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1 Introduction: Holomorphic discrete series of SU(1,1)

Let D :={w e C: |w| < 1}. Then G := §5(17 1) (universal covering group) acts on O(D)

by _1
'U(C ) )fww=@w+@*fC$j§)

where A € C. This action preserves the sesquilinear form

— |w[2)~2duw,

<f7

that is, (7x(9)f,75(9)h)x = (f,h)x holds for any g € G. When ReX > 1, this form
converges for any polynomial f, h, and therefore 7, defines a unitary representation of G
when A > 1. This is called the holomorphic discrete series representation.

On the other hand, if ReA < 1, this integral diverges for any non-zero function f.

However, when ReA > 1 and f =), anmw™, we can compute as
112 fi Solan?  where (= AQ+D - (A4 m— 1)
because
[ u—mmkww
—1 it (m— ”)( — TQ))\_ZT‘de’I“

TE5 = 1) /Osm(1 $) 2ds

I'(m+1)I'(\) m!
=6mn(A—1)B LA=1)=0mn—————" =Omn——-
This expression is available even when Re A < 1, and positive definite for A > 0. Therefore
7y defines a unitary representation of G when A > 0.
This example shows that if once the norm is explicitly computed, we can treat the
analytic continuation of the holomorphic discrete series representation.



2 Holomorphic discrete series of general Hermitian Lie group

Let G be a Hermitian simple Lie group, that is, its maximal compact subgroup K has a
non-discrete center. We assume that G has a complexification G€. We denote their Lie
algebras by g, £ g®. Then we can take z € 3(£) (the center of €) such that the eigenvalues
of ad(z) are ++/—1, 0, —/—1. We denote the corresponding eigenspace decomposition by

gC=p+€BEC€Bp_.

We denote n = dimc p*, » = rankg G. Then there exists a domain D C p™ such that the
following diagram commutes.

G/K —=GC/K P~
|
2 T
\i
D s pt

Let (7,V) be a holomorphic representation of K€, and let x be the character of K€ such
that y(exp(—2ty/—1z2)) = €. Then we have the following isomorphism

To(G/K,Gxz (Vex ™) ~0(D,V)

where T'o(G/K,G x (V @ x™*)) is the space of holomorphic sections, and O(D, V) is
the space of V-valued holomorphic functions on D. G acts on O(D, V) by the form

T(9)f(w) = x(ulg™ W) (g™ w) " g™ w)
for g € G, w e D, where pu: G x D — K€ is a continuous map satisfying

pu(gh, w) = u(g, hw)u(h, w) (9,h € G, we D),
u(k,w) =k (ke K, we D).

This action preserves the following norm:

113, = = . (r(B(w)™H)f(w), f(w)) x(Bw))* Pdw  (f € O(D,V))

7I-T'L
where p is an integer determined from g, and B : D — KC is a continuous map satisfying

p(g, w)B(w)u(g,w)* = B(gw) (g€ G, we D)

where * is the inverse of the Cartan involution of K€. This norm can be zero for any

holomorphic function f, but if X is sufficiently large, this does not occur.

(0 I , (0 I
Example 2.1. LetJ—(_Ir 0)’J_<Ir 0>,andset

G = {g € GL(2r,C) : gllg=J,gJ = J’g} ~ Sp(r,R),

Then we have
D = {w € Sym(r,C) : I — ww™ is positive definite.},



and G acts on O(D,V) by

-1
T ((é g) ) f(w) := det(Cw + D)1 ({Cw + D)) f ((Aw + B)(Cw + D)) .

This preserves

9B = 25 [ (0 = o)) ) ), det(T = wut =i

ﬂ-TL

We define another norm on P(p*, V).
1 —|w
s = [ @R ae (e perv)),
p

where |w| is a suitable K-invariant norm on p*.
Let W C P(p™, V) be an irreducible subspace under the K-action
FR)f) (w) =Tk f(k~'w) (ke K5 feP@E*, V), weph).

Then since || - [ and || - ||+ are both K-invariant, the ratio of two norms are constant
on W. The goal of this talk is to calculate this ratio under some conditions.

