LINEAR DIFFERENTIAL EQUATIONS ON THE RIEMANN
SPHERE AND REPRESENTATIONS OF QUIVERS

KAZUKI HIROE

ABSTRACT. In this note, we consider a generalization of additive Delinge-
Simpson problems to non-Fuchisian differential equations.

1. ADDITIVE DELIGNE-SIMPSON PROBLEMS

An additive Deligne-Simpson problem asks the existence of an irreducible Fuch-
sian differential equation on the Riemann sphere with prescribed local data. In
this note, we shall consider analogous problems for differential equations on the
Riemann sphere with unramified irregular singular points.

Firstly let us recall the classical case, i.e., the additive Deligne-Simpson problem
for systems of linear Fuchsian differential equations (cf. [7]). A system of first order
linear differential equations is called Fuchsian if it is of the form

d PoA
7Y:Z —Y (A€ M(n,C),i=1,...,p).

dz e~ x — a;
=1

Here we call each A; the residue matriz at the singular point a;. Also Ag =
— 3P | A; is called the residue matrix at co. We say that Y = 7 | ALY is

i=1 r—a;
irreducible if Ay, ..., A, have no nontrivial simultaneous invariant subspace of C",
i.e., if there exists W G C" such that A;W C W for alli = 0,...,p, then W = {0}.

Definition 1.1 (additive Deligne-Simpson problem for equations). An additive
Deligne-Simpson problem for equations consists of a collection of points aq,...,a,
in C and of conjugacy classes Cy,C1,...,Cp, in M(n,C). A solution of the addi-
tive Deligne-Simpson problem for equations is an irreducible Fuchsian differential
equation

dY I~ A;
- = LYy (A, eM i=1,...
In Z;x_ai (A€ M(n,C),i=1,...,p)

whose residue matrices A; € C; for i =0,...,p.
We can reformulate this problem as a problem for matrices.

Definition 1.2 (additive Deligne-Simpson problem for matrices). An additive
Deligne-Simpson problem for matrices consists of a collection of conjugacy classes
Coy,C1,...,Cpin M(n,C). A solution of the additive Deligne-Simpson problem for
matrices is a tuple of matrices (A;)o<i<p € [[5_ C; satisfying
(1) >ofo4i =0,
(2) (Ai)o<i<p is irreducible, i.e., if there exists W & C™ such that A,W C W
foralli=0,...,p, then W = {0}.

Obviously these two problems are equivalent to each other. Hence we simply
call these two problems by the same name, additive Deligne-Simpson problem.
The study of this problem is developed by V. Kostov who gives an necessary and
sufficient condition of the existence of solutions under some generic conditions, see
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[7]. After his study, a complete necessary and sufficient condition is given by W.
Crawley-Boevey [3].

As a generalization of this problem, it seems to be natural to consider a similar
problem for non-Fuchsian equations (see for example [1], [8]). Before formulating
the generalized problem precisely, let us recall some facts of local theory around ir-
regular singular points of differential equations with formal power series coefficients.
Let M(n, R) be the ring of n x n matrices with coefficients in a commutative ring R
and GL(n, R) the group which consists of all invertible elements in M (n, R) of the
multiplication. Set C((z)) = {>_i2, c;iz’ | ¢; € C, r € Z} and C[[z]] = {> o ciz" |
c¢; € C}. Let us attach to C = > "2 ¢;z' € M(n,C((z))) the integer v(C) defined
by v(C) = min{i | ¢; # 0}. We call this map v: M(n,C((z))) — Z the valuation.
For A € M(n,C((z))) and X € GL(n,C((z))) the gauge transformation of A by X

1S

X[A] = XAX 1 4 <jX> XL
X

Definition 1.3 (Hukuhara-Turrittin-Levelt normal forms). If an element B €
M (n,C((x))) is of the form

B = diag(ch(ac_l)ln1 + Rzt ,qm(x_l)lnm + Rmm_l)

with g;(s) € s*Cls] satisfying ¢; # ¢; if i # j and R; € M(n;,C), then B is called
the Hukuhara-Turrittin-Levelt normal form or the HTL normal form shortly. Here
I, is the identity matrix of M (m,C).

The theorem below is one of the most fundamental fact in the local theory of
systems of linear differential equations with formal power series coefficients.

