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Abstract

For the pair (G,G′) = (O(p+1, q+1), O(p, q+1)), we construct and classify
all symmetry breaking operators from spherical, most degenerate principal
series representations of G to those of the subgroup G′, extending the results
of Kobayashi–Speh in the q = 0 case [Memoirs of Amer. Math. Soc. 2015].
Functional identities, residue formulæ, and the images of the regular symmetry
breaking operators are also provided explicitly. The results contribute to “stage
C” of the branching program suggested by the first author [Progr. Math. 2015].

Let us set up some notation. We define the standard quadratic form Qp,q on Rn

(n := p+ q) of signature (p, q) by

Qp,q(x) := txIp,qx, (x ∈ Rp+q),

where
Ip,q := diag(1, . . . , 1︸ ︷︷ ︸

p

,−1, . . . ,−1︸ ︷︷ ︸
q

).

We set G := O(p + 1, q + 1) = {g ∈ GL (p+ q + 2,R) : tgIp+1,q+1g = Ip+1,q+1}, and

∗Partially supported by Grant-in-Aid for Scientific Research (A) (25247006), Japan Society for
the Promotion of Science.

1



define a maximal parabolic subgroup P = MAN+ with

M :=


 ε 0 0

0 A 0
0 0 ε

∣∣∣∣∣∣A ∈ O(p, q), ε = ±1

 'O(p, q)× Z2,

A :=

a(t) :=

 cosh(t) 0 sinh(t)
0 Ip+q 0

sinh(t) 0 cosh(t)

∣∣∣∣∣∣t ∈ R
 'R,

N+ :=

In+2 +

 −1
2
Qp,q(b) − t(Ip,qb)

1
2
Qp,q(b)

b 0 −b
−1

2
Qp,q(b) − t(Ip,qb)

1
2
Qp,q(b)

∣∣∣∣∣∣b ∈ Rp+q

 'Rp+q.

For complex parameter λ ∈ C we define (unnormalized) spherical degenerate princi-
pal series representations of G as

I(λ) := IndGP (Cλ)

'
{
f ∈ C∞(G) | f(gma(t)n) = e−λtf(g), ∀(g,ma(t)n) ∈ G× P

}
.

We realize G′ := O(p, q + 1) as the subgroup Gep+1 :=
{
g ∈ G

∣∣g · ep+1 = ep+1

}
of G. Then G′ is compatible with P in the sense that P ′ := P ∩G′ is also a maximal
parabolic subgroup with Langlands decomposition P ′ = (G′∩M)A(G′∩N+), because
A ⊂ G′. Similarly, we define (unnormalized) spherical degenerate principal series
representations J(ν) := IndG

′

P ′(Cν) of G′ for ν ∈ C.

The objects of this study are then symmetry breaking operators (SBOs for short),
that is, G′-intertwining operators between the G-module I(λ) regarded as a G′-
module by restriction and the G′-module J(ν). We denote by HomG′ (I(λ)|G′ , J(ν))
the totality of such operators.

The general theory [KO13, KM14] implies the following a priory estimate of its
dimension in our particular setting.

Fact 1. The dimension of HomG′ (I(λ)|G′ , J(ν)) is uniformly bounded in (λ, ν) ∈ C2.

We shall find an explicit basis of HomG′ (I(λ)|G′ , J(ν)) in our setting in Theorem
5, and in particular, its dimension in Corollary 6.

In order to analyze the space HomG′ (I(λ)|G′ , J(ν)) of symmetry breaking oper-
ators, we begin with:
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Definition 1. Let h(b, x) := 1− 2 tbIp,qx + Qp,q(b)Qp,q(x) for b, x ∈ Rn (n = p + q).
A distribution F ∈ D′(Rp,q) is said to be N ′+-invariant if for any b ∈ Rn with bp = 0

|h(b, x)|λ−nF
(
x−Qp,q(x)b

h(b, x)

)
= F (x)

holds in the open set of x ∈ Rp,q satisfying h(b, x) 6= 0.

