STOKES PHENOMENON AND BRAIDS

KAZUKI HIROE

ABSTRACT. In this note we shall present a definition of the spaces of de-
formation parameters of isomonodromic deformations of meromorphic
connections with ramified irregular singularities on P* and give a topo-
logical characterization of these spaces. Also we shall see an invariant
of Stokes structure which is preserved under moving parameters of dif-
ferential equation inside our space of deformation parameters.

1. FORMAL MEROMORPHIC CONNECTIONS ON A DISK

In this section we recall basic definitions and facts of formal meromorphic
connections on a disk.

Definition 1.1. Let V be a finite dimensional vector space over K((z)). A
connection on V is a K-linear map V: V — V satisfying the Leibniz rule
df
V(fo) = 1Y) + DY)
x
for f € K(z)) and v € V. We call the pair (V,V) the K((z))-connection
shortly.

The rank of (V,V) is the dimension of V' as the K ((x))-vector space. We
say that (V,V) is irreducible if V has no proper nontrivial K ((x))-subspace
W such that V(W) C W. Morphisms between connections (V1, V1) and
(Va,V3) are K ((x))-linear maps ¢: Vi — V3 satisfying ¢V = V.

1.1. Indecomposable decompositions of connections. Let us give a
quick review of indecomposable decompositions of connections based on the
works of Hukuhara, Turrittin, Levelt, Balser-Jurkat-Lutz, Babbitt- Varadara-
jan and so on, [10, 18, 13, 3, 1].
1
For a positive integer ¢ and f € K((x4)), let us define E;, = (V,V), a

connection over K ((x)), as follows. Regard V = K ((x%)) as a K((z))-vector
space and define V(v) = (- + z71f)v for v € V. The irreducibility and
isomorphic class of Ey, are determined as follows. If Ey, and E,, are
isomorphic, then there exists an integer 0 < r < ¢ — 1 such that

e = alGgat) € Ryfo) = K (@) (o4 KTt + 22

Also the converse is true. Let us define R{(z) as the set of f € Ry(x) that

cannot be represented by elements of K ((ac%)) for any 0 < r < g. Then the
connection Fy , is irreducible if and only if the image of f in Ry.
1



2 KAZUKI HIROE

Proposition 1.2 (Hukuhara-Turrittin-Levelt decomposition). Every (V, V)
decomposes as

(V.V) = @(Efmh ® Jm,)
where f; € Ry (x) and Jp, = (C(x)®™, § 4 4 z7IN,,) with the nilpotent
Jordan block Ny, of size m.

For the above Hukuhara-Turrittin-Levelt decomposition, set ¢ := lem;{q;}
and call ramification index of (V, V). Collecting indecomposable components
satistying Ey, o, = Ey, 4, we have the coarse Hukuhara-Turrittin-Levelt de-
composition,

(1) (V,V) = EBEgjan' ® R;
J

T
where g; € x % K[z %] satisfying g; # gj» (j # j') and R; are regular
singular connections.

1.2. Irregular type and dual Puiseux characteristic.

Definition 1.3 (irregular type). Let (V, V) be a connection with the coarse

HTL decomposition as (1). The following subset of 2K [a:_%] is called the
irregular type of (V, V),

2) gy = [ GG 4o =1, g}

T

1 1
we say that an irregular type {pi(x7),...,pn(z9)} is reduced if the following
condition does not hold: deg 1 (p1) =+ =deg 1 (pn) and coefficients of
X X

the leading terms of them are same.

Definition 1.4 (cyclic decomposition of an irregular type). Let us take an
1
irregular type of a meromorphlc connection, P = {pi(xz9),...,pp(z9)}.

Setting 9:4 — Cq:m we obtain the permutation of P which is written as
the disjoint permutation cycles,

| § (G
k

where # are distinct elements in {1,2,...,n}. Along this decomposition,

we decompose P as below,
P = Uiy pigs -5 Dit 3
and call cyclic decomposition of P.

For example, the decomposition (2) in Definition 1.3 is precisely cyclic
decomposition.