Theorem 1.4 (Hukuhara, Turrittin, Levelt, see [9] for example). Let A be an
element in M(n,C((z))). Then there exists a field extension C((t)) of C((x)) with
t?=x, q € Zwo and X € GL(n,C((t))) such that A is reduced to the HTL normal
form

X[A] = diag(q1 (t71)1n1 + thila s 7Qm(t71)lnm + Rmt71)~

Now let us introduce truncated orbits which play the same role as the conjugacy
classes C; of residue matrices in the Deligne-Simpson problems of Fuchsian cases.
Let us define Gy = GL(n, C[[z]]/2*C[[]]), k > 1, which can be identified with

AO € GL(TL,(C), A; e M(n,(C)7 }

.. k71
{A0+A1I+ +Ak_1x ’L':l,...7]€—1

Also define

ox = M (n, Cl[a]] /2" C[]))
={Ao+Aw+ -+ A" |A; € M(n,C),i=0,....,k—1}.

The dual vector space gi = Homc(gy, C) is identified with

M(n,z™*C{[2]]/C[l2]]) = {j’j +ot % |45 € M(n,(C)}

by the nondegenerate bilinear form gi x g 3 (A4, B) — pr(tr(AB)) € C. Here
prres(z(i)ir Alxl) =A_.

Then an HTL normal form B € M (n,C((z))) with v(B) > —k can be seen as an
element in g;. Thus we can consider the Gy-orbit Op = {ng’l €grlge Gk} of
B in gj, called the truncated orbit of B. The integer k is called the degree of Op.

Now let us formulate generalization of Deligne-Simpson problems.
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Definition 1.5 (generalized additive Deligne-Simpson problem for equations). A
generalized additive Deligne-Simpson problem for equations consists of a collection
of points a1, ...,a, in C, of nonzero positive integers ko, ..., k, and of HTL normal
forms B ¢ g5, C M(n,C((x))) for i =0,...,p. A solution of the generalized ad-
ditive Deligne-Simpson problem for equations is an irreducible differential equation

P ki
Jj—2
(St s )y
i=1 j=1 2<j<ko
satisfying that A (z) € Opw for i = 0,...,p. Here A (2) = 2521 A; jx=I for
1= O7 R % and A0,1 = — Z?:l Ai71. We say
P ki
Jj—2
(X s )y
i=1 j=1 2<j<ko
is srreducible if the collection (A; ;) o<i<p of coefficient matrices is irreducible.
1<j<k;

This can be seen as a natural generalization of additive Deligne-Simpson prob-
lems which contains the original problems for Fuchsian equations as the special case
ko =--- =k, =1. As we see in the Fuchsian case, we can reformulate the problem
as follows.

Definition 1.6 (generalized additive Deligne-Simpson problem for matrices). A
generalized additive Deligne-Simpson problem for matrices consists of a collection
of nonzero positive integers ko, k1,...,k, and of HTL normal forms B ¢ Ok, -
i =0,...,p. A solution of the generalized additive Deligne-Simpson problem for
matrices is an irreducible element in

ki
S AW H Opw Z AP =
j=1

o<i<p 0
Here (Zki’_l A(i)x*j) is said to be irreducible if the collection of matrices
7= 0<i<p
(A;’)) o<i<p 1s irreducible.
1<;<k;
In the case by = --- = k, = 1 and kg < 3, P. Boalch obtains a necessary and

sufficient condition for the existence of solutions of generalized additive Deligne-
Simpson problems in [1] and for an arbitrary ko, see [5].

2. A REVIEW OF CRAWLEY-BOEVEY’S THEOREM OF REPRESENTATIONS OF
QUIVERS

The study of additive Deligne-Simpson problem for Fuchsian equations is devel-
oped by V. Kostov. After Kostov’s study, W. Crawley-Boevey gave the complete
answer of the additive Deligne-Simpson problem for Fuchsian equations by using
his theory of representations of deformed preprojective algebras. Let us give a quick
review of the statement of one of Crawley-Boevey’s theorems for the representation
theory of deformed preprojective algebras (see [2] for the detail).

Definition 2.1 (quivers). A quiver Q = (Qo, Q1, s,t) is the quadruple consisting
of Qo, the set of vertices, and Qq, the set of arrows connecting vertices in Qq, and
two maps s,t : Q1 — Qo, which associate to each arrow p € Q; its source s(p) € Qo
and its target t(p) € Qo respectively.

