Joboobougbooobobouoooon

(Branching laws for unitary representations and complexification)

00 00 (Masatoshi Kitagawa) *

1 00

0000000000000 WeylOOODODOODODOOODOOODOOOODDOOOODDOODODDOOODOO
gboooooooooboboobooo

WeylOOOOODDOODOO

Flensted-Jensen duality [2]

00000 CliffordKlein 000000 (Kobayashi-Ono [8])
0000000000 K-type O transfer [3]

e Howe duality 000000000000 [12, 9]

goooog
gobodobobooboobobooobooboooboobbobbuoobboooboobbooboon
gbooooooobobobooooogo

00. GOOO00O0D0O00OVO GOUOOOOUODOODOOOH,A/0GO0D000000N00N0O00OH:D
H;O GcOOOOODODOOOOOODOOOO0DODODOOO0O0O0DO000O0O V|gOV|yy0DODOOODODO
gooooboon

000D00L3(R/Z)0 L2(R)000000000000000D000000O0000000000000

00000000 L%(R/Z)D000000000000000L%(R)00000000000000000
00000000000000000000000000000000000000D0000000000
0000D00000000000D00000000000000000000000000000(0O000
0000)00000000000000000000000000000000000000

00 1.1. GO0O000000000000000KDOD OoOoO00ooooovo Goooooooooo
O0O0HH'0GOO0D0D0D000000000 KOODOODOODODO0OOO0OODOOOHO HOOOOO Ge
dooooooooooooooooooooV|y, Vi 0OOODO0OO0OO0000000000000000

00 1.2. GOOOO GeOOOUOOODOO0OO0OO0ODOOcovering000000000000D0O0OOOG,H,H'
gboooooooooboboboboboooooooooboobobon

*00000000000000 (Graduate School of Mathematical Sciences, the University of Tokyo)



000 7:U(g) » Ende(V)OODODOODODODO0DO0O000000O0 Endyg(V)0ODOD0DO0O0000000O
rU(g)?) 0 Endy(V)0DODO0D00000000000 7U(e)?)0D000000O00O00O00O0OO0
D0000#U(g)¥)0 #(U(g)¥ )0 0000000000000 D0000000D0000xU(g)?)000
000000000000000000000000#WU(g)%) 000 Homyg(W,V)0ODOODOOOOO
000000000000000000000

HOOOv,wooooooood m(W,V) :=mg(W,V) :=dim(Homyg(W,V)) 0000000000
0000000000000000000000000 m(\,V)0000000000000

2 DOooObOoobod
000000000000000000000000000

00 2.1 (I. Penkov and V. Serganova [11]). GOOOOOODOODOOODKOOODOOODOOOODOODOO
Vooo (g,K)-000H,H/'O KDUOODODODODODOOH,H/OODODOO GO0000000000O0oo
000o0oooooooV|y,Vip OOODODODODODODOOODOOOOOO

HoooooooOOOOOOOOOOOOOOO0OO0ODOOOOOODODODODOO0OO0O0O000000000
ooo

00 2.2 (Jacobson density theorem). A0 C-000V 0000000000 ADO0O0OO0ODOODOOOO
goooooooooo Xcvioooooooooooooooo

A — Home¢(X,V)
V) w
a — (x+—ax)

00 2.3 (Amitsur-Levitzki theorem). M,(C) 0 n x n 000000000000 DODOOO0OO kO
XEVX%.”,XkEEALAC)D[]D[]D

sp(X1, Xo, oo, Xi) = Z sgn(w) Xo ) Xw() -+ Xuwk)
weSy

O0000000kOO0O0OD0O 6,000000 sgn000000000s,, 00000 00000000s9,-1
0000000 Xy, Xs,...,Xen_1 € M,(C)000000O

00 24. CO0 AODOOO
Pl.deg(A) :=min{n e N: A0D0 s, 00000 0}
000000(0000PLdeg(M,(C))=n0000)

Amitsur-Levitzki theorem 0 000 0000000000000 OO0OO0OO0O0OOO0OOOODOOOOOO
000000000 PldegDOOODODOOODOODO

00 25. AD000O0000 C-O00000000000 {(m, X\)}rea 00000y ker(my) =0
00000000000000000000supycs{dim(X,)} =PLdeg(4) 0000