As an analogy of the Puiseux characteristics of plane curve germs, we
define the dual Puiseux characteristics of cyclic components. Let

Uilghse 8}
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be the cyclic decomposition of the irregular type as in Definition 1.3. Let
1

A n n+l
us write ¢} (x%) = apx% + app1x % +---. Then define
—ﬁi :=min{k | ap #0, ¢; fk} 63 = ged (Quﬁi)
Also define
—,Bll = min {k‘ ‘ ar 0, e /ﬂﬁ} e? = ged (elfh/@i)'

inductively till we reach g; with egi =1.
Definition 1.5 (dual Puiseux characteristic of cyclic component). Let
Uigi, -5 94,}

be the cyclic decomposition of the irregular type as above. Then the collec-
tion of the positive integers

defined as above is called the dual Puiseux characteristic of i-th cyclic com-
ponent for each i.

1.3. Irregularity. For (V,V), let us fix a basis and identify V = K((z))®".
Then we can write V = 4 + A(z) with A(z) € M(n, K((z))). Moreover we
can choose a suitable basis so that A(z) € M (n, K[z ~1]), see [3] for example.
We call A(x) € M(n, K[z~!]) the normalized matriz of (V, V).

Let us take K as the field of complex numbers C and C({z}) denote the

1

field of meromorphic functions near 0. Let us fix a branch of g-th root x4
of x.

The irregularity defined below measures the difference between formal
and convergent solutions of % + A(x).

Definition 1.6 (see H. Komatsu [12] and B. Malgrange [14]). Let (V,V)
be a C((z))-connection. The irreqularity of (V,V) is

1(V,¥) = x (1 + A, C@)*) —x (o +Ala), Cah*).

Here x(®,V) is the index of the C-linear map ®: V — V|, ie.,
x(®,V) = dim¢ Ker ® — dim¢ Coker®.

It is known that Irr(V, V) is independent from choices of normalized ma-
trices A(x). Moreover when we consider the coarse HTL decomposition

(V.V) = €D By, © Ris
i
the irregularity can be written by

Irr((V,V)) = Z degx_qii (9i)-

Thus not only for C but also general K, we can define the irregularity by
the above formula.

The Komatsu-Malgrange irregularity can be computed from the dual
Puiseux characteristics as follows.



4 KAZUKI HIROE

Proposition 1.7. Let E, be an irreducible K (x))-connection with the dual

Puiseux characteristic (q,p; Bi,...,0Bq). Then we have
g
Irr(EndK((l,)) (Eﬁq)) = Z(eifl — 61)51
i=1

2. REPRESENTATIONS OF SEQUENCES OF TOTAL ORDERS AND LOCAL
MODULI OF DIFFERENTIAL EQUATIONS

For a connection (V,V) over C({x}), i.c., the pair of finite dimensional
C({x})-vector space V and the C-linear connection @, the formalization
(V,V) is the connection over C((z)) defined by V' = C((z)) ®cqa) V and
V(if®v) = %f@@—i—f@@(f}) for f € C((z) and ® € V. Let us fix
a connection (Vp, Vo) over C((z)) and consider a C({x})-connection (YA/, %)
whose formalization is isomorphic to (Vp, Vi). Let us fix an isomorphism
& (V,V) = (Vo, V) and call ((V,V),€) a marked pair formally isomor-
phic to (Vo, Vo). We say that marked pairs ((V, V), £) and ((V/, V'), ¢) are
isomorphic if there exists an isomorphism a: (V,V) = (V', V') as C({z})-
connections such that & = £ o w where u is the isomorphism between the
formalizations of them induced by 4. The isomorphism class of marked pairs
formally isomorphic to (Vp, Vo) is denoted by 2 ((Vy, Vo)). This local mod-
uli space M((Vo, Vo)) is studied by many authors (see for instance [2] and
its references) and it is known that there exists a one to one correspondence

from a space of certain unipotent matrices, so called Stokes matrices, to
M((Vo, Vo)) (see Theorem 2.4 for example).

2.1. Representations of sequences of total orders. Let I be a finite
set and <p,<1,...,<p (h > 1) a sequence of total orders of I. We shortly
denote the pair of I and the sequence by

T =(1,(<4)i=0,..h)-
Let us define a representation of Z. For v =1, ..., h, define subsets of I x I
by
pr=A0.k) €I xT|j#kk<,-1j,j<vk}.
Here we note that p, is anti-symmetric, i.e., (j, k) € p, contradicts (k,j) €
py and transitive, i.e., (j, k) € p, and (k,1) € p, implies (j,1) € p,. For each

k € I, take a finite dimensional C-vector space Vi. Then representations of
T are elements in

h
Rep(Z, (Viker) = € Home(Vi,V)).

v=1(j,k)€py

We call (dimg(Vi))ker € (Zso)! the dimension vector of Rep(Z, (Vi)rer)-
For a vector a = (a;) € (Z>0)!, we write

Rep(Z, ) = Rep(Z, (C¥)ker).