Definition 2.2 (representations of quivers). Let Q be a finite quiver, i.e., Qy and
Q; are finite sets. A representation M of Q is defined by the following data:
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(1) To each vertex a in Qg, a finite dimensional C- vector space M, = C™= is
attached.
(2) To each arrow p: a — b in Qq, a C-linear map v,: M, — M, is attached.

We denote the representation by M = (Mg, Yo )acQq,acq, - The collection of integers
defined by dim M = (dim¢ M, )qcq, is called the dimension vector of M.
To each vector a € ZR°, we attach the integers

q(a) = Z 042 - Z As(p)Ot(p)>

a€Qo pPEQ
p(a) =1 —q(a).
For a fixed vector a € (Z>0)®, define

Rep (Qa a) = @ Hom¢ ((CaS(p) , C%tp) )
PEQy

More generally define
Rep(Qa VP? Ot) = @ HomC(v:s(p)a V;f(p))7

PEQ1L
where V' = (V,)aeq, is a collection of finite dimensional C-vector spaces with
dimcV, = a,. To each element (1,),cq, € Rep(Q,V,«), the representation
(Vas¥p)acQo,peq: associates. Thus we identify (¢,),eq, with (Va,¥))acqo,peq, and
vice versa.

The representation space Rep(Q, V, @) has an action of Haer GL(V,) as below.
For (¢p)p€Q1 € Rep (viva) and g = (ga) € Haer GL(Va)a then g - (¢p)p€Q1 €
Rep (Q, V, Oé) consists of w; = gt(p)qﬁpgs_(;) S HomC(VS(p), V}(p))

Let M = (Mg, %)) acqo.peq, and N = (Ng, 1) )acqo.peq, be representations of
a quiver Q. Then N is called the subrepresentation of M if we have the following:

(1) There exists a direct sum decomposition M, = N, @ N/ for each a € Qo.
(2) For each p: a — b € Qq, the equality 7/’,];\4|Na = 1/JIJ)V holds.
In this case we denote N C M. Moreover if
3. for each p: a — b € Q1, we have w;];w|N{1 @ N[;7
then we say M has a direct sum decomposition M = N & N’ where N’ is the
representation (N, 1/1;])” | N’ )acQo,peQi -

The representation M is said to be irreducible if M has no subrepresentations
other than M and {0}. Here {0} is the representation of Q which consists of
zero vector spaces and zero linear maps. On the other hand if any direct sum
decomposition M = N @ N’ satisfies either N = {0} or N’ = {0}, then M is said
to be indecomposable.

Let us recall the double of a quiver Q.

Definition 2.3 (double of a quiver). Let Q = (Qo, Q1) be a finite quiver. Then
the double quiver Q of Q is the quiver obtained by adjoining the reverse arrow
p*: b — a of each arrow p: a — b. Namely Q = (Qp = Qo, Q1 = Q1 UQ}) where
Qi ={p": tlp) = s(p) [ p € Qu}.

The moment map jio: Rep(Q, a) — [lucq, M(aq,C) is the map whose images
(1o (%)a)aeq, are defined by

Na($)a: Z d’pd)p* - Z d’p*i//pa

PEQ1 PEQL
t(p)=a s(p)=a

for z = (24, %) ,eq, peq, € ReP Q).
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Let Q be a finite quiver and Q the double of Q. Let us fix a vector a € (Zxq)®0
and a collection of complex numbers A = (A,) € C®. Then define the subspace of
Rep (Q, @) by

Rep (Q,a)s = {z € Rep (Q, @) | fta(2)a = Aol for all a € Qp}.

In [2] Crawley-Boevey studies irreducible representations in Rep (Q, @)y and ob-
tains a necessary and sufficient condition for the existence of irreducible represen-
tations. In order to give the statement of the theorem, let us recall the definition
of the root system of a quiver Q (cf. [6]).

Let Q be a finite quiver. The Euler form is

<Oé,ﬂ> = Z O‘(Lﬁa - Z O‘s(p)ﬁt(p)

a€Qo PEQ

for o, B € ZR and the symmetric bilinear form is

(a, B) = (e, B) + (B, ).
Each element ¢, € ZR (a € Qo) is called the fundamental root if (e5)q = 1,
()b = 0, (b € Qo\{a}) and moreover there is no loop at the vertex a. Denote by
II the set of fundamental roots. For a fundamental root ¢, define the fundamental
reflection s, by
5a(0) = a — (, €q)€, for o € Z.

