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Abstract

Graded Specht modules over KLR algebras in affine type A have been recently con-
structed by Brundan, Kleshchev and Wang. We will present joint work with Matthew
Fayers and Chris Bowman in which we studied row removal results for reducing the cal-
culation of graded homomorphism spaces between Specht modules, as well as their graded
decomposition numbers.

1 Introduction

A key open problem in the representation theory of the symmetric group and the related Ariki—
Koike algebra is to determine the decomposition numbers. More generally, we would like to
determine the graded decomposition numbers for the Ariki—-Koike algebra, or KLR algebra. The
Specht modules for these algebras give a complete set of ordinary (graded) irreducible modules
up to isomorphism (and grading shift) and we would like to determine their structure in the
modular case. The graded decomposition numbers encode which graded simple modules appear
as composition factors of the Specht modules.

A related problem in understanding the structure of Specht modules is the study of homo-
morphisms between Specht modules.

Here we address both problems, and present some reduction theorems which generalise row
removal theorems of James and Donkin.

2 KLR algebras and their Specht modules

2.1 KLR algebras

We fix a field F throughout. Let e € {2,3,...} U{oco} and [ =Z>pif e = oo and [ = Z/eZ =
{0,1,2,...,e — 1} otherwise. We will work with a Cartan datum of type A if e = oo, or
type Ag1 otherwise. In particular, (a;j); jer is the Cartan matrix, we let {a; | i € I} denote
the set of simple roots, and Q* = @,cr Zzoo; denote the positive cone of the root lattice. If
a =), co; with ) . ¢; = n, then we say that o has height n. We denote by I" the corresponding
quiver, with vertex set I and an arrow from ¢ to ¢ — 1 for each ¢ € I. We write ¢ — j if e # 2
and j=i—1l,ori=jife=2and j=1i—1.
Suppose o € QT has height n, and set

“={iel"| aj, +- -+, =a}.
We define R, to be the unital associative F-algebra with generating set

{e() [ ieI*F Uy, ynt U{1, ... b}
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and relations
e(i)e(j) = ds,5e(i);

> eli) =1

el
yre(i) = e(i)yr;
Pre(i) = e(sri)r;

YrYs = Ys¥Yr;
UrYs = Ysr if s #r,r+1;
Yrths = Y5ty if |7"—S| > 1;

y,&bﬂi(i) = (¢ryr+1 - 6ir7ir+1)€(i);
yr-‘rldjre(i) = (¢ryr + 6i7‘77:'r+1)6(/i);

0 if iy = dpyq,
e(4) if 4y # iy e 1,

wge(i) = q (Yrt1 — yr)e(i) if iy — drya,

(Yr — yry1)e(d) if 4 < tpq1,

(Yr+1 = yr)(Yr — Yr41)e(d) if ip 2 dpg1;
(Y19 r1 + 1)eld) if dro = i — i,
betbrsrtye(i) = § Dret¥rrt — Lel) e =
(ra1VrVrs1 + yr — 2yr1 + yrg2)e(i)  if Gq0 =4 2 4,

| (V19 41)e(i) otherwise;

for all admissible r, s, 1, j.

The affine Khovanov-Lauda—Rouquier algebra or quiver Hecke algebra R, is defined to be
the direct sum €, Rq, where the sum is taken over all &« € QT of height n.

The relations above immediately yield the following result.

Lemma 2.1. There is a Z-grading on the algebra Ry such that for all admissible r and 1,

deg(e(i)) =0, deg(yr) =2, deg(%e(i)) = —Qipipyq-

Given o € Q% and an e-multicharge k = (k1,...,x;) € I', we define R% to be the quotient
of R, by the cyclotomic relations

yﬁA”’ame(i) =0 foriel“

The cyclotomic KLR algebra R} is then defined to be the sum @, Rf;. Here we sum over all
a € QT of height n, though in fact only finitely many of the summands will be non-zero, so
(even when e = co) RF is a unital algebra.

Theorem 2.2 ([BK09]). If e = 0o, or if F contains a primitive eth root of unity, then R} is
isomorphic to an Ariki-Koike algebra of level I, defined at an eth root of unity.