00.[0021000]00VO000U(g) D0 Ende(V)DDOOOD #0000V ODOO (g,K)-000
O00U(g)-0000000D0000000DO0DO Jacobson density theorem 000000 HOODOOO
oooo FEﬁIDDDDDHomH(F,V)DDD UgH-DoDooo

Vo HOOOOOO0O0O0O0O0O0O0oOd

V ~ P F®cHomp (F,V)
FecH
000000000000007U(g)H) 0000000 {Homu(F,V)}pepy 000 2500000
00000 00PLdeg(r(U(g))) = Suppcp{mu(F,V)} 000000000 0 PLdeg(m(U(g)"")) =
SUp i (F',V)} 0000
ker(m) 0 U(p) DD ODOOOODOOO Ad(Ge)DDODODODOODODOOOOOOO

0000000Usupgegi{mu(F,V)} =supg gmime (F',V)} 000000 O

goboobbooboobooobobda

1. Homy(F, V)OO0 U(g)#-000
2. PLdeg(n(U(g)")) = sup g {m(F,V)}0
3. ker(m) 0 Ad(Ge) D OO

00000o0odoDs3. 0 HOOOODODOUODOOOoOoOooooooDOo1l.0 FO0DooOoOoooooooood
0000000000000 0000000O00OD0OooDoOUoUOoVvVDoD (B KNH)-OODODOODOOOD
002.0 <LO000000O0O0OO0OOCOOOODOOUOlL.0O0DOO00OOOOO0OOO0OO0OOOOOOUODOODOOO
O00 HOODOOOOOOOOOOO01. 0000000000000 0o0o0o0oooooooooooog
000000000 (0 3.1)0000b0o00b0000DO0O00O0 1.0000O00LO0OD0O0oO0OOoOD
oo3pbooon

oboboooooobooobobobo

00 26. GOOODODOODODODOODKD GOO0OOOOOOOOOO(mV)ODODO (¢,K)-000HO G
0000o0o0ooOoooovo (hHNK)-DOOOOoOOoooooOooooooooo

PLdeg(m(U(g)™)) < sup {m(F,V)}
Fef

0000000 HO HOODO (h,HNK)-0ODOODDOOOOOODO0OD0D00000 FeHOODOOO
Homy ynx(F,V)0 000000 U(g)?-000000000000000000

3 Ug)f-0ooooo

U(g)7-00 Homy ynx(F,V)0ODD0000000000000000



31 000000

DDDDDDD[lDDDDDDDDDDDHommHQK(F,V)DDDDDDDDDDDDDDDDDD
(w, V) O Sp(2n,R)(= G) 0 Weil 000 Even 00 (000D00D00D0)00000000 Sp(2n,R) O
000000000000 00000000Sp(2n,R) O dual paird Sp(n,R),0(2) 00000 H 000
Sp(n,R) 0000

G =°S5p(2n,R) D Sp(n,R)x Sp(n,R)

U U

Sp(n,R)-0(2) D> H = Sp(n,R)
D3.1.I]DDDDDDDw|HDDDDDDDDDDDDDDDQDDDDDDDDw(U(g)H)DDDDDDD
DDDDDDDDDDDDDFDDDDDHomb,HnK(F,V)DDDDDD[l

00. wlspm,r)yo@ 0000000000000000000O0O0O0OOO0O [5].

W|sp(n,R)-0(2) = @W ®c ()
70 Sp(n,R)00000000000000D0O00000A(x)0 00000000 O(2)0000000
000(2)000000 10000000000 2000000000 w|ly00000000000000O0
0020000
D000000wWU(g))=wW(se(2))000000wU(g))DODDODOD O

32 O0OO0OODO

U(p)P-000000000000000000000000000000 U(g)?-00000000000
000000000000000000000000000
0000000000000 00dual pair 000000 Oseesaw pair 000000000000000
0000000000000000000000000000000000000000000000000
00000000000 U(g)”-0000000000000000

0000000000 Zuckerman 0000000000000000(g,K)-000000000000
(6, HNK)-000D00D000 Zuckerman 00000000000 (g, H)-000000000 K-type O
transfer 1000 0000000000000000D00000O0O0O0DOOO0O0O0OOODOOOOOO (OO
00010, 14 00)0