The group W C Aut Z?° generated by all fundamental reflections is called Weyl
group of the quiver Q. Note that the bilinear form (, ) is W-invariant. Similarly
we can define the reflection r,: CR — CR by

Ta()\)b = )\b - (Ea; 6b))\a
for A € C? and a,b € Qq. Define the set of real roots by
A= | w().
weWw

For an element a = (a)aeq, € Z% the support of a is the set of e, such that
a, # 0, and denoted by supp (). We say the support of a is connected if the
subquiver consisting of the set of vertices a satisfying €, € supp («) and all arrows
joining these vertices, is connected. Define the fundamental set F C Z° by

F={ac (Z50)\{0} | (e, €) <0 for all € € II, support of a is connected } .
Then define the set of imaginary roots by
A™ = | ] wFU-F).
weWw
Then the root system is defined by
A=A"UA™,
An element o € AN (Z>0)® is called positive root and we denote by At the set of
positive roots.
Now we are ready to see Crawley-Boevey’s theorem. For a fixed A = ()\,) € C®,
let us consider the set Xy of positive roots a satisfying the following;
(1) Ara=3",cq, Aata =0,
(2) if there exists a decomposition @ = 1 + 82 + -+, with 8; € AT and
A+ Bi =0, then p(a) > p(Br) +p(B2) + - -

Theorem 2.4 (Crawley-Boevey. Theorem 1.2 in [2]). Let Q be a finite quiver and
Q the double of Q. Let us fiz a dimension vector a € (Z>()R0 and A\ = (\,) € C.

Then there exists an irreducible representation in Rep (Q, ) if and only if a € ¥
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3. ADDITIVE DELIGNE-SIMPSON PROBLEMS FOR FUCHSIAN EQUATIONS

In [3] Crawley-Boevey gives a correspondence between irreducible Fuchsian equa-
tions with prescribed conjugacy classes of residue matrices and irreducible represen-
tations in Rep(Q, o)y with suitable Q, a and A. Then Theorem 2.4 can be applied
to determine the existence of solutions of additive Deligne-Simpson problems. Let
us give a review of this result.

Let C be a conjugacy class of M(n,C). Then there exist complex numbers
&1, ...,&q such that

d
(1) [[(a-&r)=0

i=1
for all A € C. The minimal polynomial of C' is an example of the above equation.
Moreover note that m; = rank H;Zl(A —-¢&l,),i=1,...,d are independent of
the choice of A € C. Conversely, if B € M(n,C) satisfies rank H;‘:1(B —&1,) =
my; for all ¢ = 1,...,d, then B € C. This observation leads us to the following
correspondence between the elements in C' and some representations of a quiver.

Proposition 3.1 (Crawley-Boevey [3], cf. Lemma 4.5 in [5]). Let us fix a conjugacy
class C of M(n,C) and choose &1, ...,&q € C so that the equation (1) holds for all
A € C. Put mj = rank Hle(A —&I,) fork=1,...,d—1 and A € C, also put
mg = n. Define a quiver Q as below.

oo Ly
0 1 d—1

Put m = (m;)ieq, € (Z>0)R and define

7z = {M = (mep) € Rep (67 Il’l)

‘um(M)fL = (51 — §i+1)1m13 fOT all i = 1, .. .,d — ].,
Y, 1 injective, Y, : surjective for all p € Qq, p* € Q}
Then
d—1
®¢: {AeC}— Z/ [ GL(ms;, C)
i=1
defined as below is a bijection. Let us define ®¢(A) = (Ma,v,) as follows:
k
My=C", My=Im[[(A=&I,) forallk=1,....,d—1,
i=1
Yy, + Miy1 — M; : inclusion, Yor = (A= &)mi_,y-
The inverse map 1s given by (Ma’wp)aGQo,p€61 = Yo Ypr + &1
Furthermore for any M = (Ma’d’P)aeQO,pe@l € Z and any subspace S C C"

invariant under ¥, ¥,x + &1, there exists a subrepresentation N of M such that
N =0 (resp. N=M) if and only if S =0 (resp. S =C").

By using this correspondence, we have the following.

