
LINEAR DIFFERENTIAL EQUATIONS ON THE RIEMANN

SPHERE AND REPRESENTATIONS OF QUIVERS

KAZUKI HIROE

Abstract. In this note, we consider a generalization of additive Delinge-
Simpson problems to non-Fuchisian differential equations.

1. Additive Deligne-Simpson problems

An additive Deligne-Simpson problem asks the existence of an irreducible Fuch-
sian differential equation on the Riemann sphere with prescribed local data. In
this note, we shall consider analogous problems for differential equations on the
Riemann sphere with unramified irregular singular points.

Firstly let us recall the classical case, i.e., the additive Deligne-Simpson problem
for systems of linear Fuchsian differential equations (cf. [7]). A system of first order
linear differential equations is called Fuchsian if it is of the form

d

dx
Y =

p∑
i=1

Ai

x− ai
Y (Ai ∈M(n,C), i = 1, . . . , p).

Here we call each Ai the residue matrix at the singular point ai. Also A0 =
−
∑p

i=1Ai is called the residue matrix at ∞. We say that d
dxY =

∑p
i=1

Ai

x−ai
Y is

irreducible if A0, . . . , Ap have no nontrivial simultaneous invariant subspace of Cn,
i.e., if there exists W ⫋ Cn such that AiW ⊂W for all i = 0, . . . , p, then W = {0}.

Definition 1.1 (additive Deligne-Simpson problem for equations). An additive
Deligne-Simpson problem for equations consists of a collection of points a1, . . . , ap
in C and of conjugacy classes C0, C1, . . . , Cp in M(n,C). A solution of the addi-
tive Deligne-Simpson problem for equations is an irreducible Fuchsian differential
equation

dY

dx
=

p∑
i=1

Ai

x− ai
Y (Ai ∈M(n,C), i = 1, . . . , p)

whose residue matrices Ai ∈ Ci for i = 0, . . . , p.

We can reformulate this problem as a problem for matrices.

Definition 1.2 (additive Deligne-Simpson problem for matrices). An additive
Deligne-Simpson problem for matrices consists of a collection of conjugacy classes
C0, C1, . . . , Cp in M(n,C). A solution of the additive Deligne-Simpson problem for
matrices is a tuple of matrices (Ai)0≤i≤p ∈

∏p
i=0 Ci satisfying

(1)
∑p

i=0Ai = 0,
(2) (Ai)0≤i≤p is irreducible, i.e., if there exists W ⫋ Cn such that AiW ⊂ W

for all i = 0, . . . , p, then W = {0}.

Obviously these two problems are equivalent to each other. Hence we simply
call these two problems by the same name, additive Deligne-Simpson problem.
The study of this problem is developed by V. Kostov who gives an necessary and
sufficient condition of the existence of solutions under some generic conditions, see
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[7]. After his study, a complete necessary and sufficient condition is given by W.
Crawley-Boevey [3].

As a generalization of this problem, it seems to be natural to consider a similar
problem for non-Fuchsian equations (see for example [1], [8]). Before formulating
the generalized problem precisely, let us recall some facts of local theory around ir-
regular singular points of differential equations with formal power series coefficients.
LetM(n,R) be the ring of n×n matrices with coefficients in a commutative ring R
and GL(n,R) the group which consists of all invertible elements in M(n,R) of the
multiplication. Set C((x)) = {

∑∞
i=r cix

i | ci ∈ C, r ∈ Z} and C[[x]] = {
∑∞

i=0 cix
i |

ci ∈ C}. Let us attach to C =
∑∞

i=r cix
i ∈ M(n,C((x))) the integer v(C) defined

by v(C) = min{i | ci ̸= 0}. We call this map v : M(n,C((x))) → Z the valuation.
For A ∈M(n,C((x))) and X ∈ GL(n,C((x))) the gauge transformation of A by X
is

X[A] = XAX−1 +

(
d

dx
X

)
X−1.

Definition 1.3 (Hukuhara-Turrittin-Levelt normal forms). If an element B ∈
M(n,C((x))) is of the form

B = diag(q1(x
−1)In1 +R1x

−1, . . . , qm(x−1)Inm +Rmx
−1)

with qi(s) ∈ s2C[s] satisfying qi ̸= qj if i ̸= j and Ri ∈ M(ni,C), then B is called
the Hukuhara-Turrittin-Levelt normal form or the HTL normal form shortly. Here
Im is the identity matrix of M(m,C).

The theorem below is one of the most fundamental fact in the local theory of
systems of linear differential equations with formal power series coefficients.

Theorem 1.4 (Hukuhara, Turrittin, Levelt, see [9] for example). Let A be an
element in M(n,C((x))). Then there exists a field extension C((t)) of C((x)) with
tq = x, q ∈ Z>0 and X ∈ GL(n,C((t))) such that A is reduced to the HTL normal
form

X[A] = diag(q1(t
−1)In1 +R1t

−1, . . . , qm(t−1)Inm +Rmt
−1).

Now let us introduce truncated orbits which play the same role as the conjugacy
classes Ci of residue matrices in the Deligne-Simpson problems of Fuchsian cases.
Let us define Gk = GL(n,C[[x]]/xkC[[x]]), k ≥ 1, which can be identified with{

A0 +A1x+ · · ·+Ak−1x
k−1

∣∣∣∣ A0 ∈ GL(n,C), Ai ∈M(n,C),
i = 1, . . . , k − 1

}
.

