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1 Introduction: Holomorphic discrete series of SU(1,1)

Let D :={w e C: |w| < 1}. Then G := ?ﬁ(l, 1) (universal covering group) acts on O(D) by

n (( Z)) flw) = (w7 (20)

where A € C. This action preserves the sesquilinear form

e L LI )

that is, (7a(g)f, 75(9)h)x = (f,h)x holds for any g € G. When Re A > 1, this form converges for
any polynomial f,h, and therefore 7, defines a unitary representation of G when A > 1. This is
called the holomorphic discrete series representation.

On the other hand, if Re A < 1, this integral diverges for any non-zero function f. However,
when ReA > 1 and f = Zf:;zo amw™, we can compute as

o0

||fH§\: Z (/\n;in|am|2 where Nm =AM +1)---(A+m—1).

This expression is available even when Re A < 1, and positive definite for A > 0. Therefore 7y
defines a unitary representation of G when A > 0.

This example shows that if once the norm is explicitly computed, we can treat the analytic
continuation of the holomorphic discrete series representation.

m=0

2 Holomorphic discrete series of general Hermitian Lie group

Let G be a Hermitian simple Lie group, that is, its maximal compact subgroup K has a non-
discrete center. We assume that G has a complexification GC. We denote their Lie algebras by g,
£, g©, and denote the inverse of Cartan involution of G€ by g +— ¢g*. Then we can take z € 3(£) (the
center of £) such that the eigenvalues of ad(z) are +v/—1, 0, —v/—1. We denote the corresponding
eigenspace decomposition by

gc“=ptattaop.
Then there exists a domain D C p* such that the following diagram commutes.

G/K ——=G°/K°P~

|

A

Y

Let (7,V) be a holomorphic representation of K€, and let x be a suitable character of KC€. Then
we have the following isomorphism

To(G/K,G xz (Ve x ) ~0(D,V)



where T'o(G/K,G x z (V ® x™)) is the space of holomorphic sections, and O(D, V') is the space
of V-valued holomorphic functions on D. G acts on O(D, V) by the form

m™(9)f(w) = x(ulg™ " w) r(p(g™w) " HflgTiw) (g€ G, we D),
using some smooth map u: G x D — KC. This action preserves the sesquilinear form

(fog)ar == | (r(B(w) ") f(w),g(w)) x(Bw)*Pdw  (f,g € O(D,V)),

" D
where n = dimp™*, B:pt D> D — K€ is a smooth map satisfying
1
Ad(B(w))|p+ = Ip+ — ad([w, w'])]p+ + Jad(w)ad(w")]y+,

p is an integer determined from g, and c) is a constant determined so that ||v]|x - = |v|; holds for
any constant function v. Then this norm converges for any nonzero polynomial if Re A is sufficiently
large.
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Example 2.1. Let J = (_OI %), J = (

) , and set

G={geGL2r,C):gJlg=J,gJ =Jg} ~Sp(r,R),

Then we have
D = {w € Sym(r,C) : I —ww" is positive definite.},

and G acts on O(D,V) by

T ((é g)_ ) f(w) := det(Cw + D) *r (t(Cw + D)) f ((Aw + B)(Cw + D)ﬂ) '

This preserves

(f, 907 = ﬁ /D (7((I = ww*) ") f(w), g(w)) _ det(I — ww*)*= D,

We define another inner product on O(p*, V).
1

7TTL p+

(1, 9)pr = (f(w), g(w))re " Pdw  (f,g€ Op*,V)),

where |w| is a suitable K-invariant norm on p™.

Let O(D,V)k =P(p™,V) = B, W; be an irreducible decomposition under K such that each
subspace is orthogonal to other subspaces with respect to (-,-)r . Then since || - ||x - and || - |5+
are both K-invariant, the ratio of two norms are constant on W;. We denote this ratio by R;()).
Moreover, if W; L W; with respect to (-, -) p» implies W; L W} with respect to (-, -)» » (for example,
if P(pt,V) is K-multiplicity free), then we have

1713 = 2o RiIfillEr (f € OGF, V)

where f; is the orthogonal projection of f onto W;. Although R;(\) are initially defined when Re A
is sufficiently large, these are meromorphically continued for whole C, and (75, O(p™,V)) becomes
unitarizable if all R;(\) are positive or infinity. The underlying (g, K) module of the corresponding
unitary subrepresentation is the sum of W;’s such that the corresponding R;()\) is finite. The goal

of this talk is to calculate this ratio R;()) for the cases in the table.



