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Fredholm and Volterra integral equations
with integrable singularities
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Abstract. Using Schauder’s fixed point theorem we present a new approach to estab-
lishing existence to Fredholm and Volterra integral equations where the nonlinearity may
be singular in the dependent variable.
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1. Introduction

This paper presents a new approach to singular integral equations. In
particular we discuss the Fredholm integral equations

1
y(t) :/0 k(t, 8)f(s, y(s))ds for tel0,1],

y) = [ ke (s e ds for te(0, o),
0
and the Volterra equation
¢
y(t) = / k(t, s)f(s, y(s))ds for te|0,T] (here T>0 is fixed).
0

Our nonlinearity may be singular in the independent variable and may also
be singular at y = 0. There are only a handful of papers in the literature
(see [1-9] and the references therein) where integral equations singular in the
dependent variable are discussed. These papers involving integral equations
with a general kernel only consider the case when f(¢, y) = y~%, a > 0. For
example the problem

1
y(t) =/0 k(t, s)ﬁ ds for telo0,1],

arises in a problem in communications (for a description see [7]). This type
of problem also arises in boundary layer theory in fluid mechanics [9]. In
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[5], Karlin and Nirenberg considered the more general problem

1 1
ym:Ak@%%Wm for teo, 1],

where a > 0 is fixed and k is a nonnegative continuous function on [0, 1] x
[0, 1]. In this paper to establish existence we use Schauder’s fixed point
theorem (and the Schauder-Tychonoff theorem in the last result). Our
results are new since new nonlinearities f are considered (i.e. nonlinearities
other than f(¢, y) = y~* are considered). For example in [5] the following
restrictive conditions were assumed: (i). f(¢, y) is bounded as y — oo,
(ii). k(t, s) is continuous and bounded, and (iii). k(¢, t) > 0 for all ¢ > 0.
Condition (i)—(iii) will not be needed in our main theorem.

2. Existence theory

Our first three results concerns the Fredholm integral equation

1
y@:ék@ﬁmw@MSM'mmﬂ (2.1)

where f may be singular in the dependent variable. We note that f may
be singular also in the independent variable at some set Q C [0, 1] with
measure zero.

Theorem 2.1 Let 1 < p < oo and let q be the conjugate to p. Suppose
the following conditions are satisfied:

(2.2) for allt € [0, 1], ke(s) = k(t, s) > 0 for a.e. s € [0, 1]
' and for a.e. t €0, 1], ki(s) > 0 for a.e. s € [0, 1]
k:(s) € LP[0, 1] for each t € [0, 1] and the map

(23) { t — ke is continuous from [0, 1] to LP[0, 1]
f:10, 1] x (0, 00) — R with t — f(t, y) measurable
(2.4) for every y € (0, 00) and y +— f(t, y) continuous for
a.e. t € (0, 1)
foranyr >0, Jr: [0, 1] - R, ¥ >0 a.e. on [0, 1],
(2.5) Yy € L0, 1] with f(t, y) > ¥p(t) a.e. on [0, 1] for
every y € (0, r]
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foranyr>0'wzthf0 (t, s)r(s)ds <r fort €0, 1],
Jh,: [0, 1] = R, hy >0 a.e. on [0, 1], h, € L9[0, 1]

(26) with f(t, y) < he(t) for a.e. t € [0, 1] and
Y€ [fo (t, s)vr(s)ds, 7‘]

and

(2.7) { IM > 0 with M > [ k(t, s)har(s) ds > [ k(t, s)u(s)ds
fort e [0, 1].

Then (2.1) has a solution y € C[0, 1] with y(t) > 0 for a.e. t € [0, 1].