Also define

gk =M(n,C[[x]]/xkC[[x]])

=
{
A0 +A1x+ · · ·+Ak−1x

k−1
∣∣Ai ∈M(n,C), i = 0, . . . , k − 1

}
.

The dual vector space g∗k = HomC(gk,C) is identified with

M(n, x−kC[[x]]/C[[x]]) =
{
Ak

xk
+ · · ·+ A1

x

∣∣∣Ai ∈M(n,C)
}

by the nondegenerate bilinear form gk × g∗k ∋ (A,B) 7→ prres(tr(AB)) ∈ C. Here
prres(

∑∞
i=r Aixi) = A−1.

Then an HTL normal form B ∈M(n,C((x))) with v(B) ≥ −k can be seen as an
element in g∗k. Thus we can consider the Gk-orbit OB =

{
gBg−1 ∈ g∗k | g ∈ Gk

}
of

B in g∗k called the truncated orbit of B. The integer k is called the degree of OB .
Now let us formulate generalization of Deligne-Simpson problems.
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Definition 1.5 (generalized additive Deligne-Simpson problem for equations). A
generalized additive Deligne-Simpson problem for equations consists of a collection
of points a1, . . . , ap in C, of nonzero positive integers k0, . . . , kp and of HTL normal

forms B(i) ∈ g∗ki
⊂M(n,C((x))) for i = 0, . . . , p. A solution of the generalized ad-

ditive Deligne-Simpson problem for equations is an irreducible differential equation

d

dx
Y =

 p∑
i=1

ki∑
j=1

Ai,j

(x− ai)j
+

∑
2≤j≤k0

A0,jx
j−2

Y

satisfying that A(i)(x) ∈ OB(i) for i = 0, . . . , p. Here A(i)(x) =
∑ki

j=1Ai,jx
−j for

i = 0, . . . , p and A0,1 = −
∑p

i=1Ai,1. We say

d

dx
Y =

 p∑
i=1

ki∑
j=1

Ai,j

(x− ai)j
+

∑
2≤j≤k0

A0,jx
j−2

Y

is irreducible if the collection (Ai,j) 0≤i≤p
1≤j≤ki

of coefficient matrices is irreducible.

This can be seen as a natural generalization of additive Deligne-Simpson prob-
lems which contains the original problems for Fuchsian equations as the special case
k0 = · · · = kp = 1. As we see in the Fuchsian case, we can reformulate the problem
as follows.

Definition 1.6 (generalized additive Deligne-Simpson problem for matrices). A
generalized additive Deligne-Simpson problem for matrices consists of a collection
of nonzero positive integers k0, k1, . . . , kp and of HTL normal forms B(i) ∈ g∗ki

,
i = 0, . . . , p. A solution of the generalized additive Deligne-Simpson problem for
matrices is an irreducible element in

 ki∑
j=1

A
(i)
j x−j


0≤i≤p

∈
p∏

i=0

OB(i)

∣∣∣∣ p∑
i=0

A
(i)
1 = 0

 .

Here
(∑ki

j=1A
(i)
j x−j

)
0≤i≤p

is said to be irreducible if the collection of matrices

(A
(i)
j ) 0≤i≤p

1≤j≤ki

is irreducible.

In the case k1 = · · · = kp = 1 and k0 ≤ 3, P. Boalch obtains a necessary and
sufficient condition for the existence of solutions of generalized additive Deligne-
Simpson problems in [1] and for an arbitrary k0, see [5].

2. A review of Crawley-Boevey’s theorem of representations of
quivers

The study of additive Deligne-Simpson problem for Fuchsian equations is devel-
oped by V. Kostov. After Kostov’s study, W. Crawley-Boevey gave the complete
answer of the additive Deligne-Simpson problem for Fuchsian equations by using
his theory of representations of deformed preprojective algebras. Let us give a quick
review of the statement of one of Crawley-Boevey’s theorems for the representation
theory of deformed preprojective algebras (see [2] for the detail).

Definition 2.1 (quivers). A quiver Q = (Q0,Q1, s, t) is the quadruple consisting
of Q0, the set of vertices, and Q1, the set of arrows connecting vertices in Q0, and
two maps s, t : Q1 → Q0, which associate to each arrow ρ ∈ Q1 its source s(ρ) ∈ Q0

and its target t(ρ) ∈ Q0 respectively.

Definition 2.2 (representations of quivers). Let Q be a finite quiver, i.e., Q0 and
Q1 are finite sets. A representation M of Q is defined by the following data:
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(1) To each vertex a in Q0, a finite dimensional C- vector space Ma
∼= Cma is

attached.
(2) To each arrow ρ : a→ b in Q1, a C-linear map ψρ : Ma →Mb is attached.

We denote the representation byM = (Ma, ψα)a∈Q0,α∈Q1 . The collection of integers
defined by dimM = (dimCMa)a∈Q0 is called the dimension vector of M .

To each vector α ∈ ZQ0 , we attach the integers

q(α) =
∑
a∈Q0

α2
a −

∑
ρ∈Q1

αs(ρ)αt(ρ),

p(α) = 1− q(α).

For a fixed vector α ∈ (Z≥0)
Q0 , define

Rep (Q, α) =
⊕
ρ∈Q1

HomC(Cαs(ρ) ,Cαt(ρ)).

More generally define

Rep(Q, V, α) =
⊕
ρ∈Q1

HomC(Vs(ρ), Vt(ρ)),

where V = (Va)a∈Q0 is a collection of finite dimensional C-vector spaces with
dimCVa = αa. To each element (ψρ)ρ∈Q1 ∈ Rep(Q, V, α), the representation
(Va, ψρ)a∈Q0,ρ∈Q1 associates. Thus we identify (ψρ)ρ∈Q1 with (Va, ψρ)a∈Q0,ρ∈Q1 and
vice versa.