K-type O transfer 0000 U(g)? 00000000V OO0 (6, K)-000000V O (h, KNH)-OO
0000000000 admissible 0000000000000000000000000000000000
Vg 0ODODOOO

Vg~ € W ®c Homu (W, V)
WeH
00000000 Zuckerman 0000000000 O0RTY ,(V)ODODOOOORTE,, O H-finite
vector 000 00000000000V|z 00000000

RTHy(V)~ @ RTEu(W) @c Homy (W, V)
WeH



D0000D000H-000U(g)f-000000000000000
ooobooooooooooooon

00 3.2. 00i00000RTE ,(W)#0000000000Homg(W,V) O finite length0 0000
00000000 WOODOOODOODOOOlengthDOOODO00O0O00ORTE (V)0DO (g,H)-000
0000D000Homy(W,V)000 U(g)P-000000

00. 0000000000RTE (V) 0DDDODOODOOO H-admissible 0 00000000 O finite
length DOOOORTHE ,(W)ODODOOOD XO00OO0DOOOOO RTE ,(V)ODODOOOU(g)H-00
000000 Homy(W,V) — Hompy (X, RTE ,(V)0ODDO0DOOOO0OOOHomy(W,V) O length O
RTH ,(V)DOlengthOODOOODOO

00000000000000000 O

00000000000000RTH,,(W)+# 000000000 Vogan Zuckerman 000 [13] 00
W~A,\N)000000000000000000000000000000RTYE. ,(V)0DOoooooO
0000000000000000000000000000000000DufloVargas [1], Gross-Wallach
[3)00000000000000

00 3.3. GOO0O0O0O0ODODOODOO0ODOVO GUOOOODODODODAO GOOOOO0O0O00O0o0oooog
O0V|y 0OOD0DOO00 (000000 admissible) 10000000000RSTE (V) O cohomological
parabolic induction 000 000000000000 O0OOV|y 000000 0O0ODO0O0OO HOOOOODO
D0DOO0RSTHE  00D0000000000000000000000S =dim(H/(HNK))/20000

DDDDDDDDU(Q)H—DDDDDDDDDDDD

00 34. GOO0O00OO00DO00OOOOOVO GOOOODOODOOHDO GOO0OO0OO0OOOOOOOOO
O0V|y 00ODO00O0D00D0000000000H 0000000000 WOOOOOHomg(W,V)O 0
000000 U(g)f-000D000

oo 3.5. RSFng(W)[IDDDDDDDDDDDDDDDDDDDDDDDD wooooooooood
0000000000000 0000000000K-typeO transfer 000 VOIOOODODODODODOOO G
gobooboobboobod

4 UO0O0O0OO0oo0OoOboobOOoOoOn

coooooodbooboboooboooooooobooooobobooooooooonooboOoooon
O000oooO0o0o0oooo0o0ooooOO000GUOOoO00000OO0O0000ODK O GoOoOOO
000000000000 D¢ 00000 ZOOOODOad(Z)0DOOODO —-1,0,100000000000
gc=p_-dtcdp,0ad(Z)00000000O0O0O0O0O0OOOOO —-1,0,100000000000¢80O0
Cartan 0000 tO ¢c 0 Borel OO0 b0 OOOODODO

ad(tc) 000 gc UD0ODO0O sOO0O0O0OA(s, )0 s0000000000D0O0O0DO0ODOOOOOO)p
Obepy000DODOODOOOOOOOCOO



41 0O0O0OODOOOO

0000000000000000000000000
F(\)(= F(\)00000000 A0 ¢00000000000000¢0+¢000000000000
0000D0000000000O0(00000000000000000000000D0000000000
0oooooo)

¢0000000000 F(\)DDOOO0D0O000 VermaOODO My(A)(= M(N) = U(gc) Ruep, ore) F(N)
00000M,(\) 000000000 Ng(A)O Lg(A) := Mg(\)/Ny(A) 000D

00 41. 00000000000 a€ A(py,tc) 00000(A+p,0)<000000000000 Mg(A\)
0000D000gO0000000000000000