STOKES PHENOMENON AND BRAIDS 5

2.2. Sequence of total orders and that of permutations. Let us fix
a sequence of total orders Z = (I, (<;)i=0,..n). For each i =0,...,h let us
arrange the elements in 1,

tgi) < tg) <o < ()

n
and define the bijection
(f)ii I — {1,...,71}
(4) :
t, k
Here n is the cardinality #1 of I. Then we have a sequence of permutations
of {1,...,n},
Ty=¢y0¢>;i1 forv=1,...,h.
Conversely if we fix a bijection ¢g from I to {1,...,n} and a sequence of
permutations of {1,...,n},
T1y--sTh,
then we can define a sequence of total orders as follows. Let us define
bijections ¢,: I — {1,...,n} by ¢, =1, 0,1 for v =1,..., h. For each
1 =0,...,h define the total ordering <; of I as the pull back of the natural
ordering of {1,...,n} by ¢;. Thus we have the following.

Proposition 2.1. Let I be a finite set of the cardinality n. Then there exists
a one to one correspondence between sequences of total orders of I and the
pairs of a bijection ¢po: I — {1,...,n} and a sequence of elements in &,,.

The identity element id € &,, may be included in the sequence of permu-
tations ry,..., 7, corresponding to (I, (<;)i=o,..x). It is equivalent to the
existence of ¢ € {1,...,h} such that <; and <;y; define the same order.
Thus we may omit id € &,, in the sequence of permutations and call the
consequent sequence rq,...,7,, without id € &,, the reduced sequence of
permutations.

2.3. Local moduli space and representations of sequences of to-
tal orders. We shall construct a sequence of total orders from the Stokes
structure of connections.

Let us consider a C((x))-connection (V, V) with a normalized matrix A(x) €

M(n,C[z~1]). Then it is known that there exists F' € GL(n, (C((:z:%))) with
q € Z~o such that

d
FlA(z)F —F ') F=
() +<dm )

D1dm, Ly
p2lm, o Ly

p~sImS Ls

1 1
where p; € x «Clz 4] (p; # pj if i # j) and L; € M(m;,C). Then we can
see that the differential equation

d
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has the following formal fundamental solution,

H := Falela
where L = diag(Ll,Lg,...,Ls) and Py = diag(pilm,,p2lmyy-- - Pslm.)
with p; = f; Pidr for i = 1,2,...,s. We denote the irregular type of
this connection by

P = {plap% s aps},
Then define a sequence of total orders as follows. For d € R, we write

j<ak if Re(ape V0% >0

where p; —pi, = apx o f a4+ par with lg > 1 > - > 1y, ag #0
and say d is a Stokes direction if there exist two distinct integers 1 < 5,k < s
such that these are incomparable by <;. Thus we note that if d is not a
Stokes direction, <4 defines a total order on Pjy.

Let 0<dy <dg < --- < dj < 2w be the collection of all Stokes directions
in [0,27), so called basic Stokes directions (see [4]). Let us choose € > 0 so
that d; = d; + & < d;s1 and for i = 0,...,h, where dy is the maximum of
Stokes directions d < 0 and we formally set dj4+1 = 27. Then we have the
sequence of total orders

Ip = (P,(<g,)i=0,...,n)
and call it Stokes sequence of total orders of (V, V).