G K \4

Sp(r,R) U(r) A(@C)Y (O0<k<r—1)
Sk((cs)v

50*(2s) U(s) SE(C*) @ det ™2 (keN)

SU(q,) S(U(q) x U(r)) CXV'" (V': any irrep of U(r))

Ch®Vig,...kxky (k€3N)  (n: even)
Sping(2.n) | (Spin(2) x Spin(n)/Zs | CiBVie. sy (k€ {0.1)) (n: odd)
(Eo(-14)) (SO(2) x Spin(10)) (H*(C%)  (keN))
(E7(—25)) (SO(2) x Es) (C)

Remark 2.2. The question of when the analytic continuation of the holomorphic discrete series
representation is unitarizable is studied by e.g. Berezin [1], Vergne-Rossi [10], and Wallach [11],
and completely classified by Enright-Howe-Wallach [2] and Jakobsen [6] by different methods.

Remark 2.3. The results on norm computation are already proved for several settings.
e B. Orsted (1980, [7]) for G = SU(r,r), scalar type.
e J. Faraut and A. Kordnyi (1990, [3]) for G any Hermitian Lie group, scalar type.

e B. Orsted and G. Zhang (1994, 1995, [8][9]) for G = Sp(r,R), V = (C")V, G = SU(r, ),
V=CKC", G=S0*4r), V= (CMV.

e S. Hwang, Y. Liu and G. Zhang (2004, [5]) for G = SU(n,1), V = A\P(C")VKC, A\?C"KC.

3 Main results

Theorem 3.1. When (G, K,V) = (Sp(r,R),U(r), A"(C")V) (0 < k < r —1), we have

P(p+,V) = @ @ ‘/(\2/m1+k1,2m2+k2,...,2mr+kT)’

meN” ke{0,1}", |k|=k
my 2> 2my >0 mji+k;<mj_1

and for f € V&mﬁkhmamﬁk”, the ratio of norms is given by

I3, T (A =30 -1)
||f||%‘,7' H;:l (>\ - %(] - 1))m_7'+kj
1
e 0= 3G =D+, TG A =36 =1),,

Theorem 3.2. (1) When (G, K, V) = (SO*(4r),U(2r), Sk(C?*")V) (k € N), we have

+ _ 2
P(p 7V) - @ @ ‘/(m1+k:1,m1,m2+k2,mz,...,m,.+k,-,m7-)’

meN” keN", |k|=k
mi>>me>0 bk <mgo

and for f € V(Xm—&-kl the ratio of norms is given by

m,...,;mp+kp,m,)’

918, e
||f||%‘,7' H;:l (A - (.7 - 1))mj+kj
1
()\ + k)m1+k:17k H;:Q ()\ - 2(] - 1))mj+kj .

(2) When (G, K,V) = (50*(4r),U(2r), S*(C?") @ det™*/?) (k € N), we have

P(p+7v) = @ @ ‘/Y(\r/nl7m171617m2,mgsz,...,m1v,m7vfk,,.)+(k/27...,k:/2)’

meN” keN", |k|=k
my 2> 2m.2>0 mj—k;j>mj 1




and for f € V(Ynl,ml—kl _____ s —kir )+ (k)25 K 2) the ratio of norms is given by

I3 T= (A =20 = 1),
IAE: T =20 = 1)), 4
_ 1
IS O E =20 1), A =200 = 1)
Theorem 3.3. (1) When (G, K,V) = (SO*(4r +2),U(2r + 1), S¥(C?>"+1)V) (k € N), we have

+ _ \%
P(p ’V) - @ @ ‘/(ml“l‘kl7m17m2+k527m21-~~7m7‘+k7‘7m7“7k7‘+1)7

meN” keN"t ) |k|=k
mi2e2me20 g S

v . .
and for f € V(ml_Hﬂ7m1,_“7mr+khmhkr+1), the ratio of norms is given by

7B, o
T~ T 20— D)r, O 270
1
(>‘ + k)m1+k1—k H;:Z ()‘ - 2(] - 1))mj+k_7~ ()‘ - 2r)kr+l .

