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1 Introduction: Holomorphic discrete series of SU(1, 1)

Let D := {w ∈ C : |w| < 1}. Then G̃ := S̃U(1, 1) (universal covering group) acts on O(D)
by

τλ

((
a b
c d

)−1
)
f(w) := (cw + d)−λf

(
aw + b

cw + d

)
where λ ∈ C. This action preserves the sesquilinear form

⟨f, h⟩λ :=
λ− 1

π

∫
D
f(w)h(w)(1− |w|2)λ−2dw,

that is, ⟨τλ(g)f, τλ̄(g)h⟩λ = ⟨f, h⟩λ holds for any g ∈ G̃. When Reλ > 1, this form
converges for any polynomial f, h, and therefore τλ defines a unitary representation of G̃
when λ > 1. This is called the holomorphic discrete series representation.

On the other hand, if Reλ ≤ 1, this integral diverges for any non-zero function f .
However, when Reλ > 1 and f =

∑∞
m=0 amwm, we can compute as

∥f∥2λ =
∞∑

m=0

m!

(λ)m
|am|2 where (λ)m := λ(λ+ 1) · · · (λ+m− 1),

because

λ− 1

π

∫
D
wmw̄n(1− |w|2)λ−2dw

=
λ− 1

π

∫ ∞

0

∫ 2π

0
rm+neiθ(m−n)(1− r2)λ−2rdθdr

r2=s
= (λ− 1)δmn

∫ 1

0
sm(1− s)λ−2ds

=δmn(λ− 1)B(m+ 1, λ− 1) = δmn
Γ(m+ 1)Γ(λ)

Γ(m+ λ)
= δmn

m!

(λ)m
.

This expression is available even when Reλ ≤ 1, and positive definite for λ > 0. Therefore
τλ defines a unitary representation of G̃ when λ > 0.

This example shows that if once the norm is explicitly computed, we can treat the
analytic continuation of the holomorphic discrete series representation.
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2 Holomorphic discrete series of general Hermitian Lie group

Let G be a Hermitian simple Lie group, that is, its maximal compact subgroup K has a
non-discrete center. We assume that G has a complexification GC. We denote their Lie
algebras by g, k, gC. Then we can take z ∈ z(k) (the center of k) such that the eigenvalues
of ad(z) are +

√
−1, 0, −

√
−1. We denote the corresponding eigenspace decomposition by

gC = p+ ⊕ kC ⊕ p−.

We denote n = dimC p+, r = rankRG. Then there exists a domain D ⊂ p+ such that the
following diagram commutes.

G/K //

∼
���
�
�

GC/KCP−

D � � // p+

exp

OO

Let (τ, V ) be a holomorphic representation of KC, and let χ be the character of K̃C such
that χ(exp(−2t

√
−1z)) = ert. Then we have the following isomorphism

ΓO(G/K, G̃×K̃ (V ⊗ χ−λ)) ≃ O(D,V )

where ΓO(G/K, G̃ ×K̃ (V ⊗ χ−λ)) is the space of holomorphic sections, and O(D,V ) is

the space of V -valued holomorphic functions on D. G̃ acts on O(D,V ) by the form

τλ(g)f(w) = χ(µ(g−1, w))λτ(µ(g−1, w))−1f(g−1w)

for g ∈ G, w ∈ D, where µ : G̃×D → K̃C is a continuous map satisfying

µ(gh,w) = µ(g, hw)µ(h,w) (g, h ∈ G̃, w ∈ D),

µ(k,w) = k (k ∈ K̃, w ∈ D).

This action preserves the following norm:

∥f∥2λ,τ :=
cλ
πn

∫
D

(
τ(B(w)−1)f(w), f(w)

)
τ
χ(B(w))λ−pdw (f ∈ O(D,V ))

where p is an integer determined from g, and B : D → K̃C is a continuous map satisfying

µ(g, w)B(w)µ(g, w)∗ = B(gw) (g ∈ G̃, w ∈ D)

where ∗ is the inverse of the Cartan involution of K̃C. This norm can be zero for any
holomorphic function f , but if λ is sufficiently large, this does not occur.