Definition 2. We let O(p− 1, q) act on Rn (n = p+ q) by leaving xp invariant. Let
Sol(Rp,q;λ, ν) denote the space of distributions F ∈ D′(Rn) satisfying the following
four conditions:

(1) F (x) = F (−x);

(2) F is O(p− 1, q)-invariant;

(3) F is homogeneous of degree λ− ν − n;

(4) F is N ′+-invariant on Rp,q.

Applying the very general result proven in [KS15, Chap. 3] to our particular
setting, we get the following:

Fact 2 ([KS15, Thm. 3.16]). Let n := p+ q. The following diagram commutes:

HomG′ (I(λ)|G′ , J(ν)) ' //

Supp

++
(D′(G/P,Ln−λ)⊗ Cν)

P ′

F 7→supp(F )
//

'rest
��

2P
′\G/P

Sol(Rp,q;λ, ν) ⊂ D′(Rp,q)
Op
'

ll

In particular, for T ∈ HomG′ (I(λ)|G′ , J(ν)), Supp(T ) is a closed subset of
P ′\G/P . Thus one sees that closed subsets of the finite double coset space P ′\G/P
provide an important invariant of the symmetry breaking operators. Therefore, the
first step to classify SBOs is to describe explicitly the double coset space P ′\G/P
together with its closure relations.

The natural action of G = O(p + 1, q + 1) on Rp+1,q+1 leaves Ξp+1,q+1 :={
(x, y) ∈ Rp+1,q+1 − {0}

∣∣ |x|2 = |y|2
}

invariant, and thus G acts naturally on its quo-
tient space Xp,q := Ξp+1,q+1/R×. Geometrically, Xp,q is identified with the direct
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product manifold Sp×Sq equipped with the pseudo-Riemannian metric gSp⊕ (−gSq),
modulo the direct product of antipodal maps, and G is the group of conformal trans-
formations of Xp,q. We set

X := G/P ' Xp,q, Y :=
{

[ξ : η] ∈ G/P ' Xp,q
∣∣ξp = 0

}
' Xp−1,q

C :=
{

[ξ : η] ∈ G/P ' Xp,q
∣∣ξ0 = ηq

}
' Xp−1,q−1 ∪ Ξp,q, {[o]} := {[1 : 0p+q : 1]} .

Theorem 1 (classification of closed P ′-invariant subsets of G/P ). Suppose p, q ≥ 1.
The left P ′-invariant closed subsets of G/P are described in the following Hasse dia-

gram. Here
A
m

B
means that A ⊃ B and that the generic part of B is of codimension

m in A.

X
1 1

Y

1

C

1C ∩ Y
p+q−2

{[o]}

(a) when p > 1

X
1 1

Y

p+q−2

C

p+q−2

{[o]}

(b) when p = 1

Now, for each closed subset S of P ′\G/P , we construct a family of SBOs, to be
denote by RS

λ,ν , such that:

• RS
λ,ν is defined for (λ, ν) ∈ DS, where DS is the subset of C2 (more precisely,

it is either the whole C2, or is a countable union of one-dimensional complex
affine spaces);

• RS
λ,ν depends holomorphically on (λ, ν) ∈ DS;

• for every (λ, ν) ∈ DS we have Supp(RS
λ,ν) ⊂ S and the equality holds for generic

(λ, ν).

These operators may vanish at special values of (λ, ν) (see Remark 4). Correspond-
ingly, we shall also define a family of SBOs as a renormalization, to be denoted by
R̃X
λ,ν . On the other hand, we shall omit the case when S = C ∩ Y for p = 1; S = C

or Y for p > 1, as those are not used for the classification below (see Theorem 5).
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Theorem 2 (construction of SBO). For S = X, Y,C, and {o}, the following op-
erators RS

λ,ν and R̃X
λ,ν are symmetry breaking operators from I(λ)|G′ to J(ν), which

depend holomorphically on (λ, ν) ∈ DS. Moreover, Supp(RS
λ,ν) ⊂ S, and are given

explicitly as follows.
RS
λ,ν Op : Sol(Rp,q;λ, ν)→ HomG′(I(λ), J(ν)) DS Supp(·)