Theorem 3.2 (Crawley-Boevey [3]). Let Cy, ..., C} be conjugacy classes of M (n,C).
Fori=0,...,p, choose &} 1),-.-,&i,a;) € C so that

[1AY = &ijIn) =0

d
j=1
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for all A € C;. Let & = ({&1ia1s - - - » &, Ho<i<p e the collection of ordered

sets {&a)y- - &6,a,]}- Set mo = n and my; j = rank Hizl(A(i) — &liwyln) for
j=1,...,d; — 1. Consider the following quiver Q.

,,,,,,,,, —0
[O,do—l]
,,,,,,,,, —0
1,d; —1]
R 0
[’1] [52] [pvdp_l]

Define a = (a)acq, € (Z>0) by ap = mo and ajij) = M) fori=0,...,p,
j=1,....d; — 1. Also define A\ = (Mo)acq, € C¥ by N\ = = &) and
i) = &lig) — g1y Jori=0,...,p, 5 =1,...,d; — L.

Then there exists a bijection

SP AW =0,
(AD)o<i<p is irreducible

P
P {(A(i))o<i<p e[[c
i=0

— {M € Rep (Q,a) | M is irreducible} / H GL(a,, C).
a€Qo

} /GL(n,C)

Then we can apply Theorem 2.4 to additive Deligne-Simpson problems.

Theorem 3.3 (Crawley-Boevey [3]). Let Co,...,C, be conjugacy classes of M (n,C).
Let us choose the quiver Q, a € (Z>¢)® and A € CR as Theorem 3.2. Then the ad-
ditive Deligne-Simpson problem for Cy, . ..,C), has a solution if and only if « € .

4. DIFFERENTIAL EQUATIONS WITH POLES OF ORDER 2 AND REPRESENTATIONS
OF QUIVERS

Now let us discuss generalized additive Deligne-Simpson problems for non-Fuchsian
equations. Before seeing the general cases which look apparently complicated, we
consider the case kg = --- = k, = 2 in Definition 1.6 as a preliminary example.

Let B € g5 be an HTL normal form,

B = diag (allnlx_2 + Rlx_l, o 7amlnmsc_Q + Rmm_l) .

Here R; € M(n;,C) and o; € C, i =0, ..., p satisfying a; # o if i # j.

Let us put By, = diag (a11,,,. - ., @mly,,) and denote by V; C C™ the eigenspace
of Bi,, for each eigenvalue o, i = 1,...,m. For any X € M(n,C), X;; denotes
the Homc(V;, V;)-component of X with respect to the decomposition M (n,C) =
D1 < j<m Home(V;, V5).

The lemma below is a direct consequence of the splitting lemma.

Lemma 4.1. Let B € g5 be the HTL normal form as above. Then Op consists of
A(z) = Z?zl A;x™" € g5 satisfying the following:
(1) There exists G € GL(n,C) such that G=1A3G = By
(2) For any G as above, (G"*A1G);; € Cr, holds for all i = 1,...,m. Here
CRr, are conjugacy classes of R; fori=1,...,m.
Moreover if G1,G2 € GL(n,C) satisfy G;lAgGi = By, 1 = 1,2, then GglGl =
diag(hq,. .., hm) where h; € GL(n;,C) fori=1,...,m.
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Next we consider a number of truncated orbits simultaneously and relate them to

representations of a quiver. Let B, ... B® ¢ g5 be HTL normal forms written
by
B = diag (agi)Inii)x_Q + Rgi)x_l, cee afi)(i)ln(i)(i)x_Q + Rfjl)(i)x_1> .
Let Vj; j C C™ be the eigenspace of Bl(rlr) for each eigenvalue a;i), 1=0,...,p,
j=1,...,m®,
Let X(; j),airj) be the Homc(Vjy ji1, Vi j))-component of X € M(n,C) where
we decompose M(n,C) = @ @ Home(Viyr ji1, Viij))- We may write

1<5<m® 1<5/ <m ()

X = (X(.9).51) 1<j<m® -
1<5/ <m )
Let us consider the quiver Q defined as follows. The set of vertices is

QO = {[Zaj] |7’:O7ap’]:17am(1)}
The set of arrows is
le{p{?,?/]]:[07‘7‘]%[i’j/]|j:17"'7m(0)7/L.:17"'7p7j/:17"'7m(i)}'

Fix the vector a = (@)acq, € ZY defined by af; ;) = dimeVj; 57, i = 0,...,p,
j=1,...,m®,

Proposition 4.2. We use the same notation as above. Then there exists a bijection