Remark 2.2 (Known results). For several settings, this is already done by
e B. Orsted (1980) for G = SU(r,r), scalar type.
e J. Faraut and A. Kordnyi (1990) for G any Hermitian Lie group, scalar type.

e B. Orsted and G. Zhang (1994, 1995) for G = Sp(r,R), V = (C")V, G = SU(r,r),
V=CKC", G=S0*4r), V= (C¥)".

e S. Hwang, Y. Liu and G. Zhang (2004) for G = SU(n,1), V. = AP(C")V K C,
NIC"XC.
3 Main result
We assume that G is of tube type. Then there exists an e € p* such that
—le, Ve] € 3(8), —[e, [Je, e]] = 2e,

where 1 is the Cartan involution of g€. Using this, we define

‘Gi=Int(eT )G,  L:=°GNK®  K,=LnK.
We take a maximal abelian subalgebra h C €. We write the root system by

A(g%,5%) = Apr UAc UA,- C (h5)Y

in the usual fashion. We define the positive system AT C A(g®, b®) such that At >
Ap+. Then there exist roots {y1,...,7} C Ap+ such that, for a irreducible unitary
representation V_,, of K with lowest weight —u € (h©)Y, V_,, has a K-invariant vector
(K -spherical) if and only if —u is of the form

—p ==yt mey),  my €Z, my > >my.



Let a;:= /=1 N[ Then (ar)" is spanned by {71la;s-- - ¥rla }-
For a representation V of K€, we denote by V the complex conjugate representation

of V' with respect to the real form L. For s = (s1,...,s,) € C" and m = (my,...,m,) €
(Z>0)", we write
r d .
©m= T (5~ 50-1)
j=1 i

where d is the integer satisfying n = r + gr(r —1). Now we state the main theorem.

Theorem 3.1. Let (1,V) be an irreducible ﬁnite dimensional complex representation of

KC with restricted lowest weight — %fyl — 7% We assume 7|k, still remains
wrreducible. Let W C P(er V) be a K-irreducible subspace If all the Ky -spherical irre-
ducible subspaces in W @ V' have the same lowest weight —niy; — - - - — n,7,., then for any
feWw,

A2, o 1

IA1E,  Ma A+ Kok

holds under the suitable choice of cy.

Example 3.2. Let G = Sp(r,R). Then we have K = U(r), L = GL(r,R), K = O(r),
and ay = /—1h. We identify (v/—1b)V ~ R" such that —(mq,...,m,) € R" is a lowest
weight of a representation of K if and only if my > --- > m,, m; € Z. Then we have
;= 2e;.

We set V:i=V_g 0) = AF(C)Y. Then this remains irreducible when restrected

)777

to K, and V ~V holds. We have

Ppt,V) ~ EB Voom @ Vo1, 10,..,0)
my2>--2>mp>0
ijZ

~ @ @ V—(2m+ez'1.uik)

my 2 2mp 204 <---<ig
mJ'EZ

k

where e;, _;, is the vector whose ij-component is 1 and 0 otherwise, and V_, = {0} if v is
not dominant. V—(2m+e¢1...ik) ® V is decomposed as

V7(2m+6i1,..ik) OV ~ @ Vf(2m+e,‘14.4¢k+ejlmjk)7
J1<<Jk
but since V_, is Kp-spherical if and only if —v € (2Z)", the only K -spherical subspace

m V—(2m+ei1mik) RV is V_g(m+ei1wk). Therefore, for f € V—(2m+ei1mik)? we have

2
Hf”)m‘el2 k ()‘)6124.& _ 1

||f||F7’e12 ® ()\)m-‘reil“.ik a ()‘ + el2...k)m+eil‘..ik—9124.41@.

Thus the norm

2
= Z Z 912 - ||f—(2m+ei1»~ik)”Fﬂ—emmk

mi>->me 2001 <o <ip )m+ell g
m;EL




s continued meromorphically, and for 0 < k < r — 1 it becomes a unitary representation
if and only if
k k+1 r—1 r—1
A - ... U
e { 2 Y 2 9y 9 2 } ( 2 ) m) 9
l

and when A = 5 (I =Fk,...,r —1) the corresponding representation space is

HA(D,V) = Z@ @ Vf(2m+ei1¢2...ik)'

mi>--my >0 1<i1 << <l
ml+1:"'m1":0
ijZ

Remark 3.3. Our result can be applied for
o G=Sp(r,R), V=A"C)".
o G =S0*(4r), V. = Sk(C?)V, SF(C?).
e G=SU(r,r), V=WYKC, CRW (W: any irreducible representation of U(r)).
o G = Sping(2,2s), V=CXV_q  pir (k€ %Zzo)-
o G = Spiny(2,2s+1),V=CHK V_(

1 (spin representation).
.3

4 Proof for G = Sp(r,R) case

In this section we prove the theorem for G = Sp(r,R) case. In this case we have

K =U(r), L=GL(r,R), Kr=0(r), p"=Sym(r,C),
D = {w € Sym(r,C) : I — ww" is positive definite}.