Example 2.1. Let J =

(
0 Ir

−Ir 0

)
, J ′ =

(
0 Ir
Ir 0

)
, and set

G =
{
g ∈ GL(2r,C) : gJ tg = J, gJ ′ = J ′ḡ

}
≃ Sp(r,R),

Then we have
D = {w ∈ Sym(r,C) : I − ww∗ is positive definite.},
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and G̃ acts on O(D,V ) by

τλ

((
A B
C D

)−1
)
f(w) := det(Cw +D)−λτ

(
t(Cw +D)

)
f
(
(Aw +B)(Cw +D)−1

)
.

This preserves

∥f∥2λ,τ :=
cλ
πn

∫
D

(
τ((I − ww∗)−1)f(w), f(w)

)
τ
det(I − ww∗)λ−(r+1)dw.

We define another norm on P(p+, V ).

∥f∥2F,τ :=
1

πn

∫
p+

|f(w)|2τe−|w|2dw (f ∈ P(p+, V )),

where |w| is a suitable K-invariant norm on p+.
Let W ⊂ P(p+, V ) be an irreducible subspace under the K-action

(τ̂(k)f) (w) := τ(k)f(k−1w) (k ∈ KC, f ∈ P(p+, V ), w ∈ p+).

Then since ∥ · ∥λ,τ and ∥ · ∥F,τ are both K-invariant, the ratio of two norms are constant
on W . The goal of this talk is to calculate this ratio under some conditions.

Remark 2.2 (Known results). For several settings, this is already done by

• B. Ørsted (1980) for G = SU(r, r), scalar type.

• J. Faraut and A. Korányi (1990) for G any Hermitian Lie group, scalar type.

• B. Ørsted and G. Zhang (1994, 1995) for G = Sp(r,R), V = (Cr)∨, G = SU(r, r),
V = C⊠ Cr, G = SO∗(4r), V = (C2r)∨.

• S. Hwang, Y. Liu and G. Zhang (2004) for G = SU(n, 1), V =
∧p(Cn)∨ ⊠ C,∧q Cn ⊠ C.

3 Main result

We assume that G is of tube type. Then there exists an e ∈ p+ such that

−[e, ϑe] ∈ z(k), −[e, [ϑe, e]] = 2e,

where ϑ is the Cartan involution of gC. Using this, we define

cG := Int(e
πi
4
(e−ϑe))G, L := cG ∩KC, KL := L ∩K.

We take a maximal abelian subalgebra h ⊂ k. We write the root system by

∆(gC, hC) = ∆p+ ∪∆kC ∪∆p− ⊂ (hC)∨

in the usual fashion. We define the positive system ∆+ ⊂ ∆(gC, hC) such that ∆+ ⊃
∆p+ . Then there exist roots {γ1, . . . , γr} ⊂ ∆p+ such that, for a irreducible unitary
representation V−µ of K with lowest weight −µ ∈ (hC)∨, V−µ has a KL-invariant vector
(KL-spherical) if and only if −µ is of the form

−µ = −(m1γ1 + · · ·+mrγr), mj ∈ Z, m1 ≥ · · · ≥ mr.
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Let al :=
√
−1h ∩ l. Then (al)

∨ is spanned by {γ1|al , . . . , γr|al}.
For a representation V of KC, we denote by V̄ the complex conjugate representation

of V with respect to the real form L. For s = (s1, . . . , sr) ∈ Cr and m = (m1, . . . ,mr) ∈
(Z≥0)

r, we write

(s)m :=
r∏

j=1

(
sj −

d

2
(j − 1)

)
mj

where d is the integer satisfying n = r + d
2r(r − 1). Now we state the main theorem.