(2) When (G, K,V) = (S0*(4r +2),U(2r + 1), S*(C>+1) @ det~*/?) (k € N), we have

+ o \%
P(p 7V) - @ @ Vf(nu,ml—k1,mg,mQ—kQ,...,mr,mr—kr,—kﬂrl)+(k/2,...,k/2)7

meN” keN"t1 ) |k|=k
mi2e2me20 g S

and for f € ‘/(\“//Ll,ml_kl7---1m7‘1m7‘_k7ﬂ7_kr+1)+(k/27---7k/2)’ the ratio of norms is given by

113 _ [T (=2 - 1),
112~ Thm =20 = D)y o O — 20 + D,
1

T k=201, A —2rt 1),

Theorem 3.4. When (G, K,V) = (U(q,r),U(q) x U(r),CRV) (ke N, ky > -+ >k, > 0),
we have

Ppt,V) = D VOV R (VD o V)

menmin{a,r}
M1 2Myin{q,r} >0

- @ B v mv,

menmin{a,r} neN”
M1 > Muinq,ry 20 M127 20020

and for f € V. W Vy, the ratio of norms is given by
I3, T Q=G = 1)y, 1

1f7r T A =G =1y, T O =G =D+ k),
Theorem 3.5. When (G, K, V) = (Sping(2,n), (Spin(2) x Spin(n))/Zz, Ct®V sk +x)) (k € AN
and both signs are allowed if n is even, k € {0, %} and only plus sign is allowed if n is odd), we
have

k

Phpt,V) = C XV

P, mi+ma+tk (m1—matlk,....k,%1)s

meN? l=max{—k,k—mi+m2o}
m1>ma>0
and for Coyy pmotk B Vi, —moti k... k,41), the ratio of norms is given by

2

1713, (Vs

2 - n— n— .
Hf”FJ ()‘)m1+k+l ()‘ - 72>m2+k7l <)‘ + Qk)mlfkﬂrl ()‘ - TZ)ngrk—l



4 Proof of main results

4.1 Preliminaries

Let G be a Hermitian simple Lie group, with its complexified Lie algebra g¢ = p*™ @ ¢C @ p~
as before. We take a Cartan subalgebra h® C €C. Then this automatically becomes a Cartan
subalgebra of g*. We denote its root system by A = A(g®, hC) = Ap+ UAee UA,-, and we take
a maximal set of mutually strongly orthogonal roots {y1,...,7} C A,+ suitably. We fix ¢; € pw
such that [[e;, 7], e;] = 2¢; for each j, and set

hj=leje;] €b%, ar:=@PRh; Ch® e:=> e ept, hi=> hjca
j=1 j=1 j=1
Then ad(h)|,+ has eigenvalues 2 and 1. We set
po={weptihal =20}, py =00 =R
C=pfatfaop, g =g-nNg, & =Nt

Then p;” becomes a complex Jordan algebra with the product

1

Sl e,y

2 ($7y € pj)'

Ty =

Let KT, Gy, K; be the connected subgroups of G corresponding to £, g;, € respectively. Also,
we set
Gy i=Int(e¥ NG,  L:=°G,NKE,

We define the symmetric cone 2 C p;” N g, by

Kp:=LNK;.

Q:= Ad(L)e C p/ N g;.

Then there exists a split solvable subgroup Ay N; C L which acts simply transitively on . For
each m = (my,...,m,) € C" let Ay, be the relative invariant function on p;:

Am(Ad(an)z) =e
Am(e) =1.

Aam eI AL () (r € g, a= et € Ay n e Ny,

Then A := A, .. 1) is also relatively invariant under KC LE:

= X()*A2)

m):/AmmA
Q

where n; = dimc p;” = dimg Q, 7 = rankg G, and tr(z)

.....

A(Ad(l)z) (1€ KE, = €pf).

Using these, we define
-t - t!(’l‘)d

(@)
=T e

(mj - Cgl(j - 1)> ;

where d = dimg F if Q = Herm, (r,F), F = R,C,H, 0, and d = n — 2 if Q is the light cone in
Rl,nfl.