Similarly, if e = char(F), then RE is isomorphic to a degenerate Ariki—-Koike algebra; in
particular, when | =1, R} is isomorphic to the group algebra FS,,.

In particular, the Ariki—-Koike algebras are non-trivially Z-graded.

2.2 Multipartitions and tableaux

Definition 2.3. A partition of n is a weakly decreasing sequence X = (A1, Ag,...) of non-
negative integers such that |[A| := >  \; = n. We write @ for the unique partition of 0.
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An l-multipartition of n is an I-tuple of partitions A = (A(M),..., A®) such that |\ :=
ST IAD| = n. We write @ again for the unique l-multipartition of 0, and 2. for the set of
[-multipartitions of n.

For A € &, the Young diagram [\] is the set

{(r,c,m) € Z>0 X Z>0 X {1771} | ¢ < Ag“m)}

For each component \(™ of \, we depict [)\(m)] using the English convention. The Young
diagram [A] is then depicted as a column vector of these Young diagrams.

A A-tableau is a bijection T : [A] — {1,...,n}, which we depict by drawing [A] and filling
each box with its image under T. A A-tableau T is standard if entries increase from left to right
along each row of the diagram, and down each column. We write Std()) for the set of standard
A-tableaux. In Std(\), we have a distinguished tableau, which we denote by T*. This is the
tableau obtained by writing entries 1,...,n into [A] in order along rows from top to bottom.

Example. Let A = ((3,1),(2,2)) € 2. Then

W= []
and
™ =[1]2]3]
4]
5|6
718
Another example of a standard tableau is
T=|1[5]/6]
13
217
418
Now fix an e-multicharge x = (k1,..., ;) € I'. Then for A € 2., we define the residue of

anode A = (r,c,m) € [A] to be res A = Kk, + ¢ —r mod e. If a node A € [)A] has residue i, we
call A an i-node. We may then obtain a residue sequence i(T) for any A-tableau T by reading
off residues of nodes in the order the entries of T, i.e. i(T) = (resT~1(1),...,resT~!(n)). In the
special case of the tableau T*, we write i* := i(T*).

Next, we recall from [BKW11] the degree of a standard tableau. Suppose A € 2. We call
an i-node of [\ removable if we may remove it from [\] and still leave a valid Young diagram
for a multipartition. Similarly, a node not in [A] is called addable if we may add it to [A] to
yield a valid Young diagram for a multipartition.

Suppose A is an i-node of A. Set

da(N) = ‘{addable i-nodes of [\] strictly below A}‘ - ‘{removable i-nodes of [A] strictly below A}’

For T € Std(\) we define the degree of T recursively, setting deg(T) := 0 when T is the
unique @-tableau. If T € Std(\) with |\| > 0, let A = T~!(n), let T, be the tableau obtained
by removing this node and set

deg(T) := da()) + deg(T<,).
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Example. Suppose e =3, k = (1,1) and T is the ((2), (2, 1))-tableau

5

which has residue sequence i(T) = (1,0,1,2,2). Letting A = T-(5) = (1,2,2), we find that
da(M\) = 1. Recursively one finds that for the tableau

Tos =[3]4]

we have deg(T<s5) = 2, so that deg(T) = 3.

2.3 Specht modules

We recall a presentation of Specht modules given in [KMR12]. Let A € & and x € I'. The
graded Specht module Sﬁ is the (left) R,-module with cyclic generator z* of degree degT*
subject to the homogeneous relations

L. e(i)z* = &; 22" for all i € I™;
2. yp2r =0forallr=1,2,...,n;
3. ¢z =0forallr=1,2,...,n — 1 such that r + 1 appears to the right of r in T*;

4. ‘homogeneous Garnir relations’.

If the e-multicharge & is clear, we may drop it from our notation and simply write S*.

Remark. The Specht module Sﬁ for A € 2! factors through the quotient map R, — RY. In
other words, we may define Sé over RF by the same presentation above.

For any A-tableau T, we define w” € &,, to be the permutation such that w™T* = T. For each
T € Std(\), we fix a reduced expression w' = s;, ...s;,., and define ¥T := 1;, ...1; . Finally,
we define vT := ¥T2z}. We emphasise that these basis elements are dependent on the chosen
reduced expressions.