2 » .
[OF Z Agl)a:*j c H OB(i) Z Agz) -0 /GL(n’ C) R
= o<i<p i=0
det i 0
M = (Mru 7/}/)) (?/Jp%?u;]) 1§j§m(01> #
5 T agi'em® / [ CLiaw.C).
GRep(Q,a) foralli=1,...,p, 20

pa(M)jij) € Cpo, [i:7] € Qo
Here C L) is the conjugacy class of each Rg.i), i=0,...,p, j=1,...,m®.
j

Let us explain the construction of ® in the above proposition. Take an element
A= (zle A=t 2 Agmfi) € Opwy X -+ X Opem with 7, A% =0
and choose G € GL(n,C) for each 2?21 Agj)x_i, j=0,...,p as in Lemma 4.1.
Under the conjugation by GL(n,C), we may suppose Go = I,,. Then let us define
P(A) = (Mm?/)p)aer,pteuQ; as follows,

(1) M[’i,j] = V;'(Z)a 1=0,...,p,5=1,...,my,

(2) I/JPE)JJ;] = (G(i))(i,j’),(o,j) and d)(p{?’;/]])* = (Ag’)(G(l))*1>
j=1,...,mp,i=1,...,p, 7 =1,...,m,.

(0.4),(.5")

For example let us consider
B = diag(ay L, 272 + Bgo)afl, g, + Béo)afz),
BW = diag(11,,, 7% + Bgl)afl, Boln,x™2 + Bél):cfz),
and take A = (Zle Ago)x*i,Zle Agl)x*i) € Opwo x Opn) satistying AEO) +
Agl) = 0. Then the conjugation by GL(n,C) allows to assume Aéo) = B

irr ?
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(Ago))i,i = BEO) for i = 1,2 and there exists G € GL(n,C) such that GANG~! =
B and (GAgl)G_l)i’i = Bi(l) for 1 = 1,2. Then we can define the quiver @),

irr

and attach a representation M = (Ma,v))aeqo,pequ@; to A as follows:
My :=C™, My, :=C" fori=1,2,

| Yos | Y W1 _ Yoy | Yos >
G_(¢P2 77[}94), e _<wﬂ§ wl’l .

Then we have

cAVG! = ( Vo1 Vo + Vs ¥p3 * >
! * ‘ Ypo¥ps + Yy
_ < /Jfa(M)[l,l} ‘ * >
* | ta(M)12 )

Similarly,
AP = Al = _ag-1q

—— ( ¢waﬁl + wpgwpz ‘ * )
* ‘ wﬂ; Vps + %z Vo4

_ ( ,U/oz(M)[O,l] ‘ * ) '
x| a(M)pg

Thus we have o (M), = B\Y,i=0,1, j=1,2.

5. TRUNCATED ORBITS

In this section we study the structure of truncated orbits of higher degrees.
Fix k> 1and B = Zle B;z~' € gf , HTL normal form written by

B = diag (q1 (™I, + Rzt ..., qm(x*I)Inm + Rmxfl)

where R; € M (n;,C), gi(s) € s*C[s], i =1,...,m and ¢; # q; if i # j.

Let Vi ;0 c C*, (i = 1,...,k—1, j = 1,...,m;), be maximal simultaneous
invariant spaces of (B;t1,...,Bg—1, B). Here “maximal” means that for any v €
C™\V4,jy, the subspace V;; jy ®Cv is not invariant under (Bj 1, ..., Bx_1, Br). Then
we have @;nzl Vii,jy = C" since Biyq, ..., By, are diagonal matrices. Especially we
write V; = V(y jy for j =1,...,m. Here we note that m; = m.

Let X;; denote the Homc(V},V;)-component of X € M(n,C). For g(z) =
s, gix' € M(n,C((2))), write (g(x));,;0 = 3272, (9)j02", 1 < 5, j" < m. We de-
note the Home (V;, C*)-component of X € M(n,C) by X, , for each i =1,...,m.
Similarly X; . denote the Hom¢(C”, V;)- component. We sometimes use the nota-
tion X = (X j)1<ij<m = (Xs,i)i<i<m = (Xix)1<i<m.

Let m; : J; ={1,...,m;} = Jix1 = {1,...,m;11} be the natural surjection such
that Vi; jy C Viit1,x,(j))- Define the total ordering {1 < 2 < --- < m} on J; and
also define total orderings on J;, i =2,...,k — 1, so that

if j1 < j2, then m;(j1) < mi(j2), Ji,J2 € Ji.
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To a pair (j,j'), j # j' € m, we attach a positive integer
(2) d(j,5") = deg cpy(gi () — gy (x)) — 2.