Remark 2.2. In the above setting, we see only the basic Stokes directions
d; because there exists o € G4 such that

627“/?1.%)

Po(i) = pi(z)

foralli=1,..., s and we have

J <a k if and only if 0(j) <ator o(k)

ford e R.
Let us associate the representations of Zp with the space of certain unipo-
tent matrices, i.e., so called Stokes matrices. For each v =1,...,h, define
Stog, (P) =

(Xi’j)lgiﬂ'gse @ Hom@((ij,Cmi) Xi,j:

1<i,5,<s

idem;  ifi=j
0 if (i,7) ¢ pu

Then we have the isomorphism

h
Rep(Zp, (mi)i=1,...s) = @ Stoa, (P)
v=1
as C-vector spaces.
The actual solution of J
I ()

defines an element in Rep(Zp, (m;)i=1,...s) = @,}jzl Stog, (P) as follows. For
a, B,r € R with the ordering a < 3, define the sectorial region

S(a, B;1) :={2€C|0<|2z| <r, a<arg(z) < S}
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Let us take p € R so that there is no singular point of %Y = A(z)Y
in {z € C|0 < |2|] < p}. Then for each Stokes direction d,, we define
the normal sector by S, := S(d,—1,dy+1;p). The theory of Hukuhara and
Turrittin assures that there exists G, € GL(n, O(S,)) such that G, = F in
Sy, namely,

hmsupmes(aﬁr)\ Z FizH)z ™" =0
i=—k

for any dy,—1 < @ < 8 < dy+1 and n € Z~p. Here F = Z;’i_k F;zt. In the
nonempty intersection S,_1 NS, there exists a constant invertible matrix
C,, and we have

G,_1xlelr = G atePA0,
for each v = 1,...,h. Since G,,_1 and G, have the same asymptotic expan-
sion, we have

LePac,e~Pag=t = GG, 2 1,
in S,_1NS,. Let us denote block components of C,, by C; ; € M(m;, m;;C)
for 1 < 4,5 < s along the block decompositions of I and P4. Then the
above observation implies that

I, if i = j,
C;,j =  arbitrary  if i <g4 7,
0 otherwise.

Furthermore it is known the following normalization theorem of Stokes ma-
trices (see [4] for the proof).

Theorem 2.3. The above actual solutions G, can be chosen so that C,, €
Stog, (P)

By this theorem, we can associate an element in Rep(Zp, (m;)i=1,..s) to
an element in M((V,V)). Moreover it is known that this correspondence is
a well-defined map and bijection. The following is the direct consequence of
Theorem VII and its Remark 2 of [4].

Theorem 2.4. We have a one to one correspondence
Rep(Zp, (m;)i @ Stoa, (P) = M((V, V).

3. MAIN THEOREM

3.1. Braids and Plane curve germs. Let us recall the well known theo-
rem by Brauner that irreducible plane curve germs describe iterated torus
knots around the singular point . The detail can be found in standard ref-
erences ([9] for instance). Let C(z,y) € C{z,y} be an irreducible plane
curve germ with the Puiseux characteristic (m;fi,...,08y). Exchanging
x and y if necessary, we may assume that f has a good parametrization
=t y=> . ait € C{t}, (an #0), with n > m. If we let z run around
a sufficiently small circle ,then

K = (1',3/) JZ'ESU, yzzazx#

>n
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describes a knot in a solid torus

Sy x Ds = {(neﬁs,eeﬁt) |s,teR, 0<e< (5}
with a suitable § > 0.

Theorem 3.1 (K. Brauner [7]). The above K is an iterated torus knot of
order g and type (m/e1, B1/e1), (e1/ea, B2/e2), ..., (eg—1/€g, By/eq)-
Now let us recall the construction the iterated torus knot from the good

8
parametrization. First we decompose y(z) as y(z) = >.7_; agkxTIf + r(x)
where r(z) is the term of small oscillations which may be ignored. Thus we

8
focus only on g(z) = > 9_, aﬂkxﬁk. Let us first look at (1) = aglx%. Then
Ky = {(z,§"(x)) | = € Sy}

is the torus knot of type (m/e1, f1/e1) which can be seen as the closed braid
of the geometric braid By with the m/e; strings

s 8
5" (t) = agynt e/ TR (0 <t < 2m),
forl =1,...,m/e1. Here we note that there exists a permutation 71 € &,, .,

such that

g+ 2m) = L), (1)

for | =1,...,m/e;. Here &, denotes the symmetric group of n symbols.
8 B2
Then next, 72 = = ag,T ™+ ag,r m improves the approximation and

Kz = {(2,5%(2)) | = € Sy}
is the iterated torus knot of order 2 and type (m/e1, 51/e1), (e1/e2, B2/€2).