The representation space Rep(Q, V, α) has an action of
∏

a∈Q0
GL(Va) as below.

For (ψρ)ρ∈Q1 ∈ Rep (Q, V, α) and g = (ga) ∈
∏

a∈Q0
GL(Va), then g · (ψρ)ρ∈Q1 ∈

Rep (Q, V, α) consists of ψ′
ρ = gt(ρ)ψρg

−1
s(ρ) ∈ HomC(Vs(ρ), Vt(ρ)).

Let M = (Ma, ψ
M
ρ )a∈Q0,ρ∈Q1 and N = (Na, ψ

N
ρ )a∈Q0,ρ∈Q1 be representations of

a quiver Q. Then N is called the subrepresentation of M if we have the following:

(1) There exists a direct sum decomposition Ma = Na ⊕N ′
a for each a ∈ Q0.

(2) For each ρ : a→ b ∈ Q1, the equality ψM
ρ |Na = ψN

ρ holds.

In this case we denote N ⊂M . Moreover if

3. for each ρ : a→ b ∈ Q1, we have ψM
ρ |N ′

a
⊂ N

′

b,

then we say M has a direct sum decomposition M = N ⊕ N ′ where N ′ is the
representation (N ′

a, ψ
M
ρ |N ′

a
)a∈Q0,ρ∈Q1 .

The representation M is said to be irreducible if M has no subrepresentations
other than M and {0}. Here {0} is the representation of Q which consists of
zero vector spaces and zero linear maps. On the other hand if any direct sum
decomposition M = N ⊕N ′ satisfies either N = {0} or N ′ = {0}, then M is said
to be indecomposable.

Let us recall the double of a quiver Q.

Definition 2.3 (double of a quiver). Let Q = (Q0,Q1) be a finite quiver. Then
the double quiver Q of Q is the quiver obtained by adjoining the reverse arrow
ρ∗ : b → a of each arrow ρ : a → b. Namely Q = (Q0 = Q0,Q1 = Q1 ∪ Q∗

1) where
Q∗

1 = {ρ∗ : t(ρ) → s(ρ) | ρ ∈ Q1}.

The moment map µα : Rep(Q, α) →
∏

a∈Q0
M(αa,C) is the map whose images

(µα(x)a)a∈Q0 are defined by

µα(x)a =
∑
ρ∈Q1

t(ρ)=a

ψρψρ∗ −
∑
ρ∈Q1

s(ρ)=a

ψρ∗ψρ,

for x = (xa, ψρ)a∈Q0,ρ∈Q1
∈ Rep (Q, α).
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Let Q be a finite quiver and Q the double of Q. Let us fix a vector α ∈ (Z≥0)
Q0

and a collection of complex numbers λ = (λa) ∈ CQ0 . Then define the subspace of
Rep (Q, α) by

Rep (Q, α)λ = {x ∈ Rep (Q, α) | µα(x)a = λaIαa
for all a ∈ Q0}.

In [2] Crawley-Boevey studies irreducible representations in Rep (Q, α)λ and ob-
tains a necessary and sufficient condition for the existence of irreducible represen-
tations. In order to give the statement of the theorem, let us recall the definition
of the root system of a quiver Q (cf. [6]).

Let Q be a finite quiver. The Euler form is

⟨α, β⟩ =
∑
a∈Q0

αaβa −
∑
ρ∈Q1

αs(ρ)βt(ρ)

for α, β ∈ ZQ0 and the symmetric bilinear form is

(α, β) = ⟨α, β⟩+ ⟨β, α⟩.
Each element ϵa ∈ ZQ0 (a ∈ Q0) is called the fundamental root if (ϵa)a = 1,
(ϵa)b = 0, (b ∈ Q0\{a}) and moreover there is no loop at the vertex a. Denote by
Π the set of fundamental roots. For a fundamental root ϵa define the fundamental
reflection sa by

sa(α) = α− (α, ϵa)ϵa for α ∈ ZQ0 .

The group W ⊂ AutZQ0 generated by all fundamental reflections is called Weyl
group of the quiver Q. Note that the bilinear form ( , ) is W -invariant. Similarly
we can define the reflection ra : CQ0 → CQ0 by

ra(λ)b = λb − (ϵa, ϵb)λa

for λ ∈ CQ0 and a, b ∈ Q0. Define the set of real roots by

∆re =
∪

w∈W

w(Π).

For an element α = (αa)a∈Q0 ∈ ZQ0 the support of α is the set of ϵa such that
αa ̸= 0, and denoted by supp (α). We say the support of α is connected if the
subquiver consisting of the set of vertices a satisfying ϵa ∈ supp (α) and all arrows
joining these vertices, is connected. Define the fundamental set F ⊂ ZQ0 by

F =
{
α ∈ (Z≥0)

Q0\{0} | (α, ϵ) ≤ 0 for all ϵ ∈ Π, support of α is connected
}
.

Then define the set of imaginary roots by

∆im =
∪

w∈W

w(F ∪ −F ).

Then the root system is defined by

∆ = ∆re ∪∆im.

An element α ∈ ∆∩ (Z≥0)
Q0 is called positive root and we denote by ∆+ the set of

positive roots.
Now we are ready to see Crawley-Boevey’s theorem. For a fixed λ = (λa) ∈ CQ0 ,

let us consider the set Σλ of positive roots α satisfying the following;

(1) λ · α =
∑

a∈Q0
λaαa = 0,

(2) if there exists a decomposition α = β1 + β2 + · · · , with βi ∈ ∆+ and
λ · βi = 0, then p(α) > p(β1) + p(β2) + · · · .