Let (7,V) be an irreducible unitary representation of K, and let W C P(p*,V) be a
K-irreducible subspace under the action

(F(K)f) (w) = r(k)f(k % ™Y) (ke K, fePp,V), wep®).
For f € W we compute the ratio
12 7% /D (r((I = ww™) ™) f(w), f(w)),, det(I — ww*)*~ D dw

||f||%‘,7’ B 1/ |f(’ll)) 12_67tr(ww*)dw
T pt

under the condition
e V has the lowest weight —k = (—k1,...,—ky).
e V|k, = Vl]o( still remains irreducible.

e All the K, = O(r)-spherical irreducible subspaces in W@V ~ W ®V have the same
lowest weight —2n = (—2n4,...,—2n,).



We set HinT/”fH%T =: Ry, and compute this ratio.
As a preparation, we set

by 0 - 0

. bor ba2 -+ 0 _

B := . . . 0 EGL(T,R):bjj>0,j:1,...,'r‘ ,
brl br2 brr

2 := {z € Sym(r,R) : positive definite}

Then we have a bijection ‘B — Q, b +— bb. Also, for z € Q and s = (s1,...,s,) € C", we
set

Ag(z) == Ap(2) 72 Ag(2)27%3 - Ay ()51 A ()
where Ay(z) := det((wij)1<ij<k). For example, for b = (b;j) € ‘B we have Ag(b) =
b25b352 - b2, Also we set

To(s) := / e~ @A () det(z) "2 dy.
Q

This integral converges if Res; > %( j — 1), and we have

n+r r+1

Lo(s) =22 [B e~ TN AL (bD) det(bD) "2 by b5 - - bppdb

n+r

=922 [B e~ iz b?jb%?b%? e B2 (byybag - by ) "B BB by db

r 00 9]
o ntr —b2. 28]‘—j —b?.
=2 H/ e b} dbjo/ e~ Y% dbj
T

1>]

— 20" = [T <sj - T) ,

J=1

and therefore we have

j—1
To(s + m) TF(SJ‘*mj_]?)—lTT(s' j_1>
. - J
mj

5 = (S)m-

Now we start the proof. Let Ky (z,w) € P(p™ x p+,End(V)) be the reproducing
kernel of W with respect to || - ||r,r. Then the ratio Ry, is computed as

CA/ Try (7((1 — ww*) ™) Kw (w,w)) det(I — ww*)* = dw
D

Ry = -
/ Try (K (w, w))e™ T @) gy
p+

To proceed the computation, we prove the following lemma.

Lemma 4.1. For any integrable function f on p™, we have

/p+ flw)dw = C/Q/Kf(kx%%)dkdm

where ¢ is a constant.



Proof. By the integral formulas

/ flw w—c// / f(ka'k) H]a —aglna]dal -da,dk,

1<J

/f dx:c// /fkt% ti —tj|dty - - - dt,dk’
Kp 1<J

where a = diag(ay,...,a,), t = diag(t1,...,t,), we can deduce the lemma by putting
2

as =t;. O
7 J

By this lemma, this is equal to

9 / / TrV (I — kak™) ™) Ky (kz2 %, kxzk)> det(I — 2)* D dkdx
QNI-Q)

Ry =
/ / Try KW (ka2'%, ka2 k:)) e™ @) dkda

Since the reproducing kernel satisfies
w k2, B twk™) = 7(k) Kw (2, w) (k™) (zywept, ke K©),

we have, for k € K and z € ),

Therefore we have

Try <Kw(/{?l‘

N|=
5
8

~—

~—

=

<

=

—~
8

=

Try (T((I — kak®) Y Ky (kat kx%%)) = Try (+((I — )" Y Kw(z, 1)) .