Theorem 2.4 ([BKW11]). For A € &, the set {v” ’ T € Std(\)} is a basis of S*. Moreover,
each v is homogeneous of degree degT and for any i € I", we have e(i)vT = 5i,i(T)vT.

Remark. Inherently in this setup, we now have an algorithm for calculating homomorphisms
S » SHfor A\, pu e P! (over R,, or equivalently, over R%). The Specht module S* is generated
by 2%, so we need only determine what this generator maps to. We have a basis for S¥, so we
may write the image of z* as some linear combination of this basis. Furthermore, it suffices to
search for homogenous homomorphisms, as Hompg,, (S’\, S#) has a homogenous basis. So we may
check linear combinations of basis elements of a fixed degree. Thus, it remains to check which
linear combinations satisfy the four sets of relations above. For the first, the above theorem
tells us that if we have some homogenous ¢ € Hompg,, (S*,S"), then

o(2*) = Z arv’  for some ar € F, z € Z.

TeStd(N)
deg T=x
i(T)=3*
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However, in practice, this quickly becomes a large computation; we may have many basis
vectors in the same degree, and need to compute actions of many elements of R,, on each, and
then perform some linear algebra to determine linear combinations which satisfy all necessary
relations. The next section seeks to enable quicker computation of homomorphisms as well
as presenting a ‘row removal’ result for calculating Hom Rn(S)‘, SH) up to graded vector space
isomorphism.

Example 2.5. Let A = (3%,1), p = (4%,2,1?) and e = 3. Then {T € Std(n) | i(T) =i*} =

112139/, |1]2|3]|9],(1|2]|3|9], [1]2]3|9], [1|2]|3]10], |1]|2|3]10], |1]|2]|3 10, [1|2|3 10,
415(6 |12 415]6 |12 415]6 |13 415]6 |13 415]6|12 415|612 415|613 41516 13
718 1415 7|8 14|16 718 1415 7181416 7181415 7181416 7181415 7181416
1011 1011 1011 1011 911 911 911 911

3 13 12 2 13 13 12 12

16 13 16 13 16 i i 15
1121319], [1]2]3|9], [1|2]3|9], [1]2]3]|9], [1]|2|3|10}, |1]|2|3]10}, |1]|2]|3 10, [1|2|3 10,
415|712 415|712 415|713 415|713 415|712 415|712 415|713 415|713
6|8 14|15 6|8 14|16 6|8 14|15 6|8 (14|16 6|8 14|15 6 |8 14]16| 6|8 1415 6| 814/16]
10111 10111 10111 10111 911 911 911 911

13 3 12 12 13 13 12 12

i 15 16 13 16 15 16 15
1(24]9/, |1]2|4]9]|,|1|2]|4|9], [1|2]4|9]|, [1|2]4]10/, |1]|2|4]10/, |1]|2]|4[10, [1|2]4]10,
315|612 315|612 315|613 315|613 3|5]6][12 3|5]6][12 3|5]6][13 315|613
7|8 1415 7|18 1416 7|8 1415 7|8 1416 781415 781416 781415 7|8(14/16)
1011 1011 1011 1011 911 911 911 911

13 13 12 12 3 13 12 12

16 15 16 15 116 15 116 15
1121419], [1|2]4|9], [1]2]4|9], [1]2]4]|9], |1]|2|4]10|, |1]|2]|4[10, [1[2]4/10/, [1|2]4]10
315|712 315|712 315|713 315|713 315|712 315|712 315|713 3|5|7 13
6|8 14|15 6|8 14|16 6|8 14|15 6|8 14]16| 6|8 14|15 6 |8 14]16| 6|8 14|15 6| 814/16|
10111 10111 10111 10111 911 911 911 911

13 13 12 12 13 13 12 12

i 15 16 13 16 15 16 15

We have |{T € Std(u) | i(T) = i*}| = 32. Even if we break this up according to the degrees
of the 32 tableaux which may index basis elements in the image of z*, we have 10 tableaux of
degree 0 and 10 of degree 2. Thus the necessary computation is quite difficult!