Theorem 2.4 (Crawley-Boevey. Theorem 1.2 in [2]). Let Q be a finite quiver and
Q the double of Q. Let us fix a dimension vector α ∈ (Z≥0)

Q0 and λ = (λa) ∈ CQ0 .

Then there exists an irreducible representation in Rep (Q, α)λ if and only if α ∈ Σλ.
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3. Additive Deligne-Simpson problems for Fuchsian equations

In [3] Crawley-Boevey gives a correspondence between irreducible Fuchsian equa-
tions with prescribed conjugacy classes of residue matrices and irreducible represen-
tations in Rep(Q, α)λ with suitable Q, α and λ. Then Theorem 2.4 can be applied
to determine the existence of solutions of additive Deligne-Simpson problems. Let
us give a review of this result.

Let C be a conjugacy class of M(n,C). Then there exist complex numbers
ξ1, . . . , ξd such that

(1)
d∏

i=1

(A− ξiIn) = 0

for all A ∈ C. The minimal polynomial of C is an example of the above equation.

Moreover note that mi = rank
∏i

j=1(A − ξjIn), i = 1, . . . , d are independent of

the choice of A ∈ C. Conversely, if B ∈ M(n,C) satisfies rank
∏i

j=1(B − ξjIn) =
mi for all i = 1, . . . , d, then B ∈ C. This observation leads us to the following
correspondence between the elements in C and some representations of a quiver.

Proposition 3.1 (Crawley-Boevey [3], cf. Lemma 4.5 in [5]). Let us fix a conjugacy
class C of M(n,C) and choose ξ1, . . . , ξd ∈ C so that the equation (1) holds for all

A ∈ C. Put mk = rank
∏k

i=1(A − ξiIn) for k = 1, . . . , d − 1 and A ∈ C, also put
m0 = n. Define a quiver Q as below.

0
��������

1
��������

d− 1

��������oo ρ1 oo ρ2 oo ρd−1

Put m = (mi)i∈Q0 ∈ (Z≥0)
Q0 and define

Z =
{
M = (Ma, ψρ) ∈ Rep (Q,m)

∣∣∣
µm(M)i = (ξi − ξi+1)Imi for all i = 1, . . . , d− 1,

ψρ : injective, ψρ∗ : surjective for all ρ ∈ Q1, ρ
∗ ∈ Q∗

1

}
.

Then

Φξ : {A ∈ C} −→ Z/
d−1∏
i=1

GL(mi,C)

defined as below is a bijection. Let us define Φξ(A) = (Ma, ψρ) as follows:

M0 = Cn, Mk = Im

k∏
i=1

(A− ξiIn) for all k = 1, . . . , d− 1,

ψρi
:Mi+1 ↪→Mi : inclusion, ψρ∗

i
= (A− ξi)|Mi−1

.

The inverse map is given by (Ma, ψρ)a∈Q0,ρ∈Q1
7→ ψρ1ψρ∗

1
+ ξ1.

Furthermore for any M = (Ma, ψρ)a∈Q0,ρ∈Q1
∈ Z and any subspace S ⊂ Cn

invariant under ψρ1ψρ∗
1
+ ξ1, there exists a subrepresentation N of M such that

N = 0 (resp. N =M) if and only if S = 0 (resp. S = Cn).

By using this correspondence, we have the following.

Theorem 3.2 (Crawley-Boevey [3]). Let C0, . . . , Cp be conjugacy classes ofM(n,C).
For i = 0, . . . , p, choose ξ[i,1], . . . , ξ[i,di] ∈ C so that

di∏
j=1

(A(i) − ξ[i,j]In) = 0
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for all A(i) ∈ Ci. Let ξ = ({ξ[i,1], . . . , ξ[i,di]})0≤i≤p be the collection of ordered

sets {ξ[i,1], . . . , ξ[i,di]}. Set m0 = n and m[i,j] = rank
∏j

k=1(A
(i) − ξ[i,k]In) for

j = 1, . . . , di − 1. Consider the following quiver Q.

0
�������� [0, 1]

��������
[0, 2]

��������
[0, d0 − 1]

��������
[1, 1]

��������
[1, 2]

��������
[1, d1 − 1]

��������
[p, 1]

��������
[p, 2]

��������
[p, dp − 1]

��������
��

�����������tt
jjjjjjjj__

??
??

??
??

??
?

oo oo oo

oo oo oo

oo oo oo

Define α = (αa)a∈Q0 ∈ (Z≥0)
Q0 by α0 = m0 and α[i,j] = m[i,j] for i = 0, . . . , p,

j = 1, . . . , di − 1. Also define λ = (λa)a∈Q0 ∈ CQ0 by λ0 = −
∑p

i=0 ξ[i,1] and
λ[i,j] = ξ[i,j] − ξ[i,j+1] for i = 0, . . . , p, j = 1, . . . , di − 1.

Then there exists a bijection

Φξ :

{
(A(i))0≤i≤p ∈

p∏
i=0

Ci

∣∣∣∣ ∑p
i=0A

(i) = 0,
(A(i))0≤i≤p is irreducible

}
/GL(n,C)

→
{
M ∈ Rep (Q, α)λ |M is irreducible

}
/
∏
a∈Q0

GL(αa,C).