Remark 2.1 In Theorem 2.1 it is possible to replace (2.6) with

for any r > 0 with fol k(t, s)r(s)ds <r
for ¢ € [0, 1], assume h, € L9[0, 1] where

hr(¢) —sup{f (t,y):y € [fo (t, $)n(s) ds, 7“]}
Proof. Choose M > 0 so that (2.5), (2.6) and (2.7) hold. Let

Q= {u e C[o, 1]: /01 E(t, s)n(s)ds < ul(t)
1
< /0 k(t, s)hpr(s)ds, t € [0, 1]}

Clearly @ is a closed, convex subset of C[0, 1]. To establish our result we
will apply Schauder’s fixed point theorem to the operator N; here N is given
by

1
Ny(t) = /0 K(t, 37 (s, y(s)) ds.

First we show N: @ — Q. To see this let u € @ so for ¢t € [0, 1] we have
(use (2.7))

1 1
/ k(t, s)tnr(s) ds < u(t) < / k(t, $)has(s)ds < M. (2.8)
0 0
As a result (2.5) implies
f(s, u(s)) = Yu(s) ae.on [0,1],

SO
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Nu(t) = /1 k(t, 5)f (s, uls)) ds > /1 k(t, s)yba(s) ds
’ 0 for te]0, 1]
Also (2.6) and (2.8) imply
f(s, u(s)) < hp(s) ae on [0, 1],
SO
1 1
Nu(®) :/ k(t, )£ (s, u(s)) ds < / k(t, $)har(s) ds
’ ’ for te]0,1].
Thus N: @ — . Next we show N is continuous. To see this notice if

Yn € @ and y, — y in C[0, 1] then for ¢ € [0, 1] we have

Nya(t) — Ny(t)] < /0 B, )|7(5, n(s)) = F(5, u(s)] ds

and so the Lebesgue dominated convergence theorem implies
1/p

1
sup |Nyn(t) — Ny(t)|§< sup /0 [k(t, s))® ds)

t€(0, 1] t€[o,1]
1 1/q
< ([ 156 o) - s, w1 as )
0
—0 as n—

since

1 1
/ 1705 un()) — F(s, y(s))]9ds < 29 / ot ()7 ds.
0 0

As a result N: @ — @ is continuous. It remains to show N: @ — @ is
compact. This follows from the Arzela—Ascoli theorem and the following
(here y € Q and ¢, ¢’ € [0, 1]),

1
sup |Ny(t)| < sup / k(t, s)hps(s)ds < M
t€l0,1] te[0,1] JO

and

1
[Ny(t) ~ Ny(t')lﬁ/o |k(t, s) — k(t', s)lha(s) ds
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<( / (s) = k(s lpds)l/p( / 1[hM<s>]st)1/q

—0 as t—t (from (2.3).)

Now Schauder’s fixed point theorem guarantees that N has a fixed point in

Q- 0
Our next result is a more “applicable” version of Theorem 2.1.

Theorem 2.2 Let 1 < p < 00, q the conjugate to p and suppose (2.2),
(2.3), (2.4) and (2.5) hold. In addition assume the following conditions are
satisfied:

Ft ) < o()lg(y) +7(w)] on [0, 1] x (0, o0o0) with g > 0
continuous and nonincreasing on (0, co), 7 >0
continuous and nondecreasing on (0, co) and

¢: 10, 1] = R with ¢ > 0 a.e. on [0, 1]

(2.10) { ¢ € L0, 1] and ¢(t)g(fy k(t. s)un(s)ds) € L0, 1]
for any r >0

(2.9)

and there exists M > 0 with

) { M > J3 ke, $19(6) (M) + 9(J3 ks, a)oe(x) da)] ds
>f0 (t, s)vp(s)ds for te[0,1].

Then (2.1) has a solution y € C[0, 1] with y(t) > 0 for a.e. t € [0, 1].

Proof.  The result follows from Theorem 2.1 once we show (2.6) and (2.7)
hold. Notice for a.e. t € [0, 1] and y € [fo (t, s)ir(s)ds, r] that (2.9)

yields
F(t, y) < (1) [T(T‘) +g (/01 k(t, s)ir(s) dsﬂ .
If we take

pelt) = 0) 1)+ ([ 066 i) as)

then (2.6) is immediate since (2.10) guarantees that h, € L9[0, 1]. Also
(2.11) guarantees (2.7). O
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To show how Theorem 2.2 can be applied in practice consider

1
y(t)=/0 k(t, )(s)lg(y(s)) + 7(y(s))]ds for ¢€[0,1]. (2.12)

Theorem 2.3 Let1 <p < o0, q the conjugate to p and suppose (2.2) and
(2.3) hold. In addition assume the following conditions are satisfied:

is continuous and nondecreasing on (0, co) and
¢: [0, 1] — R is measurable with (;S >0 a.e on (0, 1]