3 Row removal for homomorphisms

In this section, we discuss our reduction results, which generalise analogous ungraded results
for the symmetric group [FLO3] and the Hecke algebra [LMO5].

3.1 Dominated tableaux and dominated homomorphisms

Definition 3.1. We say that a standard p-tableau T is A-dominated if each entry of T is at
least as high as it appears in T*. We denote the set of all \-dominated p-tableaux by Std(u).
Example.

1. If A > p then Std(p)? is empty.
2. Std(\)A = {1V},

3. IfA=(3,2) and p = (4,1), then Std(u)* = < [1][2[3]4], [1][2]3]5] ;.
5 4

Definition 3.2. We define DHomRn(S)‘, S*) to be the space of homomorphisms ¢ : S* — ¢
for which ¢(2*) C (v | T € Std(u)*)r. We call such maps dominated homomorphisms.
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Proposition 3.3 ([FS16]). (v | T € Std(u)M)r is well-defined (i.e. does not depend on our
choice of preferred expression for each v™), and therefore so is DHomRn(S’\, SH).

Proposition 3.4 ([FS16]). DHompg, (S*,S*) is a graded subspace of Hompg, (S*,S*). That is,
DHompg, (S*,S*) is spanned by homogeneous homomorphisms.

Theorem 3.5 ([FS16]). Suppose e # 2 and r; # k; whenever i # j. Then DHompg, (S, S*) =
HOmRn (S)‘, SM)

Remark. When e = 2, this is certainly not true in general. An easy counter example arises
with the trivial and sign representations being isomorphic: If A = (2) and u = (12), there is a
homomorphism z* — z#, but T is clearly not A\-dominated.

Similarly, if © = (0,0), the Specht modules indexed by (1,2) and (&, 1) are isomorphic for
any e.

Example. Continuing with Example 2.5, we see that

{T e Std(p)> ‘ i(T) = i)‘} - { 5
14/15)

00| |
o|w
©

—

BHEEREE
=

The computation is now much more reasonable, and one can check that there is indeed a degree
1 homomorphism S* — S* mapping z* to vT, where T is the above tableau.

Corollary 3.6. If e # 2, then Hompg, (S*,S*) # 0 = X\ < p. Also, for any X\ € P,
Homp, (S*,S*) is one-dimensional and so S* is indecomposable.

In general, we have seen that Theorem 3.5 does not always hold when e = 2 or k; = x; for
some i # j. However, we make the following conjecture for cases when we expect the result to
remain true.

Conjecture 3.7. If A is a Kleshchev multipartition, then DHompg, (S*,S*) = Homg, (S, S#).

3.2 Row removal

We now restrict our attention to working with dominated homomorphisms and note that there
are often no other homomorphisms between Specht modules, by Theorem 3.5.

Definition 3.8. Suppose A is a partition of n. For any r > 0, we define A\p = Ap(r) =
(A1, A2, ..., A) and Agp = Ag(r) = (Ar41,...), the top and bottom pieces of A with respect to
r. More generally, let \ € ,@L For any » > 0 and 1 < m <[ we define

Ar = Ap(rym) = AW A® L AED AT )y and Ag = Ag(r,m) = AT, MDY,

We write nt := |Ar| and np := |Ag|.
Now, let A\, € !, and suppose that for some 7 > 0 and 1 < m < [, we have |Ap| =
m

n> l
)| =: ng. Then we

[Ar(r,m)| = |pr| = [pr(r,m)| = nr and [Ag| = [As(r,m)| = |us| = |us(r,
say that the pair (A, u) admits a horizontal cut at (r,m).

Theorem 3.9 (First row removal). Suppose A\, u € P!, k € I' and AL ==\ — (D) =
v = pm=Y = & and )\gm) = ,ugm) =k for some 1 < m <[ and some k. Let A\ = Ag(1,m),
ps = pup(1,m) and kg = (Km—1, Kmyt, ..., kK1). Then DHomp, (S}, SH) = DHomRn_k(Sﬁg,Sﬁg)
as graded vector spaces.
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Some tricks involving taking duals and twisting by a ‘sign automorphism’ yield that the
above row removal result is equivalent to a certain column removal result. These in turn allow
us to obtain a ‘final row removal’ result analogous to the above first row removal. These are all
used in conjunction in order to prove the following generalisation.