Then we can apply Theorem 2.4 to additive Deligne-Simpson problems.

Theorem 3.3 (Crawley-Boevey [3]). Let C0, . . . , Cp be conjugacy classes ofM(n,C).
Let us choose the quiver Q, α ∈ (Z≥0)

Q0 and λ ∈ CQ0 as Theorem 3.2. Then the ad-
ditive Deligne-Simpson problem for C0, . . . , Cp has a solution if and only if α ∈ Σλ.

4. Differential equations with poles of order 2 and representations
of quivers

Now let us discuss generalized additive Deligne-Simpson problems for non-Fuchsian
equations. Before seeing the general cases which look apparently complicated, we
consider the case k0 = · · · = kp = 2 in Definition 1.6 as a preliminary example.

Let B ∈ g∗2 be an HTL normal form,

B = diag
(
α1In1x

−2 +R1x
−1, . . . , αmInmx

−2 +Rmx
−1

)
.

Here Ri ∈M(ni,C) and αi ∈ C, i = 0, . . . , p satisfying αi ̸= αj if i ̸= j.
Let us put Birr = diag (α1In1 , . . . , αmInm) and denote by Vi ⊂ Cn the eigenspace

of Birr for each eigenvalue αi, i = 1, . . . ,m. For any X ∈ M(n,C), Xi,j denotes
the HomC(Vj , Vi)-component of X with respect to the decomposition M(n,C) =⊕

1≤i,j≤m HomC(Vi, Vj).
The lemma below is a direct consequence of the splitting lemma.

Lemma 4.1. Let B ∈ g∗2 be the HTL normal form as above. Then OB consists of

A(x) =
∑2

i=1Aix
−i ∈ g∗2 satisfying the following:

(1) There exists G ∈ GL(n,C) such that G−1A2G = Birr.
(2) For any G as above, (G−1A1G)i,i ∈ CRi holds for all i = 1, . . . ,m. Here

CRi are conjugacy classes of Ri for i = 1, . . . ,m.

Moreover if G1, G2 ∈ GL(n,C) satisfy G−1
i A2Gi = Birr, i = 1, 2, then G−1

2 G1 =
diag(h1, . . . , hm) where hi ∈ GL(ni,C) for i = 1, . . . ,m.



8 KAZUKI HIROE

Next we consider a number of truncated orbits simultaneously and relate them to
representations of a quiver. Let B(0), . . . , B(p) ∈ g∗2 be HTL normal forms written
by

B(i) = diag

(
α
(i)
1 I

n
(i)
1
x−2 +R

(i)
1 x−1, . . . , α

(i)

m(i)In(i)

m(i)

x−2 +R
(i)

m(i)x
−1

)
.

Let V[i,j] ⊂ Cn be the eigenspace of B
(i)
irr for each eigenvalue α

(i)
j , i = 0, . . . , p,

j = 1, . . . ,m(i).
Let X(i,j),(i′j′) be the HomC(V[i′,j′], V[i,j])-component of X ∈ M(n,C) where

we decompose M(n,C) =
⊕

1≤j≤m(i)

⊕
1≤j′≤m(i′)

HomC(V[i′,j′], V[i,j]). We may write

X =
(
X(i,j),(i′j′)

)
1≤j≤m(i)

1≤j′≤m(i′)

.

Let us consider the quiver Q defined as follows. The set of vertices is

Q0 =
{
[i, j] | i = 0, . . . , p, j = 1, . . . ,m(i)

}
.

The set of arrows is

Q1 =
{
ρ
[0,j]
[i,j′] : [0, j] → [i, j′]

∣∣ j = 1, . . . ,m(0), i = 1, . . . , p, j′ = 1, . . . ,m(i)
}
.

Fix the vector α = (αa)a∈Q0 ∈ ZQ0 defined by α[i,j] = dimCV[i,j], i = 0, . . . , p,

j = 1, . . . ,m(i).

Proposition 4.2. We use the same notation as above. Then there exists a bijection

Φ:


 2∑

j=1

A
(i)
j x−j


0≤i≤p

∈
p∏

i=0

OB(i)

∣∣∣∣ p∑
i=0

A
(i)
1 = 0

 /GL(n,C) −→


M = (Ma, ψρ)

∈ Rep (Q, α)

∣∣∣∣∣
det

(
ψ
ρ
[0,j]

[i,j′]

)
1≤j≤m(0)

1≤j′≤m(i)

̸= 0

for all i = 1, . . . , p,
µα(M)[i,j] ∈ C

R
(i)
j

, [i, j] ∈ Q0

 /
∏
a∈Q0

GL(αa,C).

Here C
R

(i)
j

is the conjugacy class of each R
(i)
j , i = 0, . . . , p, j = 1, . . . ,m(i).

Let us explain the construction of Φ in the above proposition. Take an element

A =
(∑2

i=1A
(0)
i x−i, . . . ,

∑2
i=1A

(p)
i x−i

)
∈ OB(0) × · · · × OB(p) with

∑p
i=0A

(i)
1 = 0

and choose Gj ∈ GL(n,C) for each
∑2

i=1A
(j)
i x−i, j = 0, . . . , p as in Lemma 4.1.

Under the conjugation by GL(n,C), we may suppose G0 = In. Then let us define
Φ(A) = (Ma, ψρ)a∈Q0,ρ∈Q1∪Q∗

1
as follows,

(1) M[i,j] := V
(i)
j , i = 0, . . . , p, j = 1, . . . ,mi,

(2) ψ
ρ
[0,j]

[i,j′]
:= (G(i))(i,j′),(0,j) and ψ(

ρ
[0,j]

[i,j′]

)∗ :=
(
A

(i)
1 (G(i))−1

)
(0,j),(i,j′)

,

j = 1, . . . ,m0, i = 1, . . . , p, j′ = 1, . . . ,mi.