RX
λ,ν = 1

Γ(λ−ν2 )Γ(λ+ν−n+1
2 )Γ( 1−ν

2 )
Op
(
|xp|λ+ν−n|Qp,q|−ν

)
C

2

X, (λ, ν) 6∈|| ∪\\ ∪ //,
C, (λ, ν) ∈|| −\\ − //,
Y, (λ, ν) ∈ \\− || −//,
∅, p = 1, (λ, ν) ∈|| ∩\\ − //,
C ∩ Y, p > 1, (λ, ν) ∈|| ∩\\ − //,
∅, (λ, ν) ∈ //∩ |||,
{[o]}, (λ, ν) ∈ //− ||| .

R̃X
λ,ν = 1

Γ(λ+ν−n+1
2 )Γ( 1−ν

2 )
Op
(
|xp|λ+ν−n|Qp,q|−ν

)
|||

X, (λ, ν) 6∈|| ∪\\,
C, (λ, ν) ∈|| −\\,
Y, (λ, ν) ∈ \\− ||,
∅, p = 1, (λ, ν) ∈|| ∩\\ − //,
{o}, p = 1, (λ, ν) ∈|| ∩\\ ∩ //,
C ∩ Y, p > 1, (λ, ν) ∈|| ∩\\.

RY
λ,ν =

(−1)kk!qXY (λ,ν)

Γ(λ−ν2 )
Op
(
δ(2k)(xp)|Qp,q|−ν

)
\\ Y (generically, and always 6= ∅).

RC
λ,ν =

(−1)mm!qXC (λ,ν)

Γ(λ−ν2 )Γ(λ+ν−n+1
2 )

Op
(
|xp|λ+ν−nδ(2m) (Qp,q)

)
||

{[o]}, q: odd, (λ, ν) ∈ //,
C, q: odd, (λ, ν) 6∈ //,
{[o]}, q: even, (λ, ν) ∈ // ∩ \\,
C, q: even, (λ, ν) 6∈ // ∩ \\.

R
{o}
λ,ν =Op

(
C̃
λ−n−1

2
ν−λ (−∆Rp−1,qδRp+q−1 , δ(xp))

)
// {[o]}

Let us explain the notation in the table.

• |||:= {(λ, ν) ∈ C2 | ν ∈ −2N∪(q+1+2Z)}, \\ :=
{

(λ, ν) ∈ C2
∣∣λ+ ν − n+ 1 ∈ −2N

}
;

• // := {(λ, ν) ∈ C2 | λ− ν ∈ −2N}, ||:=
{

(λ, ν) ∈ C2
∣∣ν ∈ 1 + 2N

}
;

• C̃(s, t) is a polynomial of two-variable’s, which obtained by inflation of the
renormalized Gegenbauer polynomial, defined as in [KS15, (16.3)].

We set m := 1
2

(ν − 1) ∈ N for (λ, ν) ∈|| and k := 1
2

(n− 1− λ− ν) ∈ N for
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(λ, ν) ∈ \\. For p = 1 we define qXC (λ, ν) and qXY (λ, ν) by

qXC (λ, ν) :=


Γ
(
λ+ν−n+1

2

)
, q ∈ 2Z, ν 6 q − ν,

Γ
(
λ−ν

2

)
, q ∈ 2Z, ν > q − ν,

Γ
(
λ+ν−n+1

2

)
, q ∈ 2Z+ 1.

qXY (λ, ν) :=

 1, q ∈ 2Z+ 1,

Γ
(
λ−ν

2

)
/Γ

(
max

{
λ+ ν

2
, 0

}
− ν
)
, q ∈ 2Z.

Remark 3. RS
λ,ν is a differential operator if S = {o} owing to the general theory of

differential SBOs established in [KP16, Chap. 2]. By definition, R
{o}
λ,ν in Theorem 2

amounts to

R
{o}
λ,ν =

ν−λ
2∑
j=0

(−1)j2ν−λ−2j

j!(ν − λ− 2j)!

ν−λ
2
−j∏

i=1

(
n+ 1

2
+
ν + λ

2
+ i

)
(−∆Rp−1,q)j

(
∂

∂xp

)ν−λ−2j

.