Indeed, for each Iy = 1,...,m/e;, one has e;/es points
- B B B
yl(i)lQ(t) = ag, mief EL(t41q) + ag, 77m 2 VTE2 (t+1) (lo=1,...,e1/e3)

in the circle of radius ]a52]77 = around the point y( )(t). Thus for each [y,

we have the set 311 of the strings yl( )l (t) for la = 1,...,e1/ea. As we noted

above, we can 1dent1fy Bl1 and B ,(1) by substituting ¢ + 27 for ¢. Thus it

suffices to see Bl1 for one Iy € {1,...,n/e1}. Then Ell defines a geometric
braid Bs if ¢ runs in the interval [0, (m/e;)27| and we have the torus knot
of type (e1/ea, B2/e2) as the closed braid of Bs.

Then one can repeat this process to refine the approximation and obtain
the iterated torus knot of the plane curve C(z,y).

3.2. Space of local deformation parameters and links. Let us take a
connection with the coarse HTL decomposition (V,V) = @’_; Ep, ¢, ® R;
which has the reduced irregular type with the cyclic decomposition,

P = u;zl{pgj), e 7pg)}
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1

. i kxT
where p,(j) =7 de. Set

o0 T

njk = Irr(Home o) (Ep; q; > Epyai)

4 gk
= ot T [T "),
s=1t=1
Here for f = a12™ + asx™ + --- with a1 # 0 and rational numbers r; <
ro < ---, we define ord(f) := r1. For another reduced irregular type with

the cyclic decomposition
P = u;zl{pll(]), . ,p;(,'])},
J

we say that P and P’ have the same cyclic type if ¥’ = r and the length of
each cyclic components is same, i.e., q; = q;- forj=1,...,r.

Definition 3.2 (admissible deformation). Let P and P’ be reduced irregular
types defined as above. We say that P’ is an admissible deformation of P if
the followings are satisfied.

(1) P’ and P have the same cyclic type.
(2) For njyg, 1 < j,k <r defined above, we have

9 gk
; k
nj = —ord, [[ [T = pi™).
s=1t=1
(3) For i = 1,....r, each i-th cyclic components of P and P’ have the
same dual Puiseux characteristic.

Definition 3.3 (space of local deformation parameters). Let (V,V) be as
above. Then the space of local deformation parameters Ty ) is the set of
all admissible deformations of P.

Remark 3.4. Let us recall integrable (isomonodromic) deformations of
meromorphic connections in a very rough way (see [16] for the detail).
Let T be a complex manifold and V' a finite dimensional C-vector space.
Then the family (V¢)ier, Vi = dp1 — A(s) of meromorphic connections on
Op1 ®c V is called integrable if there exists a flat meromorphic connection
V on Opi 7 ®c V such that V|pi, 3 = Vi. It is known that elements in an
integrable family, roughly speaking, have the equivalent monodromies and
Stokes structures, thus it is called isomonodromic deformation.

In the theory of isomonodromic deformations, the complex manifold T is
called the space of deformation parameters and plays a role of the space
of time parameters of time dependent Hamiltonians which describe the
isonomodromic deformations. For instance, T can be taken as the configu-
ration space of ordered points of P! in the case of Fuchsian isomonodromic
deformations. Our deformation parameters defined in Definition 3.3 can be
seen as a generalization to the irregular singular isonomodromic deforma-
tions following preceding studies of irregular isomonodromic deformations,
for example in [11],[6], [8],[5].

In the Fuchsian isomonodromy, the space of deformation parameters can
be seen as the configuration space of ordered points and its topological struc-
tures, fundamental group for example, play important roles for the study
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of isomonodromic deformations. Thus we are interested in a topological
structure of our space of local deformation parameters for irregular singular
equations.

For this purpose, we shall give a topological characterization of our space
of local deformation parameters by looking at the links associated to the
irregular types as follows.

1 1
Definition 3.5 (link of an irregular type). Let P = {p1(z4),...,pn(x7)} be
a reduced irregular type of the ramification index ¢q. Then for a sufficiently
small € > 0,

Lp = | J{(@pi(a) | |2 = &}
=1

defines a link in a solid S, x D;g with a suitable R > 0, called the link of the
wrregular type P.

The following is our main theorem which gives a topological characteri-
zation of the spaces of local deformation parameters.