Moreover we set d(j,7) = —1 for the latter use.
Ao In} .

Let us define the subgroup of Gy by
k—1 _
2= {Z Aia’ € Gy
Similarly define the subspace g = M (n, zCl[[z]]/2*C[[z]]) of gk, which can be
identified with
k—1 4
{ZAZ'.'L‘z Egr|Ap = 0} .

i=0
=0
Then the dual space (g7)* can be identified with

k—1
{ZAiZL‘_i_l S g;; Ay = 0} .
i=0
For A=Y "' Aiz=i € gi, let us set pry, (A) = S0 Az~ and proo,(A) = A4;.
This gives the decomposition gj = (g9)* & M(n,C), and pr;,, (resp. pr.) is the
first (resp. second) projection along this decomposition.
The coadjoint orbit Op,,, = {gBig ™' | g € G2} C (g2)*
is our main objects to study in this section where B;;, = pry,.(B).

According to the ordering on each J;, i = 1,...,k — 1, let us define parabolic
subalgebras of M (n,C) as below,

pi= @B Homc(Vijy Vigs): b = € Home(Viijy, Vi),
J1,d2€ 75, J1,J2€ 75,
Jj12>J2 J1<7g2

and similarly nilpotent subalgebras

u;." = @ Homc(‘/(i,j1>’ Wi’j2>)’ Ui_ = @ HomC(‘/(in}a ‘/(i,j2>)7

J1,2€J5, J1,52€J5,
J1>7J2 J1<J2
for i =1,...,k — 1. We note that pf =b; @uf where b; = @jel,i End ¢(Vi; )

Let us define subsets of G,
Py = {Z P’ € Gy,
i=0
-1

k
Uy = {Z Ui’ € G}

=0

Piep;t+1,i1,...,k1},

Uieuj;l,z'L...,kl},

and subspaces of g and (g7)*,

k—1

i=1

Uieuﬁl,izl,...,k—1},

k—1

W = {Z U™

=1

Uie@pz’:l,...,k—l}.

Here we put pi = M(n,C) and uf = {0}. Let us note that P are subgroups of
G{, but Z/{,;t are not closed under the multiplication.
Then the following decomposition holds.
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Lemma 5.1 (Lemma 3.5 in [5]). For any g € G, there uniquely exist u_ € U,
and py € P,j such that g = u_p.

For A € Og,,, take g € G¢ so that g~'Ag = Bj,, and decompose g = u_p, as
above. Note that u_ does not depend on the choice of g because the stabilizer of
Bi,, is contained in P;‘ . Thus u_ is uniquely determined by A € Op, .. Then let
uspwt Q=u_—1I,, A =u"tAand P = A/|(u;)*-

Proposition 5.2 (Theorem 3.6 in [5]). The map

¢: OBM“V — u]; x (ﬂ;)*
A4 — QP

is bijective.

6. GENERALIZED DELINGE-SIMPSON PROBLEMS AND REPRESENTATIONS OF
QUIVERS

In the previous sections representations of quivers are associated with conju-
gacy classes of matrices (Proposition 3.1), tuples of truncated orbits of degree 2
(Proposition 4.2) and truncated orbits of higher degrees (Proposition 5.2). Glueing
them together, now let us construct representations of quivers in order to apply to
generalized Deligne-Simpson problems.

Let BO = Y% BOig—i e g; ..., B®) = Y0 By ¢ g, be HTL

normal forms written by

B® = = diag ( l)( )In(i,) + Rgi)a:_l, .. fn)( >($_1)In(i) + Rfi)(i>l‘_1>
1 m (%
for i = 0,...,p where q( )(s) € s2CJs] satisfying qj(»i) # q](-f) if j # 5’ and B§i) €
M(ny),@. |
For each B(Z), 1 =0,...,pand j = 1,...,my, let us choose complex numbers
51 a . ,fg[f]] so that
€[i,j]
[T - =0
k=1

fom;o .pand j=1,...,m®. Set I;, = {i € {0,...,p} | m® > 1} U {0} and
Lieg = {0 s PP\ Lirr. Then let Q be the quiver with the set of vertices
. 1=0,...,p
. € L, . } e
Qoz{[ld]‘ L (i) }U [%J,k/’]‘ j=1...,m®,
j=1....,m
k:1,...,e[i7j]fl
and the set of arrows
j=1,...,mO,