. Then it is known that

FQ(III =

g 4 pt Ot [ £ p; Nge
sp(r, R) u(r) Sym(r,C) | sp(r,R) gl(r,R) o(r) Sym(r, R)
50" (2s) u(s) Skew(s,C) | s0*(4]5]) gl([5 ], H) sp([3]) | Herm(|5], H)
su(g,r) (g =) | s(u(g) Bu(r)) | M(q,r;C) su(r,r) gl(r,C)/u(1) su(r) Herm(r, C)
s0(2,n) 50(2) @ so(n) cr s0(2,n) | R@so(l,n—1) | so(n—1) RI7—1
C6(—14) 50(2) ®s0(10) | M(2,1;0)¢ 50(2,8) R @ s0(1,7) 50(7) RL7
e7(—25) 50(2) @ ¢p Herm(3, ©)C e7(—25) R® €6(—26) fa Herm(3,0)




4.2 Key theorem

Let W C P(p™,V) be a K-irreducible subspace, and for f € W we set Rw (\) :== || fI3 . /IIf%..-
Our aim is to calculate this ratio Ry (A). In this subsection we state the key theorem.
Let V| KE = @, Vi be the decomposition of the K®-module V into K{-irreducible submodules,

and for each i we denote by V; the complex conjugate representation of V; with respect to the real
form L C K{. Let rest : P(pT,V) — P(p/,V) = @, P(p;,V;) be the restriction map, and for
each i we take K -submodules W;; C P(p;,V;) such that rest(W) C €, @, Wij. Then the key
theorem claims that

Theorem 4.1. Let W C P(p*,V) be a K-irreducible subspace, with rest(W) C @, D, Wi; C
@D, P(pi . Vi) as above. We denote by

We assume

- the restricted lowest weight of V;.

ag

1 k
—_ 2lfyl_..._ 5

(A1) Vi|k, still remains irreducible for each i.

(A2) All the Ky -spherical irreducible subspaces in Wi; ®V; have the same lowest weight —Nij1Y1—
T nij,r’)/r'
Then we have ( )
A Fo(A+ki— 2
Rw(\) = Qjj—————— =
W( ) 27] Agj %: ! Ffz()‘+nij)

where n = dimpT, r = rankg G, and a;j are some non-negative numbers, with

_ Fo(A+k —2)
1 __r7
S dlmvzd mV) T otk

In the rest of subsection we prove the above theorem. Let Ky (z,w) € P(pt x p+,End(V)) be
the reproducing kernel of W with respect to || - ||p~. Then easily we have

o /D Try (r(B(w)™") K (w, w)) x(B(w))* Pdw

/ Try (Kw (w, w))e_lw‘zdw
p+

Rw()\) =

By using Weyl’s integration formula twice, we can show
o / / Ty (7(Blka'/?) ™ Koy (ka2 ke'/2)) x(B(ka/?) P Aw) dedk
K Jan(e—0)

Rw(A) =
/ /ﬂv Kw(k:cl/2 kml/z)) k22 A (1) ddle

c)\/ / Trv 7(kP(e —x) k1) W(kle/z,kxl/z)) Ale — )N PA(x) dadk
QN(e—NQ)

//Trv KW(kx1/2,kx1/2)) e~ @ A(z)bdrdk
K JQ

where z'/2 is the square root with respect to the Jordan algebra structure on p, kxz'/? is the
abbreviation of Ad(k)x'/2, b := L(dimp™ — dimp; ), and P : Q — L is the map satisfying

P(r)y =2(xy)z — (zx)y  (z,y € Q).

Then it follows from the invariance of Ky (z, w) that

Cx / Try (7(P(e —z) ") Kw(z,e)) Ale — ) PA(z) dx
QN(e—N)

Rw(A) =
/Q Try (Kw(z,e)) e " @ A(z)’da



By the assumption, we can write

Zau (z,w) € P(pf x pf,End(V))  (z,w € p;)

where Ky, (z,w) is the reproducing kernel of Wj;, and a;; are non-negative numbers. Therefore
we have

Cx Z Qi / Trv Ti(Ple —2) ") Kw,, (z,€)) Ale — ) PA(z)dx
Z&ij /QTrVi (Kw,, (z,€))e” @A (z)bda

The theorem follows from the following lemma.

Rw(\) =

Lemma 4.2.
/ Try, (1i(P(e —2) ") Kw,, (z,€)) Ale — ) PA(z) dx
QN (e—Q)

_To(A+k —7)

T AINC K

Proof. Since K, (-,e) € (Wi; @ V;)5r C P(pf,V; ® V;)5=, by assumption (A2) there exists
F(x) € P(pf, Vi ®V;) such that

(T E(2)r("!) = A, (le)F(z) (xepf, 1€ ALNL),
/K (k™) F(kz)r("k™")dk = Kw,, (z,€) (xep).
L
We calculate
J = / / Try, (1i(P(y — 2) ) F(2)) A(y — 2)* PA(2) dz e” () dy
yeQ Jzean(y—0)
in two ways. We take [ € Ay N, such that y = le, and put z = lz. Then we can show

J:/Amij(y)A( A= —tr<v>dy/ Try, (r;(P(e —2) ") F(2)) Ale — 2)* P A(z) dx
Q QN(e—Q)

=Tqo(A +my) /Qﬂ( o Try, (ri(P(e — 2) ") Kw,, (z,e)) Ale — 2)* PA(z) dz.