For example let us consider

B(0) = diag(α1Im1x
−2 +B

(0)
1 x−1, α2Im2x

−2 +B
(0)
2 x−2),

B(1) = diag(β1In1x
−2 +B

(1)
1 x−1, β2In2x

−2 +B
(1)
2 x−2),

and take A =
(∑2

i=1A
(0)
i x−i,

∑2
i=1A

(1)
i x−i

)
∈ OB(0) × OB(1) satisfying A

(0)
1 +

A
(1)
1 = 0. Then the conjugation by GL(n,C) allows to assume A

(0)
2 = B

(0)
irr ,
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(A
(0)
1 )i,i = B

(0)
i for i = 1, 2 and there exists G ∈ GL(n,C) such that GA(1)G−1 =

B
(1)
irr and (GA

(1)
1 G−1)i,i = B

(1)
i for i = 1, 2. Then we can define the quiver Q,

[0, 1]

��������
[0, 2]

��������
[1, 1]

��������
[1, 2]

��������
ρ1 //

ρ2

��?
??

??
??

??
??

??
??

ρ3

??��������������� ρ4 //

,

and attach a representation M = (Ma, ψρ)a∈Q0,ρ∈Q1∪Q∗
1
to A as follows:

M[0,i] := Cmi , M[1,i] := Cni for i = 1, 2,

G =

(
ψρ1 ψρ3

ψρ2 ψρ4

)
, A

(1)
1 G−1 =

(
ψρ∗

1
ψρ∗

2

ψρ∗
3

ψρ∗
4

)
.

Then we have

GA
(1)
1 G−1 =

(
ψρ1ψρ∗

1
+ ψρ3ψρ∗

3
∗

∗ ψρ2ψρ∗
2
+ ψρ4ψρ∗

4

)
=

(
µα(M)[1,1] ∗

∗ µα(M)1,2

)
.

Similarly,

A
(0)
1 = −A(1)

1 = −A(1)
1 G−1G

= −
(
ψρ∗

1
ψρ1 + ψρ∗

2
ψρ2 ∗

∗ ψρ∗
3
ψρ3 + ψρ∗

4
ψρ4

)
=

(
µα(M)[0,1] ∗

∗ µα(M)[0,2]

)
.

Thus we have µα(M)[i,j] = B
(i)
j , i = 0, 1, j = 1, 2.

5. Truncated orbits

In this section we study the structure of truncated orbits of higher degrees.

Fix k > 1 and B =
∑k

i=1Bix
−i ∈ g∗k , HTL normal form written by

B = diag
(
q1(x

−1)In1 +R1x
−1, . . . , qm(x−1)Inm +Rmx

−1
)

where Ri ∈M(ni,C), qi(s) ∈ s2C[s], i = 1, . . . ,m and qi ̸= qj if i ̸= j.
Let V⟨i,j⟩ ⊂ Cn, (i = 1, . . . , k − 1, j = 1, . . . ,mi), be maximal simultaneous

invariant spaces of (Bi+1, . . . , Bk−1, Bk). Here “maximal” means that for any v ∈
Cn\V⟨i,j⟩, the subspace V⟨i,j⟩⊕Cv is not invariant under (Bi+1, . . . , Bk−1, Bk). Then

we have
⊕mi

j=1 V⟨i,j⟩ = Cn since Bi+1, . . . , Bk are diagonal matrices. Especially we
write Vj = V⟨1,j⟩ for j = 1, . . . ,m. Here we note that m1 = m.

Let Xi,j denote the HomC(Vj , Vi)-component of X ∈ M(n,C). For g(x) =∑∞
i=r gix

i ∈ M(n,C((x))), write (g(x))j,j′ =
∑∞

i=r(gi)j,j′x
i, 1 ≤ j, j′ ≤ m. We de-

note the HomC(Vi,Cn)-component of X ∈ M(n,C) by X∗,i for each i = 1, . . . ,m.
Similarly Xi,∗ denote the HomC(Cn, Vi)- component. We sometimes use the nota-
tion X = (Xi,j)1≤i,j≤m = (X∗,i)1≤i≤m = (Xi,∗)1≤i≤m.

Let πi : Ji = {1, . . . ,mi} → Ji+1 = {1, . . . ,mi+1} be the natural surjection such
that V⟨i,j⟩ ⊂ V⟨i+1,πi(j)⟩. Define the total ordering {1 < 2 < · · · < m} on J1 and
also define total orderings on Ji, i = 2, . . . , k − 1, so that

if j1 < j2, then πi(j1) ≤ πi(j2), j1, j2 ∈ Ji.
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To a pair (j, j′), j ̸= j′ ∈ m, we attach a positive integer

(2) d(j, j′) = deg C[x](qj(x)− qj′(x))− 2.

Moreover we set d(j, j) = −1 for the latter use.
Let us define the subgroup of Gk by

Go
k =

{
k−1∑
i=0

Aix
i ∈ Gk

∣∣∣∣A0 = In

}
.

Similarly define the subspace gok = M
(
n, xC[[x]]/xkC[[x]]

)
of gk, which can be

identified with {
k−1∑
i=0

Aix
i ∈ gk

∣∣∣∣A0 = 0

}
.

