Hyperplane arrongements  ond
characteristic polynomials,
Masahiko Yos‘/kiw\ao\ (Hokkai oo Univern’iy)

e AR BEA B PTRREoRE
€ F7FRTEE T Chamber n{EEe AR (%
to&ofh A& BEA RIHES o
Retti B A e 1L T4 3k 4414 %
B o Bt ER e ey s FReINHL
18 o102 o (L HTEI R 5T 4 B
ORI LA LSh WS, FEE - M
L LR B O 1L YBRH o 1D
o EHE B T A,



& 1. Characteristic polynomials

Let K be a '{:f\e@a{ ond V=H:‘q. A k\/Per{ahe
arvomgement 1s a finite Collection of (affine )
hyperplanes A={Hy, Ha, ) Ha)

Notation: o ¢ OlQ’PiV\iV\é efbwd:ion of Hi .
Q=T (@)= UK
= -
M(A) = V\ &6/4 )

Def * A is central g VHEA ( H>0),
o A ic essential é-é IH;, o Hi, A St
Heon =0 He, =fptd



Def. (Triple) Fix a hyperplane HEA.
Set A=A\HI and A'= AnH. (A is o
l'\y]zekP[ane mravx\cjew\eht in an affine (£-1) olim.
Cpace H. See figure balow.)
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Dg_f((,‘kamc‘h’ﬁ;fk PD[\/V\DMEAH Let A [pg a LYP{YPIQH{
orrangewent in V. Define X(At) € Z[t] by the

—Fo\.bwihgr recursi Ve velations :

1) X t)=t™ ond

/

() (A E)=%A,t)- XA ¢)



The above definition of X(A.t) ¢ Z[+] Looks
olepandihg_ on the choice of HEéd. However it

is well- dlefined.

Foct. KAL) eZ[t] is well defined.

Ex. For a line arrongement &=tHi =" Hal i

V=K, (A1) can be ephatly described as:
AL =t=[Alt+ 2 (141-1),

P: intersection

where Ap=1HeA| nop ]

A A A”
NAL)=Tbt+b KA L)=t-6t+4  YA"t)=1-2



¢2. Several Properties of Y(AL)
T, | (CvaPo— Rota 1970)  Let A bhe « hyperplane.

arr(’LV\ﬂﬂMQVlt e ﬂ:gl. (8 L prime F°W"’) Then,
[M(D] =X (4.8),

Thmd (Zaslavsky 1975)  Let A be o hyperplane
arrangement in V=[R? (Assume A:essential.)
Then (O CU*X(A-) = 31 chambere ]

1) COP (A D) =4t {bounded chambers]
The3. (Orlik~ Solomon 1980) |t A be a hyperplane
arromgewent in V= €2 Then the Poincare
polyromial BIHALE) = Z (ML is expresiect
as E(MA), )= () X (A -1 )

In particdar, the coetficients of A(AT) are
Bette numbers f MM)



§3. Finite "field method

The | is useful also for the Purpose of computing
the characteristic polynomiad A(S-1).

Thwd (Athanasicdis 1146) Let A be an arrangemeut
defined over I, i.e., each linear eguation oy (Héd)

has fnfeger (‘_oe{‘—f‘idevxfs. Then there exist {inite ly
W\an)z primes ﬂ,"'/ : St 1Cor any iv\Jceaer M>o

with FaJ( M (Vé\, the eaua(n‘y

|(z/mD*\ HLé)AH[ = A(A.M)

holds, where H={Xe(ZMa)* [ du () =0 wmod MY,

E}; Let Hij-:{(x‘;--.)(l} [>(L—XJ =—°} o
A‘={H;j \ lSC<J éﬁg. S{y\c.e_ M(A Nv\oﬂl M) is
M(A '\v\oc{ M)={(1|,“',X_q> é(Z/MZ)(] D(C*X\j VL<J)],

we have [MA medM)f= M- (M=1)-(M-2+1),
Hence XA D=t (t-1) - (t-L+1)



Athanasiadis syctematically apply Thmd, and Computing
Many charccteristic polynmmials.
Let V=R be a wal yector space with an inper
prochut (). Let VOF be an irreducible rost
system. We fix o positive system B'CE.  Depote
the exponents of E Ly €, € and the
Coxeber humber by Y. Thanks to the inne product
we way consider £ the set of linear forms on V.
For deEY amd L6Z, define

Hog ={x eV ] ax)=2}

57 o] demt, asgel)

Thmb (A‘Hf\amsiao{is 2004\'3 Let M €7, Then
O((.Ar;“.m],t ) - :f[l‘ (t_ e, -hn'ﬂ)'




Athanastadis proved Thm. by using Thw 4 and
fﬁchv\iﬁue_s Count-‘ug, (cowcigl«'t\ Quttice ?o'w\ts {n Some

r2g-ons,
Ex T=A (&=l 6,=2. f=3)

\\ \\ R
\ N A\
S T L

Y=D(E2) 37 (-5 (t-e)

L

Thm. 6 (Y 200(1')

VAT 1) = (t-mr)}

The Prw‘f of Thw.b relies on Alg;zlaro-aeomefn'c
cfl\arac’wru'ZthiOns st freg av'\fqnaelmev\'ts,

Poblew Give o combinatorial proof for Thwm.6.



For other paramebers b eZ, X(Ag5 t) does
hot factor as in Thm & and Thu 6. However there
are. Several mysterious conjectures.
Conj (Fostnikov— Stanley)
(i) Suppose. 0 AZh Then A= f“ 1 Satisfes
XA, la+b+)-t)= DY (A1)
(ii) Suppose. 0L A<h, Then gl rodts of the eguation

(X(A[;n t)=0 have the same real part

Re { = a+L+l)ﬁ

34 Free arrc«nf\e_vvxevxﬁs

Fix o syglem of wordimate (i, M) of Va €*
Si= €, ] (s the pokynomicd ring.
Der\/ @S g —< i‘F 3 \-G‘,E'SH ¢ ‘HAQ

free wodule of polynomial vector fields.



Let A be a central orrangemenl.

Det (DAY =1 Der, | Selu € () YHEA] ts called
the ‘Y\AOO‘M(Q 0'{ logavi‘ﬂ'l mi¢ vector ‘(liq\oks.
(DA is said o be free with egonents (@, =+, 8 ) if

there exist 3,0, 5€D(A) st D(A)= S 09 --®S-§
omd 5:=%+a5 Ji has homogencous coefficients £
with deg §y = €&,

T D Let &, . 026D, Then 81,80 form
a frecbasis of D(A) iff det(f;) = Q. (Saito's criterion)
@ If A is free with Q/n{»nev\f; (e, €0) then

AA L) =(t-e)(t-e)-{t-eL). (terao’s Tactorizatio V\)
Thm

Ex Q,‘TT (e—x G) Lot A be the mmhjewxent

- PEIEY

detined Ly @,—U Sef 51; ij dc. Then
on Vaholerw\onole‘s 'For‘w\la, 5%,6!,"',&4 -Forma loa.sis.



In partcular, A 1o free with exponents 0.1, .

b
The omrahagment Ag«: ] is not central. So it
does not wake sense fo oliscuss fremess. However

. . R R
if we consider the Coning cAr; , it beomes central,

TL\M.%(\(. 200(\'> Let m20

O CAC;'“ is free with Q)C{?Ohent‘s (1, etmh., "',€1+I~\l«).

©) CAﬁ;'ﬂ is free with expohents (1. w)
9

Then Thin 3 + Th 1@ iw\Pl\/ Thin 5 and The 3
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