This formula was previously found in [J09, Thms. 5.1.1 and 5.2.1], [KS15, (10.1)]
for q = 0 and in [KØSS15, Thm. 4.3] for general p, q.

Remark 4. The rightmost column in Theorem 2 implies R
{o}
λ,ν , R

Y
λ,ν , R

C
λ,ν 6= 0 for

every (λ, ν) ∈ C2, while RX
λ,ν = 0 iff (λ, ν) belongs to the following discrete set{
//∩ |||, p > 1,

(//∩ |||) ∪ (\\∩ ||) , p = 1,

and R̃X
λ,ν = 0 iff p = 1 and (λ, ν) is in the discrete set \\∩ ||.

The SBOs in Theorem 2 are not always linearly independent, but exhaust all
SBOs. We provide explicit basis for HomG′ (I(λ)|G′ , J(ν)) for every (λ, ν) ∈ C2 as
follows:

Theorem 5 (classification of SBOs). Suppose p, q ≥ 1.

p = 1⇒ HomG′ (I(λ)|G′ , J(ν)) =


CRX

λ,ν , (λ, ν) ∈ C2 − (//∩ |||)− (|| ∩\\),
CR̃X

λ,ν ⊕CR
{o}
λ,ν , (λ, ν) ∈ (//∩ |||)− (|| ∩\\),

CRP
λ,ν ⊕CRC

λ,ν , (λ, ν) ∈ (|| ∩\\)− //,
CR

{o}
λ,ν , (λ, ν) ∈|| ∩\\ ∩ //.

p > 1⇒ HomG′ (I(λ)|G′ , J(ν)) =

{
CR̃X

λ,ν ⊕CR
{o}
λ,νλ,ν , (λ, ν) ∈ //∩ |||,

CRX
λ,ν , otherwise.
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Corollary 6. We have dimC HomG′ (I(λ)|G′ , J(ν)) ∈ {1, 2} for all (λ, ν) ∈ C2.

The degenerate principal series representation I(λ) ofG contains the one-dimensional
subspace of spherical vectors (i.e. K-fixed vectors), and likewise J(ν) of G′. Let 1λ ∈
I(λ)K ,1ν ∈ J(ν)K

′
be the spherical vectors normalized so that 1λ(e) = 1ν(e) = 1.

With this normalization, we have:

Theorem 7 (spectrum for spherical vectors). Let n := p+ q (p, q ≥ 1) as before.

RX
λ,ν1λ =

21−λπn/2

Γ
(
λ
2

)
Γ
(
λ+1−q

2

)
Γ
(
q−ν+1

2

)1ν .
Remark 8. Theorem 7 was known in [BR04, Lem. A.5] for p = q = 1, which was
extended in [CKØP11, Thm. 1.1] for higher dimensional cases. See also [KS15,
Prop. 7.4] for q = 0 case.

For (λ, ν) ∈ C2 − //, we set

KRp,q
λ,ν :=

|xp|λ+ν−n

Γ
(
λ+ν−n+1

2

) × |Qp,q|−ν

Γ
(

1−ν
2

) ∈ Sol(Rp,q;λ, ν).

Then RX
λ,ν = 1

Γ(λ−ν2 )
Op
(
KX
λ,ν

)
. We recall that the left-hand side extends to a family

of SBOs with holomorphic parameter (λ, ν) ∈ C2.

Theorem 9 (residue formula). Let n := p + q (p, q ≥ 1) as before. For (λ, ν) ∈ //,
we set l := 1

2
(ν − λ) ∈ N. Then we have

RX
λ,ν =

(−1)ll!π(n−2)/2

2ν+2l−1
·

sin
(

1+q−ν
2

π
)

Γ
(
ν
2

) R
{o}
λ,ν , (λ, ν) ∈ //.

Remark 10. The residue formula in the case q = 0 was given in [KS15, Thm. 12.2].