On the other hand, we put y — z =: . Then we have
J = Try, (/ 7i(P(z) ") A(x)  Pe™ tr(I)da:/ F(z)A(z)betr(Z)dz> .
Q Q

Since [, Ti(P(z) ) A(x)* Pe (@) gz commutes with Kp-action, by assumption (A1) this is pro-
portional to the identity map. By testing with the lowest weight vector, we can show

/ Ti(P(x)fl)A(l,)/\fpeftr(w)dx =Tq ()\ +k; — ﬁ) ]V“
Q T
and therefore we have
J=Tgq ()\ ki — E) / Try, (Kw,, (2))A(2)be™ "z,
T/ Ja

Thus the lemma follows by comparing two expressions of J. O

From this lemma the theorem follows by putting a;; := a;; [, Trv, (Kw,, (2))A(2)?e~ "*)dz. In
order to determine the normalizing constant c), we consider the constant function. Then since
Ky (z,w) = Iv, Ky,(z,w) = Iy,, we can show a;; = (dim V;)I'q (), and the claim on cy follows.



4.3 Tube type case

For a K®-module V, if V| k¢ still remains irreducible, the previous theorem becomes easier.

Corollary 4.3. Let V be a KC-module such that V|Kf still remains irreducible. We denote by

—%71 — = %’yr‘al the restricted lowest weight of V. Let W C P(p™,V) be a K-irreducible
subspace. We assume

(A1) Vg, still remains irreducible.

(A2) All the K -spherical irreducible subspaces in W ® V have the same lowest weight —niy1 —
T e

Then we have

__To(A+k)
Fo(A+k—2)

C\

This is applicable if

e G : any, V = C 1-dimensional,

o ( satisfies G = G, i.e. G is of tube type, or

e G=SU(q,r) (¢=>r), V=CRV' with V' : any,
and this proves Theorems 3.1 (Sp(r,R)), 3.2 (SO*(4r)), 3.4 (SU(q,r), ¢ > r), and 3.5 (Sping(2,n))
(and also for G = E7(_s5) case).
4.4 Non-tube type: Easy case

If G is of non-tube type i.e. G # Gy, determining the ratio of norms Ry (\) is not easy because
determining numbers a;; is not easy. However, in some cases we can compute Ry (\) easily by
embedding O(D, V) into another representation of a larger group.

Let G = SO*(4r +2), V = S¥(C?>*+1)V = P, (C**1), and let G’ = SO*(4r+4), V' = C. Then
the universal covering group G acts on O(D, P (C?" 1)), G’ acts on O(D’), and we can show that
the standard embedding

t:O(D,Pr(C* 1)) — O(D)

which corresponds to the decomposition
p’T = Skew(2r + 2,C) = Skew(2r + 1,C) & C* ! = p+ @ C**!

intertwines the G-action, and is an isometry with respect to || - |

Frc and || - || p.er. Now we have

jan o IV
P(p )|K - @ Vv(nl,nl,ng,ng,...,nr+1,nr+1) K

neNTt!
ny>->np4120

% D v
(n1,m1,m2,ma2,....Mmp,Nypq1)’

neNT ! meN”
N> 2ne >0 NG2MG2n 4
+ 2r+1 _ \Y
P(p ’Pk(c )) - @ @ ‘/(nl’mlﬁ'nZ’mQ’uwmr’nrJrl)'
meN” neNT 1
my 2> 2>m >0 mj_12>n;>m;
[n—(m,0)|=k
Therefore we have
\% Y
L(‘/(nl7m1:n2am27~~7mranr+l)) C V(nl,nl’nz,nz’-~~,n7-+1’nr+1)’



v
and thus, for f € V(nhmhn%m2

----- My, Npy1)”

leHIRier _ DR 1

IFlEre 1D T =20G = 1),

Since ¢ intertwines the G-action, this is an isometry up to scalar with respect to | - ||x.r.c and
|- Ix;c’- By the assumption that two norms | - ||x r.¢ and || - || r,r;¢ coincide for constant functions,
we get, for f € ‘/(\7/L1

M,N2, M2,y M, 1)

13,7 (M

1A Fre  TIEHO =20 = ),

and this proves Theorem 3.3(1). Similarly, by embedding the representation Vk(p v XO(D,CK Vk(r))
of U(p) x U(g,r) into the scalar type representation of U(p + ¢, ), we can show Theorem 3.4.