Theorem 3.10. Let A\, u € 2L, and suppose that for somer > 0 and 1 < m < 1, the pair (\, 1)
admits a horizontal cut at (r,m). Define kT = (K1,...,km) and K5 = (Km — Ty Kmal, - -, K1)
Then, as graded vector spaces, we have

DHomp, (S, S%) = DHomg,,_(S)T,ST) ® DHomg,,  (SiE,SKE).

K'Y K KT’ >~ RT KB’ KB

Once again, there is also an equivalent column removal result. As we will refer to vertical
cuts later, we now define them.

Definition 3.11. Let A\ be a partition of n. For any ¢ > 0, we define A\, = Ap(c) to be the
partition consisting of all nodes in the first ¢ columns of A, and Ag = Ar(c) to be the partition
consisting of all nodes after the first ¢ columns of \. Now suppose A € Z.. For any ¢ > 0 and
1 <m <[ we define

AL = An(e,m) = AT A ) and Ay = Ar(e,m) = AT (0), XD AD)

Let A\, € 2. and suppose that for some ¢ > 1 and 1 < m < [, we have |\| = |A\(¢,m)| =
lun| = |pn(e,m)| =: ny, and |[Ag| = |[Ar(c, m)| = |ur| = |ur(c,m)| =: ngr. Then we say that the
pair (A, 1) admits a vertical cut at (¢, m).

Example. Lete =3,k = (0,1,2), A = ((6,4,32%,1%),(5,4,2,1%),(92,6,2%)) and u = ((10, 4, 3%,22), (2°), (13,9, 6
Then (A, ;1) admits a horizontal cut at (3,2), and this cut results in

Ar = ((6,4,3%,1%),(5,4,2)), s =(1%),(9,9,6,2,2)),
uT = ((1074’ 327 22)’ (23))7 HB = ((22)7 (13,9,6))'

We may perform a further horizontal cut between the final two components, in order to
reduce the difficult computation of a large level 2 homomorphism space to two level 1 spaces.
Now suppose that char F = 0. We may calculate (by computer) that

dim Homp,, (Séi, SET) =" and  dim Hompg,, (Sﬁg, SHB) = v x 207 = 205

Thus, we retrieve that dim Homp, (S, S#) = 2v'3.

4 Webster’s diagrammatic Cherednik algebra

Now, we move on to analogous reduction results for graded decomposition numbers. First we
recall a few basic notions.

Recall that for k € I', the Specht modules for R are indexed by the set 22! of I-multipartitions
of n. The simple modules are indexed by the subset of 22! consisting of so called Kleshchev
multipartitions, which we do not define here. If p is a Kleshchev multipartition, the simple
module D* is defined to be the head of S¥.

Now suppose A is a graded algebra, and M is a graded (left) A-module. Then M (k) is the
graded module obtained by ‘shifting the grading up by k’, i.e. M(k)q = My_j. If a graded
module M contains a graded simple module L as a composition factor with multiplicity ¢, we
write [M : L] = c.

In particular, in our situation we define the graded decomposition number dy,, to be

dyy = Z[S)‘ - DA (K)o
kEZ
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In order to obtain row removal results for these graded decomposition numbers, we must
leave the world of KLLR algebras and instead work with their quasi-hereditary covers, which we
shall now introduce.

The diagrammatic Cherednik algebras A(n,0, k) introduced by Webster [Web12, Web13]
are a family of diagram algebras which are graded quasi-hereditary covers of R, indexed by
an extra parameter § € R!, which we call the weighting. The weighting controls much of the
tableau combinatorics of the algebra, and different choices of 6 correspond to different labellings
O C Z. of simple modules of RE.

Definition 4.1. Let § = (01,0s,...,0,) € R.. We call § well-separated if 0; — 0; > n for all
1> 7.

In the case that 0 is a well-separated weighting, we retrieve the labelling of simple modules
we have so far discussed (Kleshchev multipartitions). There are other nice weightings which
we may consider, and most of the sequel was originally done for arbitrary weightings. For this
talk, we focus on the well-separated case and adapt the combinatorics accordingly.