Definition 3. Similarly to the construction of Fact 2, for G = O(p+1, q+1) we have
HomG(I(λ), I(ν)) ' SolG(Rp,q;λ, ν) where SolG(Rp,q;λ, ν) ⊂ D′(Rp+q) is defined to
be the space of generalized functions on Rp+q that satisfy the four items in Definition
2, except that in second item O(p, q)ep is replaced by O(p, q) and the fourth item is
replaced by N+-invariance on Rp,q, which in turn is defined as in Definition 1, with
the only difference that we do not assume bp = 0 anymore.
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Now, the generalized function defined as

|Qp,q|λ−n ×


Γ−1 (λ− n/2) , min {p, q} = 0,

Γ−1
(
λ−n+1

2

)
Γ−1 (λ− n/2) , min {p, q} > 0, n ∈ 2Z + 1,

Γ−1
(
λ−n+1

2

)
Γ−1

(
λ−n/2+1

2

)
, min {p, q} > 0, n/2 + p ∈ 2Z+ 1,

Γ−1
(
λ−n+1

2

)
Γ−1

(
λ−n/2

2

)
, min {p, q} > 0, n/2 + p ∈ 2Z

belongs to SolG(Rp,q;λ, n − λ) and we can use it to define an intertwining operator
of G = O(p + 1, q + 1), T̃Gλ : I(λ) → I(n − λ) (Knapp–Stein operator). The result
of this construction repeated with G′ = O(p, q + 1) in place of G will be denoted by
T̃G′ν : J(ν)→ J(n− 1− ν).

Theorem 11 (functional identities). Let n := p+ q (p, q ≥ 1) as before. We have:

T̃
G′
n−1−ν ◦RX

λ,n′−ν = qTXX (λ, ν)RX
λ,ν ,

RX
n−λ,ν ◦ T̃G

λ = qXTX (λ, ν)RX
λ,ν ,

where

qTXX (λ, ν) :=
π
n−3
2 sin( p−ν2 π)
Γ(n−1−ν

2 )



√
π21−q+νΓ

(
1−ν

2

)
, p = 1,√

π22−n+ν , n ∈ 2Z,

Γ
(
n/2−ν

2

)
, n−1

2
+ p ∈ 2Z+ 1,

Γ
(
n/2−ν−1

2

)
, n−1

2
+ p ∈ 2Z,

qXTX (λ, ν) :=
22λ−nπ−

n
2−1 sin( p−λ+1

2
π)

Γ(n−λ2 )


21−λ√π, n ∈ 2Z+ 1,

Γ
(
λ−n/2+1

2

)
, n/2 + p ∈ 2Z,

Γ
(
λ−n/2

2

)
, n/2 + p ∈ 2Z+ 1.

Remark 12. The functional identities in the case q = 0 were proven in [K15, Thm.
12.6].

Since the representation J(ν) of G′ = O(p, q + 1) is multiplicity-free as a K ′-
module, we can describe its (g′, K ′)-submodules by means of subsets of N+ for p > 1,
which parametrize the K ′-structure of J(ν) by the spherical harmonics Ha(Sp−1) �
Hb(Sq). As in [HT93], we also indicate the Jordan–Hölder series (socle filtrations) of
J(ν) by using arrows. We then have:
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Theorem 13 (images of SBOs). The regular SBO RX
λ,ν : I(λ)→ J(ν) is surjective,

unless ν ∈ Z. In the latter case, the images of the underlying (g, K)-module I(λ)K
under RX

λ,ν are given as follows (here we set l := 1
2

(ν − λ) ∈ N for (λ, ν) ∈ //

and k := 1
2

(n− 1− λ− ν) ∈ N for (λ, ν) ∈ \\; the barriers A±± are defined as in
[HT93]):
for p > 1:

(1) Suppose p ∈ 2N+ + 1 and q ∈ 2Z. Then, if ν ∈ 2Z, 0 < ν < n − 1, RX
λ,ν is

surjective. Otherwise,

(λ, ν) ∈ (// ∪ \\)c \\ − // // ∩ \\, k > l

ν: even
ν ≤ 0 A++

−ν

−ν A++

−ν

−ν A++

−ν

−ν A++

−ν

−ν

ν: odd
ν ≤ n−3

2

A+−

−ν + q − 1

A−+

−ν + p− 2
A+−

−ν + q − 1

A−+

−ν + p− 2
A+−

−ν + q − 1

A−+

−ν + p− 2

(λ, ν) ∈ (// ∪ \\)c // ∩ \\, k = l

ν: odd
ν = n−1

2

A+−

−ν + q − 1

A+−

−ν + q − 1

A+−

−ν + q − 1

A+−

−ν + q − 1

(λ, ν) ∈ (// ∪ \\)c //− \\ // ∩ \\, k < l

ν: even
ν ≥ n− 1

ν − n+ 1

ν − n+ 1

A−−

ν − n+ 1

ν − n+ 1

A−−

ν − n+ 1

ν − n+ 1

A−−
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(λ, ν) ∈ (// ∪ \\)c //− \\ // ∩ \\, k < l

ν: odd
ν ≥ n+1

2

A−+

ν − p+ 2

A+−

ν − q + 1

A−+

ν − p+ 2

A+−

ν − q + 1

A−+

ν − p+ 2

A+−

ν − q + 1
A+−

ν − q + 1

(2) Suppose p, q ∈ 2Z + 1 and p > 1. Then,

(λ, ν) ∈ (// ∪ \\)c \\ − // //− \\

ν: even
ν ≤ 0

A++

−ν

−ν A+−

−ν + q − 1

A++

−ν

−ν A+−

−ν + q − 1

A++

−ν

−ν A+−

−ν + q − 1

ν: odd
ν ≤ n− 3

A−+

−ν + p− 2

A−+

−ν + p− 2

A−+

−ν + p− 2

ν: even
ν > 0

A+−

−ν + q − 1

A+−

−ν + q − 1

A+−

−ν + q − 1

A+−

−ν + q − 1

ν: odd
ν > n− 3

ν − n+ 1

ν − n+ 1

A−− A−+

ν − p+ 2

ν − n+ 1

ν − n+ 1

A−− A−+

ν − p+ 2

ν − n+ 1

ν − n+ 1

A−− A−+

ν − p+ 2

(3) Suppose p, q ∈ 2Z. Then,
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(λ, ν) ∈ (// ∪ \\)c \\ − // //− \\

ν: even
ν ≤ 0 A++

−ν

−ν

A−+

−ν + p− 2
A++

−ν

−ν

A−+

−ν + p− 2
A++

−ν

−ν

A−+

−ν + p− 2

ν: odd
ν ≤ n− 3

A+−

−ν + q − 1

A+−

−ν + q − 1

A+−

−ν + q − 1

A+−

−ν + q − 1

ν: even
ν > 0

A−+

−ν + p− 2

A−+

−ν + p− 2

A−+

−ν + p− 2

ν: odd
ν > n− 3

ν − n+ 1

ν − n+ 1

A−−

A+−

ν − q + 1

ν − n+ 1

ν − n+ 1

A−−

A+−

ν − q + 1

ν − n+ 1

ν − n+ 1

A−−

A+−

ν − q + 1

(4) Suppose p ∈ 2Z, q ∈ 2Z + 1. Then for ν ∈ 2Z + 1, RX
λ,ν is surjective. Otherwise

(for ν ∈ 2Z) we have,
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(λ, ν) ∈ (// ∪ \\)c \\ − // // ∩ \\, k > l