4.5 Non-tube type: Difficult case

When (G, V) = (SO*(4r + 2), S¥(C2 1) @ det™*/2) (or G = Eg(~14)), computation of ratio of
norms is more difficult than the previous subsection. In this case, we combine the key theorem
and another information.

Let (G,V) = (SO*(4r + 2), S¥(C2 1) @ det™*/2). Then we have G, = SO*(4r). First, since
Vige = EB;LO SHC™ ® det /2, the normalizing constant c, is given by

| M (o4 1—1\To M\ +k—(2r+1)—(0,...,0,0))
A _(2r+k>l§< ! ) ToA 4k —(0,...,0,1))
k

1
[IZiA+ k= (2r +1) =20 — 1)arra(A— 47 + D)op (A + k — 2 + 1)
. FQ()\-‘r (k’,...,k’,O) — (27‘+1>)(>\—2T+ 1)k
B ToA+ (k, ...,k k) '

Now we compute the ratio of norms Rmk()) on the KC-irreducible subspace

(\7/nl,ml—k1,...,mr,mr—kr,—kﬂ_l)—&-% C ‘/(\7/n17m1,<~-7m7‘7m7‘70) ® ‘/(\0/,...70,—’6)-"-% C P(p+7 V)
using the key theorem. Then since we can show
k
reSt(‘/(jn],m1—k1,...,7nr,m,‘—km—kr+1)+%) - @ @ Vr(i:il,ml—l1,...,m,\,m,‘—lr)-i-%

l=k—kr+1 1eN", ‘ll:l
kj<lj<mj4r—m;

k k
t t + ol —k/2
- @ Vv(n\;l,ml ..... My, M) ® ‘/v(()\,/,w()’fl)Jrg C @ P(pt 75 (C r) ® det / )7
l=k—ky41 l=k—k, 41
by the key theorem, the ratio of norms is written as

c b TaO+ (k.. kk—1)— (2r+1
Rek(N) = =—— Z Z (mkl a ;Q()\+k+m)— 1)( )

:k?—ktr+1 IENT‘, |1‘:l
kj<lj<mjii—m;

k

_ 1 Z Z amkl()\ —4r + ]-)k—l

Damk S [T A+ & =20 = 1)m,—;(A = 2r + 1)y,
kj<lj<myjpi—m;

with some non-negative numbers amy;. It is difficult to know the exact values of a1, but at least

this proves



Lemma 4.4.
(monic poly. of degree ky.11)

[+ k=20 = 1)y —p; (A =27 + 1),

Next, let G’ := SU(1,2r), and consider the (non-irreducible) representation

Rk (N) =

O(D',C K (P(Skew(2r,C)) ® S*(C?") @ det ™).
Then the embedding
1: O(D',C K (P(Skew(2r, C)) ® S¥(C?*) @ det ™)) — O(D, S*(C?") @ det™*/?)
which corresponds to the decomposition of the base space and the inclusion of fibers

p* = Skew(2r + 1,C) = C*" @ Skew(2r,C) = p'" @ Skew(2r, C),
CR(S*(C*) @ det ™) =~ C_j o B (S¥(C?") @ det /%) c SH(C¥ ) @ det */2 =V

intertwines the G’-action. We regard O(D’, CR(P(Skew(2r, C))®S*(C?")@det ™)) as the subspace
of O(D, S*(C?") ® detfk/Q) through ¢. Using this embedding and the previous lemma, we want to

how that on VY he ratio is given
show that o V(mwm—k1,...,mr,mr—kr,—kr+1)+§ the ratio is given by

1

Rmxk(\) = == -
K = T B ke =), O =2 Dy,

by induction on min{j : m; = 0}.
First, when m = 0 i.e. on V(\(; 0,— k)4 & this is clear. Next, we assume this holds when m; = 0,
ees0, 3

and prove on V(Xh oK) B when m; 1 = 0. To do this, we consider

w' .=V

= (miymi—ki,ma,....mp,mp—kyp,—kr41)+(0;k)
C‘/Y(/r\r/Ll;ml,mg,m2,m3,...,mr,mr,0) ® ‘/(/O\fk,‘..,k,O)
CP(p't @ Skew(2r,C)) ® (C X (S¥(C*") @ det™")).