Theorem 3.1. Let (τ, V ) be an irreducible finite dimensional complex representation of

KC with restricted lowest weight − k1
2 γ1 − · · · − kr

2 γr

∣∣∣
al
. We assume τ |KL

still remains

irreducible. Let W ⊂ P(p+, V ) be a K-irreducible subspace. If all the KL-spherical irre-
ducible subspaces in W ⊗ V̄ have the same lowest weight −n1γ1 − · · · − nrγr, then for any
f ∈ W ,

∥f∥2λ,τ
∥f∥2F,τ

=
(λ)k
(λ)n

=
1

(λ+ k)n−k

holds under the suitable choice of cλ.

Example 3.2. Let G = Sp(r,R). Then we have K = U(r), L = GL(r,R), KL = O(r),
and al =

√
−1h. We identify (

√
−1h)∨ ≃ Rr such that −(m1, . . . ,mr) ∈ Rr is a lowest

weight of a representation of K if and only if m1 ≥ · · · ≥ mr, mj ∈ Z. Then we have
γj = 2ej.

We set V := V−(1,...,1︸︷︷︸
k

,0,...,0) =
∧k(Cr)∨. Then this remains irreducible when restrected

to KL, and V̄ ≃ V holds. We have

P(p+, V ) ≃
⊕

m1≥···≥mr≥0
mj∈Z

V−2m ⊗ V−(1,...,1︸︷︷︸
k

,0,...,0)

≃
⊕

m1≥···≥mr≥0
mj∈Z

⊕
i1<···<ik

V−(2m+ei1...ik )

where ei1...ik is the vector whose ij-component is 1 and 0 otherwise, and V−ν = {0} if ν is
not dominant. V−(2m+ei1...ik )

⊗ V̄ is decomposed as

V−(2m+ei1...ik )
⊗ V̄ ≃

⊕
j1<···<jk

V−(2m+ei1...ik+ej1...jk )
,

but since V−ν is KL-spherical if and only if −ν ∈ (2Z)r, the only KL-spherical subspace
in V−(2m+ei1...ik )

⊗ V̄ is V−2(m+ei1...ik )
. Therefore, for f ∈ V−(2m+ei1...ik )

, we have

∥f∥2λ,τe12...k
∥f∥2F,τe12...k

=
(λ)e12...k

(λ)m+ei1...ik

=
1

(λ+ e12...k)m+ei1...ik−e12...k

.

Thus the norm

∥f∥2λ,τe12...k =
∑

m1≥···≥mr≥0
mj∈Z

∑
i1<···<ik

(λ)e12...k
(λ)m+ei1...ik

∥f−(2m+ei1...ik )
∥2F,τe12...k
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is continued meromorphically, and for 0 ≤ k ≤ r − 1 it becomes a unitary representation
if and only if

λ ∈
{
k

2
,
k + 1

2
, . . . ,

r − 1

2

}
∪
(
r − 1

2
,∞
)
,

and when λ = l
2 (l = k, . . . , r − 1) the corresponding representation space is

Hλ(D,V ) =
∑⊕

m1≥···ml≥0
ml+1=···mr=0

mj∈Z

⊕
1≤i1<···<ik≤l

V−(2m+ei1i2...ik )
.

Remark 3.3. Our result can be applied for

• G = Sp(r,R), V =
∧k(Cr)∨.

• G = SO∗(4r), V = Sk(C2r)∨, Sk(C2r).

• G = SU(r, r), V = W∨ ⊠ C, C⊠W (W : any irreducible representation of U(r)).

• G = Spin0(2, 2s), V = C⊠ V−(k,...,k,±k) (k ∈ 1
2Z≥0).

• G = Spin0(2, 2s+ 1), V = C⊠ V−( 1
2
,..., 1

2)
(spin representation).

4 Proof for G = Sp(r,R) case

In this section we prove the theorem for G = Sp(r,R) case. In this case we have

K = U(r), L = GL(r,R), KL = O(r), p+ = Sym(r,C),
D = {w ∈ Sym(r,C) : I − ww∗ is positive definite}.