ν ≤ 0 A++

−ν

−ν A+−

−ν + q − 1

A−+

−ν + p− 2
A++

−ν

−ν A+−

−ν + q − 1

A−+

−ν + p− 2
A++

−ν

−ν A+−

−ν + q − 1

A−+

−ν + p− 2

ν > 0
ν ≤ n−3

2

A+−

−ν + q − 1

A−+

−ν + p− 2
A+−

−ν + q − 1

A−+

−ν + p− 2
A+−

−ν + q − 1

A−+

−ν + p− 2

(λ, ν) ∈ (// ∪ \\)c // ∩ \\, k = l

ν: odd
ν = n−1

2

A+−

−ν + q − 1

A+−

−ν + q − 1

A+−

−ν + q − 1

A+−

−ν + q − 1

(λ, ν) ∈ (// ∪ \\)c //− \\ // ∩ \\, k < l

ν ≥ n+1
2

ν ≤ n− 3
A−+

ν − p+ 2

A+−

ν − q + 1

A−+

ν − p+ 2

A+−

ν − q + 1

A−+

ν − p+ 2

A+−

ν − q + 1
A+−

ν − q + 1

ν > n−3

ν − n+ 1

ν − n+ 1

A−− A−+

ν − p+ 2

A+−

ν − q + 1

ν − n+ 1

ν − n+ 1

A−− A−+

ν − p+ 2

A+−

ν − q + 1

ν − n+ 1

ν − n+ 1

A−− A−+

ν − p+ 2

A+−

ν − q + 1
A+−

ν − q + 1

In the diagrams above some of them are filled not with gray, but with colored di-
agonal lines. This means that the image of the regular SBO RX

λ,ν is zero and the
(green/purple) ascending/descending diagonal lines show the images of its residues

R
{o}
λ,ν and R̃X

λ,ν respectively.

12



For p = 1 we have:

(λ, ν) ∈ (// ∪ \\)c //− \\ \\ − // //∩\\, k < l //∩\\, k ≥ l

ν: even
ν ≤ 0

]
−ν

]
−ν

]
−ν

]
−ν

× ]
−ν

]
−ν

ν, q: even
0 < ν < q
ν: even, q: odd
0 < ν < q

ν, q: even
ν ≥ q

[
ν − q

[
ν − q

[
ν − q

[
ν − q

×

ν: even, q: odd
ν ≥ q

[
ν − q

[
ν − q

[
ν − q

[
ν − q

[
ν − q

×

ν: odd, q: even
ν ≤ 0

]
−ν

]
−ν

]
−ν

]
−ν

× ]
−ν

]
−ν

ν, q: odd
ν ≤ 0

]
−ν

]
−ν

]
−ν

× ]
−ν

ν: odd, q: even
0 < ν < q
ν, q: odd
0 < ν < q

ν: odd, q: even
ν ≥ q

[
ν − q

[
ν − q

[
ν − q

[
ν − q

[
ν − q

[
ν − q

[
ν − q

×

ν, q: odd
ν ≥ q

[
ν − q

[
ν − q

[
ν − q

[
ν − q

[
ν − q

[
ν − q

×

In the diagrams above some of them are filled not with gray, but with colored
diagonal lines. This means that the image of the regular SBO RX

λ,ν is zero and:

13



• For (λ, ν) ∈ // the (green/purple) ascending/descending diagonal lines show

the images of its residues R
{o}
λ,ν and R̃X

λ,ν respectively.

• For (λ, ν) ∈ // the (blue/red) ascending/descending diagonal lines show the
images of its residues RY

λ,ν and RC
λ,ν respectively.

Remark 14. We can also find the images of the other SBOs in Theorem 2 as well.
Note that the proof of this theorem is performed independent of of [HT93].

Now, we recall from [KØ03] the five equivalent definitions of the irreducible unitary
representations πp,q±,λ of O(p, q).