Let \,u € BZTZZ We have a notion of semistandard tableauz of shape A and weight p, which
has a technical definition, which we do not recall here, but is analogous to the classical notion.

We denote the set of semistandard tableaux of shape A and weight p by SStd(\, u).

Theorem 4.2 ([Webl3]). The diagrammatic Cherednik algebra A(n,0,r) is a graded cellular
algebra with respect to the 0-dominance order and a basis indexed by SStd(A\, u) as A and p
range over 2.

In particular we have graded standard modules A(X) = (Cr | T € SStd(\, —))r with graded
simple heads L(X) forming a complete set of graded simple modules, up to grading shift.

Over C, the module category of A(n,0,k) is equivalent to category O for the rational
cyclotomic Cherednik algebra. If 6 is well-separated, then A(n,, ) is Morita equivalent to
the g-Schur algebra of Dipper—James—Mathas over arbitrary fields.

5 ‘Row removal’ for graded decomposition numbers

With our new conventions in hand, we now seek analogous results to Theorem 3.10 for the
graded decomposition numbers dy, for A(n,0, ) with 6 well-separated. This result will also
apply to the cyclotomic KLR algebra R, and our choice of a well-separated weighting will
ensure that the decomposition numbers are compatible with our Specht modules.

Definition 5.1. Let # € R! be a well-separated weighting, \, i € ,@fl and suppose there exist
some (r,c,m) such that the pair (A, x) admits a horizontal cut at (r,m) and a vertical cut at
(c,m). Then we say that the pair (A, u) admits a 0-diagonal cut at (r,c,m).

Example. Let e = 3,6 = (0) and (\, 1) = ((5,4, 3,2, 1), (4%,13)). This pair admits a f-diagonal
cut at (3,3).

+ +
| |

Definition 5.2. Let A € .. We define the top of A (with respect to a #-diagonal cut at
(r,c,m)) to be the l-multipartition Ay = (Ap(r,m),d,..., o), and the bottom of A to be
the [-multipartition Ap = (&,...,d, (c",)\l(gm) (), A0 D), We define nr = |Ar| and
ng := |Ap|.
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Theorem 5.3 ([BS16]). Let (A, ) be a pair of l-multipartitions of n such that X B¢ p. If (A, 1)
admits a 6-diagonal cut at (r,c,m), then

dA# = d)\TuT X dAB#B’

where dy,up and dyg,, are the corresponding graded decomposition numbers in the algebras
A(nt,0,K) and A(ng, 0, k) respectively.

Note that in the above result, the bottom piece of A differs slightly from that in Theorem 3.10.

Remark. In [BS16], this result is given in more generality, for any weighting 6. If 6 is not well-
separated, then the result is phrased in terms of different combinatorics, where we must take a
Russian convention for drawing Young diagrams, and make a diagonal cut which may intersect
more than one component. Our notion of ‘top’ and ‘bottom’ pieces of the multipartitions must
be adapted accordingly.

Example. Let e = 3, 0 = (0), and (\, u) = ((5,4,3,2,1), (4%,13)). We have that

d(5,4,3,2,1)(43,13) = d(5,4,3)(43)d(33,2,1)(33,13) =vxv=1%

regardless of the characteristic of the underlying field F.

Example. Let ¢ = 3, k = (0,1) and 6 = (0,60) a well-separated weighting. The bipartitions
A = ((5%,4%,3,2,1),(9,6,42,3,23,1)) and p = ((5,42%,3),(9,6,5,4%,22,13)) of 57 admit a -
diagonal cut at (5, 3,2).

This cut results in

Ar = ((5%,4%,3,2,1),(9,6,42,3)), Mg = (2,(3%,2%,1)),
pr = ((5,4%,3%),(9,6,5,4%)), ps = (2, (3%,22,1%)).

This reduction yields multipartitions amenable to the techniques of [BS] (whereas A and p are
not). The left-hand pieces should be compared with [BS, Example 2.6], which yields dy,,, =
v+ 209 + 207 + 05, We may also apply [BS, Theorem 4.30] to calculate that dyppp = v. Thus,
we have dy, = 12 4+ 2010 4 208 4 5.
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