¢ € L0, 1] and $(t)g(g(r) [, k( (s)ds) € L0, 1]
foranyr >0

g > 0 is continuous and nonincreasing on (0, co), 7 >0
(2.13)

(2.14) {

and there exists M > 0 with
2.15) {M > [ k(t ¢( )[T(M) + g(g(M) [y k(s, z)¢(x) dz)] ds
> g(M) fo s)p(s)ds  for tE[O,l].
Then (2.12) has a solution y € C[0, 1] with y(t) > 0 for a.e. t € [0, 1].
Proof. The result follows from Theorem 2.2 once we notice that we can
take 9r(£) = $(£)g(r). 0
Remark 2.2 If g(y) = y~%, a > 0 and for y > 0 we have 7(y) = Ay®+ B,
A>0,B>0,8 >0 then (2.15) reduces to
M > [Lk(t ¢( V[AMP + B+ M** ([ k(s, z)d(z) dz) "] ds

{ >M‘3‘f0 s)p(s)ds for tel0,1].

Of course if & and @ < 1 then this inequality is satisfied for M large.

Remark 2.3 It is also possible to obtain an analogue of Theorem 2.1 in
the nonsingular case i.e. when f: [0, 1] x [0, c0) — R. In this case (2.5)
and (2.6) are replaced by

for any r > 0, 3h,: [0, 1] = R, h, > 0 a.e. on [0, 1],
(2.16a) h, € L9[0, 1] with 0 < f(¢, y) < h,(t) a.e. on [0, 1] for
every y € [0, 7]

and (2.7) is replaced by
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(2.16b) M > 0 with M > fo (t, s)hps(s)ds
for t € [0, 1].

The details are left to the reader (also in this case the solution y con-
structed satisfies y(¢) > 0 for ¢ € [0, 1]).

Next we discuss the Volterra integral equation
t
- / k(t, $)F(s, y(s))ds for te[0,T] (2.17)
0

(here T' > 0 is fixed).

Theorem 2.4 Let 1 < p < oo and let g be the conjugate to p. Suppose
the following conditions are satisfied:

518 for allt € [0, T), ki(s) = k(t, s) >0 for a.e. s €0, ]
(2.18) { and for a.e. t € [0, T, ki(s) > 0 for a.e. s € [0, ¢]
ki(s) € L?[0, ] for each t € [0, T]

(2.19) ¢
and  supseo, 1) Jo [kt(s)]P ds < oo

(2.20) for any t, t' € [0, T fot* lke(s) — ky(s)|Pds — 0

ast —t' where t* = min{t, '}

(0, c0) = R with t — f(t, y) measurable

(2.21) for every y € (0, 00) and y — f(t, y) continuous for

a.e te(0,T)

foranyv“>0 .. [0, T) — R, 9 >0 a.e. on [0, T],
(2.22) Yr € L0, T) with f(t, y) > ¥r(t) a.e. on [0, T] for

every y € (0, 7]

for any r > 0 with fo (t, s)p(s)ds <1 fort e [0, T),
(229 3he: [0, T) = R, hy >0 ace. on [0, T, hy € L0, T

with f(t, y) < hy(t) for a.e. t € [0, T| and

Yy € [fo (t, s)vr(s) ds, r]

(2.24) E!M>0wzthM>f0 (t, s)har(s) ds>f0 (t, s)Ypr(s)ds
fort e [0, T).

Then (2.17) has a solution y € C[0, T| with y(t) > 0 for a.e. t € [0, T.
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Proof. Choose M > 0 so that (2.22), (2.23) and (2.24) hold. Let
¢
Q= {u € C[0, T1: / k(t, s)ar(s)ds < uf(t)
0

< /Ot k(t, s)has(s)ds, t € [0, T]}

and

Ny(t) = /O B(t, $) (s, u(s)) ds.

Essentially the same reasoning as in Theorem 2.1 guarantees that N: Q) —
Q. Also N: @ — @ is continuous. To see this notice if y, € @ and y, — ¥
in C[0, T then the Lebesgue dominated convergence theorem implies

¢ 1/p
sup INyn(t)—Ny(t)!S< sup /O[k(t, 3)]Pds>

te[0, T) t€[0, T]
T 1/q
Y ( [ 165wt - 6 y<s>>|qu)

—0 as n — oo.