Theorem 3.6. Let us take two reduced irreqular types P and P’ of the same
cyclic type. Then P’ is an admissible deformation of P if and only if the
corresponding links Lp and Lp are isotopic in a solid torus.

Remark 3.7. It is known that two algebraic plane curve germs are equi-
singular (see [9] for the definition) if and only if the corresponding links are
isotopic. The above theorem can be seen as an analogy of this fact for the
differential equations.

3.3. Invariants of connections and that of links. Theorem 3.6 tells us
that there will be similarities between singular points of differential equa-
tions and links. Thus we shall see some relationships between invariants of
differential equations and that of links.
1 1
Suppose (V, V) = E, 4, an irreducible connection with p € ~ «Clz™ <] and
1

the irregular type P = {p1,...,pq} where p; := [ P g for i = 1,...,q.

x
Then we can see that the corresponding link Lp becomes a knot.

The following is an analogue of Brauner’s theorem.

Theorem 3.8 (dual Puiseux characteristics and iterated torus knot). Let
(g; 81, B2, ..., Bg) be the dual Puiseuzx characteristic of E, 4. Then Lp is the
iterated torus knot of order g and type

(q/e1,B1/e1), (e1/e2, Bafea), ..., (eg-1/eq, By/eg)-

Let us take another irreducible connection E,s , with the irregular type
P’. Then linking number 1k(Lp, Lp:) of the knots Lp and Lp: relates the
Komatsu-Malgrange irregularity as follows.

Theorem 3.9 (linking number and irregularity). We have
Ik(Lp, Lpr) = Irr(Homga) (Ep,g, Ep q))-
Let us denote the Alexander polynomial of Lp by Ap.
Theorem 3.10 (degree of Alexander polynomial and irregularity). We have
degAp = Irr(Ende(a) (Ep,g)) — (¢ — 1)
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Moreover the following says that Alexander polynomials of corresponding
knots are completely determined by dual Puiseux characteristics.

Theorem 3.11 (Alexander polynomial and dual Puiseux characteristic).
Suppose ¢ = ¢'. Then the dual Puiseuz characteristics of E, 4 and Ey o are
same if and only if the Alezander polynomials of Lp and Lp: are same.

Since general irregular type is union of the above kind of irregular types
as cyclic components, Theorem 3.11 indicates a direction of the implication
of our main theorem.

3.4. Braids and Stokes sequence of total orders. Let (V, V) be a mero-
1 1
morphic connection with the irregular type P = {pi(x7),...,py(z9)}. Then

bp = (J{(tpineY™"5)) [0 < t < 27}
=1

defines a geometric braid whose closure is Lp. Then the projection
[0,27] x C € (t,y) — (t,Re(y)) € [0,27] x R

gives the braid diagram of bp. Let 0 < dy < dy <--- < dj < 27 be the basic
Stokes directions of (V,V) and define d; for i = 0,...,h as before. Then

restricting the braid diagram on the segments [d;_1,d;] for i = 1,... h, we
obtain b; € B,,, elements in the braid group B, such that

bpbp—1---b1 =bp € B,,.

Finally taking the natural projection 7,: B, — S, from braid group to
symmetric group, we obtain the sequence of permutations

r1 = Tp(b1), 72 := Tn(b2), ..., 7 = Tn(bp)
which is nothing but the Stokes sequence of permutations of (V, V). Thus
we call the by, bo, ..., by the lift of the Stokes sequence of permutations of
(V,V).

If we move the parameters of irregular types, Stokes directions and Stokes
matrices are changed in general. However to consider “isomonodromic”
deformations, some structure of Stokes phenomena should be preserved even
when we move these parameters. The following says that a structure of
Stokes phenomena are preserved under the move of parameters inside the
space of deformation parameters.

Theorem 3.12 (Stokes sequences and conjugacy problem of braid groups).
Take two Stokes sequences of permutations {ri,...,rp} and {r},...,r}}
of reduced irreqular types P and P’ of the same cyclic type respectively.
Then P’ is admissible deformation of P if and only if the lifts {b1,...,bp}
and {b,...,b,,} of these Stokes sequences are conjugate, namely, b :=
bpbp—1---by and V' := by,by,_,--- by are conjugate in the braid group B,
where n = #P.

This theorem relates Stokes sequences of irregular types in a space of local
deformation parameters to the work “like” problem or conjugacy problem
of the braid group.
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