Let (τ, V ) be an irreducible unitary representation of K, and let W ⊂ P(p+, V ) be a
K-irreducible subspace under the action

(τ̂(k)f) (w) := τ(k)f(k−1wtk−1) (k ∈ KC, f ∈ P(p+, V ), w ∈ p+).

For f ∈ W we compute the ratio

∥f∥2λ,τ
∥f∥2F,τ

=

cλ
πn

∫
D

(
τ((I − ww∗)−1)f(w), f(w)

)
τ
det(I − ww∗)λ−(r+1)dw

1

πn

∫
p+

|f(w)|2τe− tr(ww∗)dw

under the condition

• V has the lowest weight −k = (−k1, . . . ,−kr).

• V |KL
= V |O(r) still remains irreducible.

• All the KL = O(r)-spherical irreducible subspaces in W ⊗ V̄ ≃ W ⊗V have the same
lowest weight −2n = (−2n1, . . . ,−2nr).
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We set ∥f∥2λ,τ/∥f∥2F,τ =: RW,λ, and compute this ratio.
As a preparation, we set

tB :=



b11 0 · · · 0
b21 b22 · · · 0
...

...
. . . 0

br1 br2 · · · brr

 ∈ GL(r,R) : bjj > 0, j = 1, . . . , r

 ,

Ω := {x ∈ Sym(r,R) : positive definite}

Then we have a bijection tB → Ω, b 7→ btb. Also, for x ∈ Ω and s = (s1, . . . , sr) ∈ Cr, we
set

∆s(x) := ∆1(x)
s1−s2∆2(x)

s2−s3 · · ·∆r−1(x)
sr−1−sr∆r(x)

sr

where ∆k(x) := det((xij)1≤i,j≤k). For example, for b = (bij) ∈ tB we have ∆s(b
tb) =

b2s111 b2s222 · · · b2srrr . Also we set

ΓΩ(s) :=

∫
Ω
e− tr(x)∆s(x) det(x)

− r+1
2 dy.

This integral converges if Re sj >
1
2(j − 1), and we have

ΓΩ(s) = 2
n+r
2

∫
tB

e− tr(btb)∆s(b
tb) det(btb)−

r+1
2 br11b

r−1
22 · · · brrdb

= 2
n+r
2

∫
tB

e−
∑

i≥j b
2
ijb2s111 b2s222 · · · b2srrr (b11b22 · · · brr)−(r+1)br11b

r−1
22 · · · brrdb

= 2
n+r
2

r∏
j=1

∫ ∞

0
e−b2jjb

2sj−j
jj dbjj

∏
i≥j

∫ ∞

−∞
e−b2ijdbij

= (2π)
n−r
2

r∏
j=1

Γ

(
sj −

j − 1

2

)
,

and therefore we have

ΓΩ(s+m)

ΓΩ(s)
=

r∏
j=1

Γ
(
sj +mj − j−1

2

)
Γ
(
sj − j−1

2

) =

r∏
j=1

(
sj −

j − 1

2

)
mj

= (s)m.

Now we start the proof. Let KW (z, w) ∈ P(p+ × p+,End(V )) be the reproducing
kernel of W with respect to ∥ · ∥F,τ . Then the ratio RW,λ is computed as

RW,λ =

cλ

∫
D
TrV

(
τ((I − ww∗)−1)KW (w,w)

)
det(I − ww∗)λ−(r+1)dw∫

p+
TrV (KW (w,w))e− tr(ww∗)dw

.

To proceed the computation, we prove the following lemma.