In addition N: Q@ — @ is compact from the Arzela—Ascoli theorem and the
following (here y € @ and ¢, ¢’ € [0, T] with ¢’ < ?),

t
sup [Ny()| < sup [ k(t s)has(s)ds < M
t€[0, T t€[0,T) JO
and
tl
|Ny(t) — Ny(t')|< A |ke(s) — k (s)1£ (s, y(s)) ds

¢
+ | ki(s)f(s, y(s)) ds

t/

<( Ot' ) = e s) ds) 1/,,< / (o) is) v

’ <t€S[101,pT] /ot[kt(s)]p ds) 1/p</t/t[hM(5)]q ds) e

—0 as t—t (from (2.19) and (2.20)).
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A similar calculation holds for ¢ > t. Now apply Schauder’s fixed point
theorem. 0

Remark 2.4 In fact if (2.20) is replaced by
{for any t,¢ €[0, T), J& |ki(s) — ku(s)[Pds + [& [k (s)]P ds — 0

as t —t' where t* =min{¢, t'} and t** =max{¢, t'}
then automatically sup;eo, f(f [kt (s)]P ds < oo in (2.19).

Theorem 2.5 Let 1 < p < oo, g the conjugate to p and suppose (2.18),
(2.19), (2.20), (2.21) and (2.22) hold. In addition assume the following
conditions are satisfied:

ft, y) < o@®)lg(y) + 7(y)] on [0, T] x (0, co

]
continuous and nonincreasing on (0, c0), T
contmuous and nondecreasing on (0, co) an
¢: [0, T] = R with ¢ >0 a.e. on [0, T

¢ € L0, T] and ¢(t) (fo (t, s)vr(s)ds) € L0, T
for anyr >0

z'thg>0

&I\/\-’

(2.25)

(2.26) {

and there exists M > 0 with

(2.7) M > [PE(t, 8)p(s)[T(M) + g(f§ k(s, 2)n(z) dz)] ds
' > [PE(t, sz/JM (s)ds for te€]0,T).

Then (2.17) has a solution y € C|[0, T| with y(t) > 0 for a.e. t € [0, T.

Proof. The result follows from Theorem 2.4 with
¢
o (0) = (1) [T(r) +g ( /O k(t, 5 (s) ds)] .

Remark 2.5 There is also an analogue of Theorem 2.3 for the Volterra
equation

O

t
y(t)Z/O k(t, 5)p(s)lg(y(s)) + m(y(s))]ds for te]0, T).

We leave the details to the reader.
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Next we examine the integral equation
o
y(t) = / k(t, $)f(s, y(s))ds for &€ [0, oo). (2.28)
0

We begin by looking for solutions to (2.28) in Cj[0, o). Recall C;[0, c0)
is the subset of BC[0, co) (the space of bounded continuous functions on
[0, 00)) which consists of all y € BC[0, co) such that lim;—, y(t) exist.

Theorem 2.6 Let 1 < p < oo and let g be the conjugate to p. Suppose
the following conditions are satisfied:

(2.29 {for all t € 0, 00), ki(s) = k(t, s) > 0 for a.e. s € [0, o0)
) and for a.e. t € [0, 00), k(s) > 0 for a.e. s € [0, o)

(2.30) ) € LP[0, o0) for each t € [0, 00) and the map
t — kt is continuous from [0, co) to LP[0, co)
(2.31) there exists k € LP[0, oo) such that
ke — k mLp[O 00) as t — o0
110, 00) x (0, 00) = R with t — f(t, y) measurable
(2.32) for every y € (0, 00) and y — f(t, y) continuous for
a.e. t €0, o)
for any r >0, ,: [0, 00) = R, ¥, > 0 a.e. on [0, o),
(2.33) Yy € L0, co) with f(t, y) > ¥.(t) a.e. on [0, co0) for
every y € (0, 7]
for any r > 0 with [;° k(t, s)yr(s)ds <1 for t € [0, 0),
(2.34) 3h,: [0, )—>Rh>0ae on [0, 00), h, € L0, c0)
with f(t, y) < hy(t) for a.e. t €0, 00) and
y € [[o7 k@, s)vr(s)ds, 7]
and
IM > 0 with M > [° k(t, 8) har(s)ds > [°k(t, s)yn(s)ds
(2.35) 0 0
fort €0, c0).