Thus we get

(a/ Try (7((I — 2) ) Kw (z, 1)) det(I — 2)* TV dkdx
QN(I-9Q)

Ry, =

/ Try (K (2, 1))e™ " @ dkda
Q
Now we set
Bwﬂ;zl/ Try (1((I — 2) ) Kw(x, 1)) det(I — 2)*~ "D dkdz,
QN(I-Q)
FW::/TMAKWquk_W@ﬂdx
Q

so that Ry, = cxBw./Ww. Now, we regard Ky (x,I) € P(p*,End(V)) as a function of
z. We define the action 7 of K€ on P(p*, End(V)) by

(7(k)F)(z) == 7(k)F(k 2% ")7(%k) (k€ K®, F eP(p™,End(V)), z €ph).
Then Ky (z,I) is Kp-invariant under 7. Now we use the following isomorphism

(7, P(p" End(V))) ~ (7@ 7, P(p", V)& V),



where (7,V) is the complex conjugate of (7,V) as a representation of L. In this case
L = GL(r,R), and we have (7,V) ~ (7, V). Then under this isomorphism Ky (x,I) sits
in W ® V. Since all the K-spherical component in this tensor product has the lowest
weight —2n, we conclude that Ky (z,I) sits in V_oy, that is, there exists a function
F € P(p*,End(V)) such that, for any b = (b;;)1<j<i<r € ‘B,

(FO)F)(x) = by 5" b, 2" Fx) = An(b™ 17 F(2),

and

/ (T(k)F)(z)dk = Kw(x,I).
Ky

By using F', we rewrite By, and 'y .
B = / Try (r((I - 2) ) F(2)) det(I — 2)**+da,
QN(I-Q)
Ty = / Try (F(z))e” "@dg.
Q
From now we calculate By . For y € 2, we set
I(y) = / Try (T((y — m)_l)F(:(:)) det(y — x))‘_(rﬂ)da:
QN(y—Q)
so that I(e) = Bw,x. We take b € ‘B such that y = b, and set = bzb. Then
I(y) = / Try (7((b(1 — 2)b) ") F(b2)) det (b(I — 2)B)*~ D det(bh) % dz
QN(I-Q)
= / Try (7((I = 2)" ) r (b HFb20)r(571)) det(I — 2)* D det(bh)N % dz
QN(I-Q)
- / Try (r(( — 2)")F(2)) An(bb) det(I — 2)* T+ det (bb)* 5 d=
QN(I-9Q)

_r+1

— I(e)An(y) det(y) ™% = BiwaAxin(y) det(y) "7 .

Now we calculate [, I(y)e™ ¥ dy by two ways.

/ I(y)e™"®dy = By, / e WAy (y) det(y)~F dy = Bywala(A +n),
Q Q

/ I(y)e” " Wdy = // e "W Try (1((y — ) Y F(x)) det(y — 2)* " Ddzdy
Q z€Qy—x€N
= / / e~ @) Try (7(2 7Y F(2)) det(2)* T dadz
€N, zEQN

=Try </ e tr(gﬂ)F(:IJ)alav/ e_tr(z)T(z_l)det(z))‘_(TH)dz) :
Q Q

Since [, e” ") 7(271) det(2)*~ TV dz commutes with K -action and V|, is irreducible,
this is the scalar operator on V. Moreover, for a lowest weight vector v € V and z = b €
(b € 'B), we have

(T(Z_l)’l),’l))T = (T(tb_lb_l)v,v)T = \T(b_l)vﬁ
SO Il = AkBof2 = Ao,



and

</ e tr(Z)T(zl)det(z))‘(rﬂ)dzv,v)
Q

1
:/ e @AY (2) det(2)A T dz|v|? = g <)\ +k— r—;— ) lv|2.
Q

T

Therefore [, e~ %@ r(271) det(2)*~*+Vdz = g (A + k — ) idy, and

Lo (A+k— ) _ To (A+k— )
By = 22T @ F(z)de | = 2 Ty
WA o\ +n) " (/Q ¢ (w)dz oA +n)

Thus we have
o (A +k— =)

FQ(/\ + Il)

Ry = ¢\

Now we determine c) := Lo (A+k) i} Then we have

Fsz(M—k—%

Ry = L2QA+K)  To+k) Ta(d) _ (M
AT Toh+n)  To()) To(A+n) (W
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