Then we have
(W cvy

(m1,m1—k1,...mp,mp—kyr,—krp1)+57

so it suffices to compute the ratio on W’. Next we determine which G’-submodules W' lies on.
Since we have

W/ C‘/(l'r\r/zl;ml,O,...,O) ® VY(IO\gmg,mg,mg,mg,..A,mT,mT,O,O) ® V(/O\jk,...,k,o)
CP(p'") ® P(Skew(2r,C)) ® (C K (S*(C?") @ det ™)),

we can show

’ " "
W @ V(ml;ml,o ----- 0) ® V(O;mmmz*ll ,,,,, My, My —lr—1,0,—1;)+(0;k)
1eN", |1|=k
i<kjy1, lr>kria

I+ IV
- D PO ViGimama 1y oo imy—1e1,0,~1)(0:k) )

1EN", 1=k
lj<kjt1, lr>kri1

Next, we check how || - ||+ is normalized on each summand. For each summand, the space of
‘constant functions’ satisfies

A% \%
L(‘/(O?m‘zva_llv---vmrvmr_lv‘—l707_lr)+(0§k)) - @ ‘/im27m2*n1 ----- mmmr*nr—hovoa*nr)*Fg.
neZ”, |n|=k
n;<lj, nr2>l,

10



; . k —k/2 _
Let PHOJmn P(p+’s (C2T) ® det ! ) - Vv(\7/n2,m27n1,~~,mr,mrfnr71,0,0,7nr)+% be the projec-
tion. Then there exist constants bymn such that, for f € V(/O\?mz,mth7...,mr,mrrl,,~71,0,7l,,~)+(0;k)’

[P20jmn ()17 = bimnl| f[|%+ holds. Also, by the induction hypothesis we have

I1£113,- 1Pr0jmn (HIIX -
AT = Z —/\, - Z blmnR(7n2,...,mT,O),n(>\)

2 2
Hf“F,T HEZT, |n|=k ||f||F77— HEZT, ‘nlzk
njglj, nTZlT njgl]‘, nTZZT
— Z blmn
- r—1 .
nez’ al=k [ A+ k=20 =1),, 0, A=2r+ 1),
nj <y, ne2le
B (monic poly. of degree k —I,.)
=— : }
[Goi A+ k=20 =1), ,, A=2r+ 1),
'd —k
Therefore, on each ((O(D’, VY(IO\?mz,m2fl1,...7m,,»7m,,»7l1v71,0,7l1v)+(0;k))) C O(D, S*(C?") @ det /2), the
norm || - ||x,r is normalized so that the above formula holds for ‘constant functions’. Finally, let

Proji, : P(p'*, CR(P(Skew(2r, C))®5*(C2)@det %)) — P(p't, ‘/(l()\?mZ,mzfll,.,.,m,.,m,,.fl,,.,l,O,fl,,.)+(0;k:

be the projection. Then there exist numbers cim such that, for f € W', [[proji,(f)l%, =
ckim || f|| 7~ holds. Moreover, by the above results on normalization and the result on SU(1,2r)
(Theorem 3.4), we have, for f € W',

115, _ > . [Projim ()13, -
T i
li<kjt1, lr>krqa
B Z (c (monic poly. of degree k —I,.)
= s klm H;j A+k=2(—1)),,, A=2r+1),_,

1i<kjy1, lp>krga
% H;;i(A +k— 2(.] - 1))771j+1 H;:Q(A +k— 2(.] - 1) + 1)mj—lj71 (A —2r+ 1)k—lr
H;:l()‘ + k— 2(.7 - 1))mj—kj H;:2(>‘ + k— 2(] - 1) + 1)mj ()‘ —2r+ 1)k—k,,.+1
B (monic poly. of degree ko + -+ + k)
[T+ k=20 = 1)) —r; [Tjmo N+ +my — Ky —2(5 = 1) + 1), (A= 27 + D)jemp,

Combining this with the Lemma

(monic poly. of degree ky41)

Fomk ) = [ OV =20 = D)y O — 25+ D1

we get the desired formula.
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