Then the dual space (gok)
∗ can be identified with{

k−1∑
i=0

Aix
−i−1 ∈ g∗k

∣∣∣∣A0 = 0

}
.

For A =
∑k−1

i=1 Aix
−i ∈ g∗k, let us set prirr(A) =

∑k−1
i=2 Aix

−i and prres(A) = A1.
This gives the decomposition g∗k = (gok)

∗ ⊕M(n,C), and prirr (resp. prres) is the
first (resp. second) projection along this decomposition.

The coadjoint orbit OBirr = {gBirrg
−1 | g ∈ Go

k} ⊂ (gok)
∗

is our main objects to study in this section where Birr = prirr(B).
According to the ordering on each Ji, i = 1, . . . , k − 1, let us define parabolic

subalgebras of M(n,C) as below,

p+i =
⊕

j1,j2∈Ji,
j1≥j2

HomC(V⟨i,j1⟩, V⟨i,j2⟩), p−i =
⊕

j1,j2∈Ji,
j1≤j2

HomC(V⟨i,j1⟩, V⟨i,j2⟩),

and similarly nilpotent subalgebras

u+i =
⊕

j1,j2∈Ji,
j1>j2

HomC(V⟨i,j1⟩, V⟨i,j2⟩), u−i =
⊕

j1,j2∈Ji,
j1<j2

HomC(V⟨i,j1⟩, V⟨i,j2⟩),

for i = 1, . . . , k − 1. We note that p±i = hi ⊕ u±i where hi =
⊕

j∈Ji
End C(V⟨i,j⟩).

Let us define subsets of Go
k,

P±
k =

{
k−1∑
i=0

Pix
i ∈ Go

k

∣∣∣∣Pi ∈ p±i+1, i = 1, . . . , k − 1

}
,

U±
k =

{
k−1∑
i=0

Uix
i ∈ Go

k

∣∣∣∣Ui ∈ u±i+1, i = 1, . . . , k − 1

}
,

and subspaces of gok and (gok)
∗,

U±
k =

{
k−1∑
i=1

Uix
i

∣∣∣∣Ui ∈ u±i+1, i = 1, . . . , k − 1

}
,

(U∓
k )

∗ =

{
k−1∑
i=1

Uix
−i−1

∣∣∣∣Ui ∈ u±i+1, i = 1, . . . , k − 1

}
.

Here we put p±k = M(n,C) and u±k = {0}. Let us note that P±
k are subgroups of

Go
k but U±

k are not closed under the multiplication.
Then the following decomposition holds.
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Lemma 5.1 (Lemma 3.5 in [5]). For any g ∈ Go
k, there uniquely exist u− ∈ U−

k

and p+ ∈ P+
k such that g = u−p+.

For A ∈ OBirr , take g ∈ Go
k so that g−1Ag = Birr and decompose g = u−p+ as

above. Note that u− does not depend on the choice of g because the stabilizer of
Birr is contained in P+

k . Thus u− is uniquely determined by A ∈ OBirr . Then let

us put Q = u− − In, A
′ = u−1

− A and P = A′|(U−
k )∗ .

Proposition 5.2 (Theorem 3.6 in [5]). The map

Φ: OBirr −→ U−
k × (U−

k )
∗

A 7−→ (Q,P )

is bijective.

6. Generalized Delinge-Simpson problems and representations of
quivers

In the previous sections representations of quivers are associated with conju-
gacy classes of matrices (Proposition 3.1), tuples of truncated orbits of degree 2
(Proposition 4.2) and truncated orbits of higher degrees (Proposition 5.2). Glueing
them together, now let us construct representations of quivers in order to apply to
generalized Deligne-Simpson problems.

Let B(0) =
∑k0

i=1B
[0,i]x−i ∈ g∗k0

, . . . , B(p) =
∑kp

i=1B
[p,i]x−i ∈ g∗kp

be HTL

normal forms written by

B(i) = diag

(
q
(i)
1 (x−1)I

n
(i)
1

+R
(i)
1 x−1, . . . , q

(i)

m(i)(x
−1)I

n
(i)

m(i)

+R
(i)

m(i)x
−1

)
for i = 0, . . . , p where q

(i)
j (s) ∈ s2C[s] satisfying q(i)j ̸= q

(i)
j′ if j ̸= j′ and B

(i)
j ∈

M(n
(i)
j ,C).

For each B
(i)
j , i = 0, . . . , p and j = 1, . . . ,mi, let us choose complex numbers

ξ
[i,j]
1 , . . . , ξ

[i,j]
e[i,j] so that

e[i,j]∏
k=1

(R
(i)
j − ξ

[i,j]
k ) = 0

for i = 0, . . . , p and j = 1, . . . ,m(i). Set Iirr = {i ∈ {0, . . . , p} | m(i) > 1} ∪ {0} and
Ireg = {0, . . . , p}\Iirr. Then let Q be the quiver with the set of vertices

Q0 =

{
[i, j]

∣∣∣ i ∈ Iirr,
j = 1, . . . ,m(i)

}
∪

[i, j, k]
∣∣∣ i = 0, . . . , p,
j = 1, . . . ,m(i),
k = 1, . . . , e[i,j] − 1


and the set of arrows

Q1 =

ρ[0,j][i,j′] : [0, j] → [i, j′]

∣∣∣∣ j = 1, . . . ,m(0),
i ∈ Iirr\{0},
j′ = 1, . . . ,m(i)


∪
{
ρ
[k]
[i,j],[i,j′] : [i, j] → [i, j′]

∣∣∣∣ i ∈ Iirr, 1 ≤ j < j′ ≤ m(i),
1 ≤ k ≤ di(j, j

′)