00410000000000M(N\) 0000000000000

00 4.2. 000 a € Alpy,tc) 000D DO2N, o)/(a, ) €{0,1,2,...} 00000000000 Lg(N) O
D0oO0o00oooooo

0000000000000 000D0O0O0OOO0OOooOoOO [4,6,70

00 43. HO GOO0O00OO0OOO0O0ODOOOOOy>y—-1Z0O0O0O0O0D0OOOOOOOOOOOODOO
Mg<>\)|:| HODODOODOOOOOoOOoOooooooenhoooooo

S(p— Nh") @c Fe(A) ~ P m(p) Fer (1
000000000000 My(\)|gp0000D0ODOOOODODOD

Ml = @ mp)M,

0000000000 HOoOOOoooOoOoooooo

42 0OODOODOOOOOO

000 Verma 0000000000 0000000000D00000O0000O0O00000O0000O
0oo

t000000000 Fe(A)0ODODOOOODOO VermaOODOO My(A+2¢)(2 € C) 0000000
0000 000000000 (f¢)ss ®p_-000 canonical 100000000

Mg(Ao + 2C) = S(p-) ®c Fe(ro)
O000O(tc)ss 0 (c 0000000000000 Mg(M+2()0000000000000000000O
7, 1 U(g) = Endc(S(p-) @c Fe(Ao)) DO DO DD

0od 4.4. OO0 XGU(Q)DDDDDTF,(X)IC—)EHdc(S(p_)(chg(/\o)) gobooooobboooogo
Xo, X1,..., Xy EEndC(S(p,) Qc Fg()\o)) gooogogo



oooo

p. 0000000000000 0O0O0O0OOOOO S(po)®c Fr(X) DODODDODOODODOOOOOOOOO
ooo

00 42000Lg(A+2()000000000000000 2000 Z;0O COOO Zariski dense 00
ooobobooobooooOooOoooOoOoboOoOobOOoO0OobOOoOoOoOoOoOoOoOOOoOoOObOOoODO
00440000000000

00 4.5. 000000000,y Ng(ho+2¢)=000000000 My(pso), Ma(Xo) 00000000
00000000000 pe,A 000000000000000

mp (My(po), Mg(Xo)) = lim _ mpy(Ly(po + 2C), Lg(Xo + 2€))

2—00,2€Z ¢

00.i000000 8-)0000ve S (p_)®c Fe(h) 00O0D00we Ny(A+2) 000000000
0ooo

(PP p)v=0

0000000000000~ 000y, 0i00000000000000000000000000COO
00000000000000000 :0000000N,(A+2()=00000000000000000
0000000000ve Ny(A+2)000000 200000000

00000000 43000000000000000000000 4000000000 200000
tENp-00000

(Lg(Ao + 2C¢)/(p— M) Lg(Xo + 2C))(i) = (Mg(Ao + 2¢)/(p— N H)Mg(Ao + 2¢))(7)
00000000Z00000 —i+X(2)+2¢(2)000000 ()(¢)00000000
Mg(Ao + 2¢)/(p— NB)Mg(Xo + 2¢) ~ S(p— Nh") @c Fe(Xo + 2()

DDDDS(p_ﬂf)l)@«;Fe()\()—I—Z(:)D ;000b00booobooboobbooboobbooobon
4300000000000
U

0000000000000 H,HOGOOO0000000000h,40+/-1Z0000000000
GecODO HcO HOOOOOODOOOOOOOODDGOOOODODODO GeOOOODOOOOOOODO
0000000GeOO0O0OO0O0DODOOOOODOOOOU0OOOOODOOOOOODOOOOO 450000000
gboooooooog

00 4.6. Mg()\o)DDDDDDDDDDDDDDDDDDDDDDDDDDDD
sup{mp (My (1), Mg(Xo))} = sup{mp (My (1), Mg(Xo))}
Iz !