Lemma 4.1. For any integrable function f on p+, we have∫
p+

f(w)dw = c

∫
Ω

∫
K
f(kx

1
2
tk)dkdx

where c is a constant.
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Proof. By the integral formulas∫
p+

f(w)dw = c′
∫
K

∫ ∞

0
· · ·
∫ ∞

0
f(katk)

∏
i<j

|a2i − a2j |
r∏

j=1

ajda1 · · · dardk,∫
Ω
f(x)dx = c′′

∫
KL

∫ ∞

0
· · ·
∫ ∞

0
f(k′ttk′)

∏
i<j

|ti − tj |dt1 · · · dtrdk′

where a = diag(a1, . . . , ar), t = diag(t1, . . . , tr), we can deduce the lemma by putting
a2j = tj .

By this lemma, this is equal to

RW,λ =

cλ

∫
Ω∩(I−Ω)

∫
K
TrV

(
τ((I − kxk∗)−1)KW (kx

1
2
tk, kx

1
2
tk)
)
det(I − x)λ−(r+1)dkdx∫

Ω

∫
K
TrV

(
KW (kx

1
2
tk, kx

1
2
tk)
)
e− tr(x)dkdx

.

Since the reproducing kernel satisfies

KW (kztk, k∗−1wk̄−1) = τ(k)KW (z, w)τ(k−1) (z, w ∈ p+, k ∈ KC),

we have, for k ∈ K and x ∈ Ω,

KW (kx
1
2
tk, kx

1
2
tk) = τ(k)KW (x−

1
4xx−

1
4 , x

1
4 Ix

1
4 )τ(k−1)

= τ(k)τ(x−
1
4 )KW (x, e)τ(x

1
4 )τ(k−1).

Therefore we have

TrV

(
KW (kx

1
2 , kx

1
2 )
)
= TrV (KW (x, I)),

TrV

(
τ((I − kxk∗)−1)KW (kx

1
2
tk, kx

1
2
tk)
)
= TrV

(
τ((I − x)−1)KW (x, I)

)
.

Thus we get

RW,λ =

cλ

∫
Ω∩(I−Ω)

TrV
(
τ((I − x)−1)KW (x, I)

)
det(I − x)λ−(r+1)dkdx∫

Ω
TrV (KW (x, I))e− tr(x)dkdx

.

Now we set

BW,λ :=

∫
Ω∩(I−Ω)

TrV
(
τ((I − x)−1)KW (x, I)

)
det(I − x)λ−(r+1)dkdx,

ΓW :=

∫
Ω
TrV (KW (x, I))e− tr(x)dkdx

so that RW,λ = cλBW,λ/WW . Now, we regard KW (x, I) ∈ P(p+,End(V )) as a function of
x. We define the action τ̃ of KC on P(p+,End(V )) by

(τ̃(k)F )(x) := τ(k)F (k−1xtk−1)τ(tk) (k ∈ KC, F ∈ P(p+,End(V )), x ∈ p+).

Then KW (x, I) is KL-invariant under τ̃ . Now we use the following isomorphism

(τ̃ ,P(p+,End(V ))) ≃ (τ̂ ⊗ τ̄ ,P(p+, V )⊗ V̄ ),
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where (τ̄ , V̄ ) is the complex conjugate of (τ, V ) as a representation of L. In this case
L = GL(r,R), and we have (τ̄ , V̄ ) ≃ (τ, V ). Then under this isomorphism KW (x, I) sits
in W ⊗ V . Since all the KL-spherical component in this tensor product has the lowest
weight −2n, we conclude that KW (x, I) sits in V−2n, that is, there exists a function
F ∈ P(p+,End(V )) such that, for any b = (bij)1≤j≤i≤r ∈ tB,

(τ̃(b)F )(x) = b−2n1
11 b−2n2

22 · · · b−2nr
rr F (x) = ∆n(b

−1tb−1)F (x),

and ∫
KL

(τ̃(k)F )(x)dk = KW (x, I).

By using F , we rewrite BW,λ and ΓW .

BW,λ =

∫
Ω∩(I−Ω)

TrV
(
τ((I − x)−1)F (x)

)
det(I − x)λ−(r+1)dx,

ΓW =

∫
Ω
TrV (F (x))e− tr(x)dx.