Q1 = % 7J]] [O .]] [ 7j/] (S Iirr\{0}7
i =1,...,m®
(K] . 2ol i€ Iirra 1 S] < j, S m(’),
{p“ﬂ ey A2 BT < anGn
U{Pmulja MﬂHGLmj:L”wm@}
u{pghl_@1Jj mJ]HGEL%,jzlwlwnﬂm}
i:O?"')p’
Plijk) s (4,7, k] — [, 5,k — 1] j=1,...,m®,

k:27"'ae[i,j]_1
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Here d;(j,5') = degc[x](qj(-i)(x) - J(f)(a:)) — 2. Let @ = ()aeq, € Z20 be the
vector defined by setting ay; jj = ngi) and af; j 5] = dim ¢(rank Hle(Ry) - §l[i’j])).
Also define A = (\g)aeq, € CR by gl = —di’j] for i € L, \{0}, j =1,...,m®,
Nog) = —€09 = gy &7 for = 1 m®), and Ny = &7 - 67 for
i=0,...,p,j=1,...,m%D and k = 1,...,¢;; — 1. The following sublattice of
720 plays an essential role,

EZ{BGZQO

Set £+ =LnN (ZZQ)QO.
Then combining Proposition 3.1, 4.2 and 5.2, we have the following bijection.

Proposition 6.1. Let B ... BW) be HTL normal forms chosen as above. Then
there exists a bijection

ki P
Cbgl ZAgl)i_] € HOB(i)
j=1

o<i<p =0

there exists b € Z such that
S Bag) = b for all i € Iy,

p
S A =0} /GL(1,C)

=0

— {M = (M., ;) € Rep(@. ), |

det <’(/) [0,5] ) 1§j§m(°> 7é 0, 1€ Iirr\{o}a

Pli,g1 :
1<5' <m™®
m©
(%H,l_,l]) : M1 = €D M), injective, i € Ieg,
0 S 1<i<m© i=1
O
<1l)(p[i,1.1]>*> : @ Mo ) = M1, surjective, i € Ly,
[0,5] 1<5<m(0) =1

Vps gy IngECtIVE, (o, - yes surjective}/ H GL(ag, C).
a€Qo

Unfortunately the above bijection ® does not preserve irreducibility. Thus we
introduce the following notion.
Definition 6.2 (quasi-irreducible). If X € Rep(Q, @), has no nontrivial proper
subrepresentation Y & X in Rep(Q, )y with dimY = (8,)acq, satisfying that

©)

there exists b € Z>¢ such that Z;”:l Bi,j) = b for all i € [y, then X is said to be
quasi-irreducible.

Then we have the following correspondence between irreducible elements and
quasi-irreducible representations.

Theorem 6.3. The restriction of the map in Proposition 6.1,

ki

p
<I>§: ZA§i)x—j € HOB(i)

=t o<i<p 0

P
ZA(f) =0, irreducible p /GL(n,C)
i=0

quasi-irreducible,

N {M = (M, 1,) € Rep(Q, a)

det (1/) (0,41 ) 1< j<m® #£0,1€ Iirr\{O}}/ H GL(g,C),

Pli.a’)
1</ <m@ a€Qo
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is bijective.
Then we have the following theorem.

Theorem 6.4 ([4]). Let us consider a generalized additive Deligne-Simpson prob-
lem consisting of positive integers ko, ..., k, and HTL normal forms BW ¢ g5, for
i=0,...,p. Let us define Q = (Qo,Q1), @ € (Z>0)% and A\ € CR° as above. Then
the generalized additive Deligne-Simpson problem has a solution if and only if the
following are satisfied,

(1) « is a positive root of Q and ac- A =37 cq @uha =0,
(2) for any decomposition o = By + -+ + B, where B; € LT are positive roots
of Q satisfying B; - A = 0, we have

pla) > p(B1) + -+ p(Br).

Here we note that if I;;, = {0}, then £ = 70 In this case, the conditions 1 and 2
in the above theorem coincide with Crawley-Boevey’s condition for the existence of
irreducible representations of deformed preprojectiove algebras. Thus the theorem
covers preceding results for the additive Delinge-Simpson problems [3], [1] and [5].
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