2 satisfies suppn C (Bpry+4), 0 < n < 1 and n(xz) = 1 for
|z| > Ry + 5, we obtain

t
// (2)P72|V pu|?dads
0 Qﬂ(BR +5)c

/ / )P 72|V pul*dads

< / / <x>ﬁ_2]8tu\2d$ds + C.K(f1, f2)
0 QO(BR0+4)

t
+5// (z)P=3
0 JQN(Bry+4)©

2
dxds + Cg’EK(fl,fg). (56)

2
Vou + iatu dxds.

]
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From this estimate, it follows that for any 5 <1

t
// (x)P~2e(s, 3 u)dzds
0 Qﬂ(BRO+5)C
t

S// (2)P2|0yu)?dxds
0 QO(BRO+4)C
t

+6// (z)P=3

0 Jon(Brya)°

From (A.5), it follows that a(z)|z|ag* > 1 (|z| > Ry). Hence (1.2) yields

t
/ / <x>ﬁ*2‘8tu|2dxds
0 JON(Bry+4)©

t
S// a(z)|z|ag  (z)?~2|0u|>dzds
Qﬁ(BRO+4)C

<ay / / x)|0u|*dzds < aO E(u,Q,0) (B<1).

2
V,u+ iﬁtu dxds + Cp K (f1, f2).

||

These estimates give (5.6), which completes the proof of Lemma 5.5. O

Next, we consider fot Jo (@)1 (1 — g(|=))e(s, z; u)dads for 3 < 1. We
put n(x) =1—g(|z|), 7o = Ro+2 and @ =  — 1 in Lemma 5.2. Then it
follows that

/ t / ()11 — g(|z))e(s, 23 u)dads
/ / g(|z])) |0¢ul? dads

: / / (@11 = g((al)) (|9l — [0,uf? )duds

/ / 9(|z))) |0pul® dzds

+g/ /(x>ﬂ_2}vxu+é@mfdmds%—cﬁ?sf((fhﬁ)'
0o Jo
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Note that we also have
/ / g(|z])) |8pu)? deds

aq — g(|z])a(z)(z)? tuzxs
so/O/Qu g(J2l))a(z) () |Oul? dwd

since 0 < g < 1, ag 'a(z)|z| > 1 for |z| > Ry and 1 — g(|x|) # 0 implies that
Ry + 3 < |z|. These estimates yield

// g(|z|))e(s, z; u)dzds
<ag / / (1 - g(lz))a(@) ) |yl dzds
+E/Ot/ﬂ<x>ﬁ—2

Combining this estimate with Lemma 5.5, we arrive at the following esti-
mates:

2
V.u+ iﬁtu dxds + Cs K (f1, f2)

]

(t>0,0<e<1,B8<1).

Lemma 5.6 Assume that the dissipation coefficient a(x) satisfies (A.5).

Then for any 1 > € > 0 and 1 > 3, there exists a constan Cz. > 0 such
that

ailt — g(|lz))a(z)(z)? tuzxs
éo/o/gu g((2))a(z) ()? |0puf? did

t
+8/ /<x>ﬁ_1J(s,x;u)dxds+Cg7€K(f1,f2) (t>0).
0 Ja

From Lemma 5.6, it follows that

/o /Q<x>ﬂ_26(s,x;u)dxds < CsKi(fi1, f2) (t>0,6<1). (5.7)
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Indeed, for g < 1, taking # and ¢ in Lemma 5.6 as § — 1(< 0) and ¢ = 1/4,
and using (1.2), we get

/Ot/9<x>526(8,w;U)dfcds Saal/ot/ﬂ(l—g(lxl))a(w)@)ﬁ1 |0yu)? dds
+;/Ot/9<$>ﬁ_26(83$;u)dl'd5+05K(f1,f2)

t
S ;/O /Q<gg>'8_26(5,33; U)de'dS + CBK(flv f2)
(t > 0).

This implies (5.7).
We continue the proof of Theorem 1.4. From Lemma 5.6, (5.7) and
(2.14), it follows that

@t + [ [ a0 s

+ 8 /0 / ()91 T (5, 2 ) s
< [@re0radess [ [ 0 etsm s
+25// V=3e(s, z; u)dzds

< oz’ / | (1= allahyato) @) yu? dods
t
+ ﬁs/ /(x>’81J(s,x;u)dxds + CsK(f1, f2)
0 Q
since (x)#~3 < (2)%~2 (0 < B < 1). This implies that
t
/ (@) e(t, w; u)dz + / / (1 - Bag + fag g(|2]))a() () |9ul? deds
Q 0 Q

+6(1 — 5)/0 /Q<x>ﬁ_1J(s,:c;u)dsdx < CsK(f1,f2) (t>0)
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for any fixed 1 > e > 0 and 0 < 8 < 1. Choosing € = 1/2 in the above, we
obtain the following key estimate:

/Q(x>ﬁe(t,x;u)dx+/0 /Q(l — Bag ' + Bag tg(|z|))a(x)(x)? |0u|? drds

WP /t/<x>ﬁ—1j(s,x;u)dsdac < CsK(fi, fa) (£>0,0<8<1).

Now, we are in the position to show (5.1). For p = min{1, a¢}, we take

B =pin (5.8). Since 0 < p <1 and

1 — pagt + pag () > 1= pag* >0,

(5.8) implies that

/Q<x>“e(t,m;u)dx+u/ot/ﬂ () I (5, 23 w)dsdz < CK(fu, fa),

which means that (5.1) holds for y = min{1, ap}. Hence, from Lemma 5.1,
we obtain Theorem 1.4.
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