From now we calculate BW,λ. For y ∈ Ω, we set

I(y) :=

∫
Ω∩(y−Ω)

TrV
(
τ((y − x)−1)F (x)

)
det(y − x)λ−(r+1)dx

so that I(e) = BW,λ. We take b ∈ tB such that y = btb, and set x = bztb. Then

I(y) =

∫
Ω∩(I−Ω)

TrV
(
τ((b(I − z)tb)−1)F (bztb)

)
det(b(I − z)tb)λ−(r+1) det(btb)

r+1
2 dz

=

∫
Ω∩(I−Ω)

TrV
(
τ((I − z)−1)τ(b−1)F (bztb)τ(tb−1)

)
det(I − z)λ−(r+1) det(btb)λ−

r+1
2 dz

=

∫
Ω∩(I−Ω)

TrV
(
τ((I − z)−1)F (z)

)
∆n(b

tb) det(I − z)λ−(r+1) det(btb)λ−
r+1
2 dz

= I(e)∆n(y) det(y)
λ− r+1

2 = BW,λ∆λ+n(y) det(y)
− r+1

2 .

Now we calculate
∫
Ω I(y)e− tr(y)dy by two ways.∫

Ω
I(y)e− tr(y)dy = BW,λ

∫
Ω
e− tr(y)∆λ+n(y) det(y)

− r+1
2 dy = BW,λΓΩ(λ+ n),

∫
Ω
I(y)e− tr(y)dy =

∫∫
x∈Ω,y−x∈Ω

e− tr(y)TrV
(
τ((y − x)−1)F (x)

)
det(y − x)λ−(r+1)dxdy

=

∫∫
x∈Ω,z∈Ω

e− tr(x+z)TrV
(
τ(z−1)F (x)

)
det(z)λ−(r+1)dxdz

= TrV

(∫
Ω
e− tr(x)F (x)dx

∫
Ω
e− tr(z)τ(z−1) det(z)λ−(r+1)dz

)
.

Since
∫
Ω e− tr(z)τ(z−1) det(z)λ−(r+1)dz commutes with KL-action and V |KL

is irreducible,
this is the scalar operator on V . Moreover, for a lowest weight vector v ∈ V and z = btb ∈ Ω
(b ∈ tB), we have (

τ(z−1)v, v
)
τ
=
(
τ(tb−1b−1)v, v

)
τ
= |τ(b−1)v|2τ

=(bk111 . . . b
kr
rr)

2|v|2τ = ∆k(b
tb)|v|2τ = ∆k(z)|v|2τ ,
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and (∫
Ω
e− tr(z)τ(z−1) det(z)λ−(r+1)dzv, v

)
τ

=

∫
Ω
e− tr(z)∆k(z) det(z)

λ−(r+1)dz|v|2τ = ΓΩ

(
λ+ k− r + 1

2

)
|v|2τ .

Therefore
∫
Ω e− tr(z)τ(z−1) det(z)λ−(r+1)dz = ΓΩ

(
λ+ k− r+1

2

)
idV , and

BW,λ =
ΓΩ

(
λ+ k− r+1

2

)
ΓΩ(λ+ n)

TrV

(∫
Ω
e− tr(x)F (x)dx

)
=

ΓΩ

(
λ+ k− r+1

2

)
ΓΩ(λ+ n)

ΓW .

Thus we have

RW,λ = cλ
ΓΩ

(
λ+ k− r+1

2

)
ΓΩ(λ+ n)

.

Now we determine cλ := ΓΩ(λ+k)

ΓΩ(λ+k− r+1
2 )

. Then we have

RW,λ =
ΓΩ (λ+ k)

ΓΩ(λ+ n)
=

ΓΩ (λ+ k)

ΓΩ(λ)

ΓΩ(λ)

ΓΩ(λ+ n)
=

(λ)k
(λ)n

.
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