Then (2.28) has a solution y € Cj[0, co) with y(t) > 0 for a.e. t € [0, o0).

Proof. Choose M > 0 so that (2.33), (2.34) and (2.35) hold. Let N be
given by
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and
[ee]
/ k(t, s)pr(s)ds < u(t)
Q=< ue g, oco): 0 o
S/ k(t, s)hpr(s)ds for t e [0, 00)
0
Now since Cj[0, c0) is a closed subspace of BC[0, co) it is clear that ¢ is a
closed subset of Cj[0, co). First we show N: Q — Q. To see this let u € Q
so as in Theorem 2.1 it is easy to see from (2.33) that
f(s, u(s)) 2 ¢¥n(s) ae on [0, c0),
and from (2.34) that
f(s, u(s)) < hp(s) ae on [0, co).
Thus

/ " k(t, s)bni(s)ds < Nu(t) < / k(s s)hag(s) ds (2.36)
0 0

for t € [0, 00). It remains to show Nu € ([0, 00). To see that Nu €
1[0, o) notice

>

i [ Kt 5)f(s, u(s)) ds = /Ooo F(s)£ (s, u(s)) ds

t—o0 0

since (2.31) implies

o

/Ool[k(t, s) — /;(s)] f(s, u(s))l dsﬁ/ k(t, s) — k(s)| har(s) ds
0 0

< ([t - hepeas) "
([ hartor ds)l/q

—0 ast — oo.

Thus N: Q — Q. Essentially the same reasoning as in Theorem 5.2.3 in
[8] guarantees that N: @ — @ is continuous and compact. Now apply
Schauder’s fixed point theorem. 0

Next rather than require solutions of (2.28) to lie in C;[0, c0) we now
seek solutions to (2.28) in C[0, o) (the space of continuous functions on
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[0, 00)). Recall C[0, c0) is a Fréchet space so we will apply the Schauder-
Tychonoff theorem instead of Schauder’s theorem in this case.

Theorem 2.7 Let 1 < p < oo, ¢ the conjugate to p and suppose (2.29),
(2.30), (2.32), (2.33), (2.34) and (2.35) hold. Then (2.28) has a solution
y € C[0, 00) (in fact y € BC[0, 00)) with y(t) > 0 for a.e. t € [0, 00).

Proof. Let M, ¥, has and N be as in Theorem 2.6. Now let
v € BC|0, 0c0) and

Q=1ueC|0 x): /(; k(t, s)ba(s)ds < u(t)
< /Oo k(t, s)hpr(s)ds for ¢ €0, co0)
0]

Clearly, @ is a closed (note (2.35)) convex subset of the Fréchet space
Cl0, o).

First we show N: @ — . To see this take u € Q. Then as in Theorem
2.6 we have (2.36). Also Nu € C|0, co) since if ¢, ¢’ € [0, oo) then (2.30)
implies

Nu(t) - Nu(t)] < /0 " lkals) — k() has(s) ds

<([Tur-nora) ([ora)”

—0 as t—t.

Thus N: @ — @Q. Next we show N: @ — @Q is compact. To see this we just
need to notice that N(Q) is uniformly bounded and equicontinuous on each
compact subinterval on [0, oo) and this is immediate since (here y € @ and
t, ¢ >0),

| Ny(t) sup / k(t, s)hp(s) <M
tE[O o)

Ny(e) - Vol < ([ Ite) = ko)) w( [ st l/q.

As aresult N: @Q — @ is a compact map. Finally we show N: @ — @ is
continuous. Suppose yn, € @ with y, — y in C[0, c0). Then y, — y in

and
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C|0, m] for each m € {1, 2, ...} = Ny and also y,, converges pointwise to y
on [0, 00). Fix m € Np. Essentially the same argument as in Theorem 2.1
guarantees that Ny, (t) — Ny(t) for each ¢t € [0, 00) as n — oo and Ny, —
Ny in C[0, m] as n — oo. This is true for each m € Ny so Ny, — Ny in
C|0, 00). Now apply the Schauder-Tychonoff fixed point theorem. W]
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