Theorem 15 (G′-invariant maps between Zuckerman modules πp,q±,λ). Let n = p +

q, (p, q ≥ 1) and n′ := n− 1. The dimensions of HomG′

(
πp+1,q+1
±,n/2−λ|G′ , π

p,q+1
±,ν−n′/2

)
are

as follows:
p = 1, q ∈ 2Z πp,q+1

−,ν−q/2, ν ∈ q + 2N πp,q+1
−,ν−q/2, ν ∈ q + 1 + 2N

πp+1,q+1
+,n/2−λ, λ ∈ q − 1− 2N 0 0

πp+1,q+1
−,n/2−λ, λ ∈ 2N 0 1⇔ (λ, ν) 6∈ \\

p = 1, q ∈ 2Z+ 1 πp,q+1
−,ν−q/2, ν ∈ q + 2N πp,q+1

−,ν−q/2, ν ∈ q + 1 + 2N

πp+1,q+1
+,n/2−λ, 2Z 3 λ 6

q−1
2

0 0

πp+1,q+1
−,n/2−λ, 2Z 3 λ 6

q−1
2

0 1⇔ (λ, ν) 6∈ \\
p, q ∈ 2Z πp,q+1

+,ν−n′/2, 2Z 3 ν > 0 πp,q+1
−,ν−n′/2, ν ∈ 2Z+ 1

πp+1,q+1
+,n/2−λ, 2Z+ 1 3 λ 6 n/2 1⇔ (λ, ν) ∈ \\ 1⇔ λ > ν ⇔ (λ, ν) 6∈ //
πp+1,q+1
−,n/2−λ, 2Z+ 1 3 λ 6 n/2 0 1⇔ (λ, ν), (n− λ, ν) ∈ //
p ∈ 2Z, q ∈ 2Z+ 1 πp,q+1

+,ν−n′/2, 2Z 3 ν > n′/2 πp,q+1
−,ν−n′/2, 2Z 3 ν > n′/2

πp+1,q+1
+,n/2−λ, λ ∈ 2Z 0 1⇔ (λ, ν) 6∈ //

πp+1,q+1
−,n/2−λ, λ ∈ n− 2N+ 0 1⇔ (n− λ, ν) ∈ //
p ∈ 2Z+ 1, q ∈ 2Z πp,q+1

+,ν−n′/2, 2Z+ 1 3 ν > n′/2 πp,q+1
−,ν−n′/2, 2Z+ 1 3 ν > n′/2

πp+1,q+1
+,n/2−λ, λ ∈ n− 2N+ 0 1⇔ (λ, ν) 6∈ //⇔ λ > ν

πp+1,q+1
−,n/2−λ, λ ∈ 2Z 0 1⇔ (n− λ, ν) ∈ //
p, q ∈ 2Z+ 1 πp,q+1

+,ν−n′/2, ν ∈ 2Z+ 1 πp,q+1
−,ν−n′/2, ν ∈ 2N

πp+1,q+1
+,n/2−λ, λ ∈ 2Z, λ 6 n/2 1⇔ (λ, ν) ∈ \\ 0

πp+1,q+1
−,n/2−λ, , λ ∈ 2Z, λ 6 n/2 0 1⇔ (n− λ, ν) ∈ //

Remark 16. Theorem 15 generalizes [KS15, Thms. 12.1 and 1.3].

14



References

[BR04] J. Bernstein and A. Reznikov. Estimates of automorphic functions. Mosc.
Math. J, 4(1), (2004), pp. 19–37.

[CKØP11] J.-L. Clerc, T. Kobayashi, B. Ørsted and M. Pevzner. Generalized Bernstein–
Reznikov integrals. Mathematische Annalen, 349(2), (2011), pp. 395–431.

[HT93] R. E. Howe and E.-C. Tan. Homogeneous functions on light cones: the infinites-
imal structure of some degenerate principal series representations. Bulletin of
the American Mathematical Society, 28(1), (1993), pp. 1–74.

[J09] A. Juhl. Families of Conformally Covariant Differential Operators, Q-curvature
and Holography, Progr. Math, 275. Springer Science & Business Media (2009).

[K15] T. Kobayashi. A program for branching problems in the representation theory
of real reductive groups. Progress in Mathematics, 312, (2015), pp. 277–322.
In: Special issue in honor of Vogan’s 60th years birthday.

[KM14] T. Kobayashi and T. Matsuki. Classification of finite-multiplicity symmetric
pairs. Transformation Groups, 19(2), (2014), pp. 457–493. In: Special Issue in
honour of Professor Dynkin for his 90th birthday.

[KØ03] T. Kobayashi and B. Ørsted. Analysis on the minimal representation of
O(p, q). II. Branching laws. Advances in Mathematics, 180(2), (2003), pp. 513–
550.

[KO13] T. Kobayashi and T. Oshima. Finite multiplicity theorems for induction and
restriction. Advances in Mathematics, 248, (2013), pp. 921–944.

[KØSS15] T. Kobayashi, B. Ørsted, P. Somberg and V. Souček. Branching laws for verma
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