00 4.7. 000000000H' 0000000D0O000H:D HOOOODOODDOOODDO Ad(g)DDOO
BorelOOUODQO BorelODODOODOOOOOUOOOUOOOODOODODOOCOODOOODOOOOOODOODO
0000 Ad*(¢) 0000000000000 00DOOOO

m (My (1), Mg(Xo)) = lim iy (My (Ad™(g7) (1 + 2¢) — 2€), Mg(Xo))

2—00,2€Z



0000 efamily 000000000 H,H ODODOOODOOOOOD Ad(g)0D0D0OO0O0O0OO0ODOODOOOOO
oooo
O0D00000U(g)P-0000000000000000

00 48. My(\) 000DD00000D00000000 My(we) D000 DDDOO0ODDO0OD
Hom 7 (Mg (10 + 2¢), Mg(Ao + 2¢)) 00000 2000000 U(g)F-000000

00.U(gH 0 p00000000000 p_NhOOO00D0000000000 (p— NH)S(p—) @c Fe(Ao)
0000000000000U(g)F 00000 (r., Homeny (Ferp (120), S(p— ML) @c Fe(Xo)) 00D O DO
00 -.0000000000000

00 »,00000000007,U(e)?) 0000 d:= dim(Ende(n,)) 0000000000000
¢/ e€Z;000000000000000000000000000 #yU(g)¥)0D000d000000D0
0000Xy,Xo,...,Xq €U D0 m0(Xy), 72 (Xs),...,m»(Xy) 000000000000D0000D0
00000000000000000000000000000000007,(Xy),7:(Xs),...,m(Xs) 00
000 >0000000000000000000000 20000 Homg (Mg (o + 2¢), Mg(Xo + 2¢)) O
afiufalalufls O

goon

[1] Michel Duflo and Jorge Antonio Vargas. Branching laws for square integrable representations. Proc.
Japan Acad. Ser. A Math. Sci., 86(3):49-54, 2010.

[2] Mogens Flensted-Jensen. Discrete series for semisimple symmetric spaces. Ann. of Math. (2),
111(2):253-311, 1980.

[3] B. Gross and N. Wallach. Restriction of small discrete series representations to symmetric subgroups.
In The mathematical legacy of Harish-Chandra (Baltimore, MD, 1998), volume 68 of Proc. Sympos.
Pure Math., pages 255-272. Amer. Math. Soc., Providence, RI, 2000.

[4] Hans Plesner Jakobsen and Michele Vergne. Restrictions and expansions of holomorphic represen-
tations. J. Funct. Anal., 34(1):29-53, 1979.

[6] M. Kashiwara and M. Vergne. On the Segal-Shale-Weil representations and harmonic polynomials.
Invent. Math., 44(1):1-47, 1978.

[6] Toshiyuki Kobayashi. Discrete series representations for the orbit spaces arising from two involutions
of real reductive Lie groups. J. Funct. Anal., 152(1):100-135, 1998.

[7] Toshiyuki Kobayashi. Multiplicity-free theorems of the restrictions of unitary highest weight modules
with respect to reductive symmetric pairs. In Representation theory and automorphic forms, volume
255 of Progr. Math., pages 45-109. Birkhduser Boston, Boston, MA, 2008.

[8] Toshiyuki Kobayashi and Kaoru Ono. Note on Hirzebruch’s proportionality principle. J. Fac. Sci.
Univ. Tokyo Sect. TA Math., 37(1):71-87, 1990.

[9] Jian-Shu Li. The correspondences of infinitesimal characters for reductive dual pairs in simple Lie
groups. Duke Math. J., 97(2):347-377, 1999.



[10] Hung Yean Loke, Jia-Jun Ma, and U-Liang Tang. Transfers of K-types on local theta lifts of
characters and unitary lowest weight modules. Israel J. Math., 201(1):1-24, 2014.

[11] Ivan Penkov and Vera Serganova. On bounded generalized Harish-Chandra modules. Ann. Inst.
Fourier (Grenoble), 62(2):477-496, 2012.

[12] Tomasz Przebinda. The duality correspondence of infinitesimal characters. Collog. Math., 70(1):93—
102, 1996.

[13] David A. Vogan, Jr. and Gregg J. Zuckerman. Unitary representations with nonzero cohomology.
Compositio Math., 53(1):51-90, 1984.

[14] Nolan R. Wallach and Chen-Bo Zhu. Transfer of unitary representations. Asian J. Math., 8(4):861—
879, 2004.