}
∪
{
ρ[i,j,1] : [i, j, 1] → [i, j] | i ∈ Iirr, j = 1, . . . ,m(i)

}
∪
{
ρ
[i,1,1]
[0,j] : [i, 1, 1] → [0, j] | i ∈ Ireg, j = 1, . . . ,m(0)

}
∪

ρ[i,j,k] : [i, j, k] → [i, j, k − 1]

∣∣∣∣ i = 0, . . . , p,
j = 1, . . . ,m(i),
k = 2, . . . , e[i,j] − 1

 .
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Here di(j, j
′) = deg C[x](q

(i)
j (x) − q

(i)
j′ (x)) − 2. Let α = (αa)a∈Q0 ∈ ZQ0 be the

vector defined by setting α[i,j] = n
(i)
j and α[i,j,k] = dim C(rank

∏k
l=1(R

(i)
j − ξ

[i,j]
l )).

Also define λ = (λa)a∈Q0
∈ CQ0 by λ[i,j] = −ξ[i,j]1 for i ∈ Iirr\{0}, j = 1, . . . ,m(i),

λ[0,j] = −ξ[0,j] −
∑

i∈Ireg
ξ
[i,1]
1 for j = 1, . . . ,m(0), and λ[i,j,k] = ξ

[i,j]
k − ξ

[i,j]
k+1 for

i = 0, . . . , p, j = 1, . . . ,m(i) and k = 1, . . . , e[i,j] − 1. The following sublattice of

ZQ0 plays an essential role,

L =

{
β ∈ ZQ0

∣∣∣∣ there exists b ∈ Z such that∑m(i)

j=1 β[i,j] = b for all i ∈ Iirr

}
.

Set L+ = L ∩ (Z≥0)
Q0 .

Then combining Proposition 3.1, 4.2 and 5.2, we have the following bijection.

Proposition 6.1. Let B(0), . . . , B(p) be HTL normal forms chosen as above. Then
there exists a bijection

Φξ :


 ki∑

j=1

A
(i)
j x−j


0≤i≤p

∈
p∏

i=0

OB(i)

∣∣∣∣ p∑
i=0

A
(i)
1 = 0

 /GL(n,C)

→
{
M = (Ma, ψρ) ∈ Rep(Q, α)λ

∣∣
det

(
ψ
ρ
[0,j]

[i,j′]

)
1≤j≤m(0)

1≤j′≤m(i)

̸= 0, i ∈ Iirr\{0},

(
ψ
ρ
[i,1,1]

[0,j]

)
1≤j≤m(0)

: M[i,1,1] →
m(0)⊕
j=1

M[0,j], injective, i ∈ Ireg,

(
ψ(

ρ
[i,1,1]

[0,j]

)∗

)
1≤j≤m(0)

:

m(0)⊕
j=1

M[0,j] →M[i,1,1], surjective, i ∈ Ireg,

ψρ[i,j,k]
, injective, ψ(ρ[i,j,k])∗ , surjective

}
/
∏
a∈Q0

GL(αa,C).

Unfortunately the above bijection Φ does not preserve irreducibility. Thus we
introduce the following notion.

Definition 6.2 (quasi-irreducible). If X ∈ Rep(Q, α)λ has no nontrivial proper
subrepresentation Y ⫋ X in Rep(Q, α)λ with dimY = (βa)a∈Q0

satisfying that

there exists b ∈ Z≥0 such that
∑m(i)

j=1 β[i,j] = b for all i ∈ Iirr, then X is said to be
quasi-irreducible.

Then we have the following correspondence between irreducible elements and
quasi-irreducible representations.

Theorem 6.3. The restriction of the map in Proposition 6.1,

Φξ :


 ki∑

j=1

A
(i)
j x−j


0≤i≤p

∈
p∏

i=0

OB(i)

∣∣∣∣ p∑
i=0

A
(i)
1 = 0, irreducible

 /GL(n,C)

→

{
M = (Ma, ψρ) ∈ Rep(Q, α)λ

∣∣∣∣ quasi-irreducible,
det

(
ψ
ρ
[0,j]

[i,j′]

)
1≤j≤m(0)

1≤j′≤m(i)

̸= 0, i ∈ Iirr\{0}

}
/
∏
a∈Q0

GL(αa,C),
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is bijective.

Then we have the following theorem.

Theorem 6.4 ([4]). Let us consider a generalized additive Deligne-Simpson prob-
lem consisting of positive integers k0, . . . , kp and HTL normal forms B(i) ∈ g∗ki

for

i = 0, . . . , p. Let us define Q = (Q0,Q1), α ∈ (Z≥0)
Q0 and λ ∈ CQ0 as above. Then

the generalized additive Deligne-Simpson problem has a solution if and only if the
following are satisfied,

(1) α is a positive root of Q and α · λ =
∑

a∈Q0
αaλa = 0,

(2) for any decomposition α = β1 + · · · + βr where βi ∈ L+ are positive roots
of Q satisfying βi · λ = 0, we have

p(α) > p(β1) + · · ·+ p(βr).

Here we note that if Iirr = {0}, then L = ZQ0 . In this case, the conditions 1 and 2
in the above theorem coincide with Crawley-Boevey’s condition for the existence of
irreducible representations of deformed preprojectiove algebras. Thus the theorem
covers preceding results for the additive Delinge-Simpson problems [3], [1] and [5].

References

[1] P. Boalch, Irregular connections and Kac-Moody root systems, arXiv:0806.1050, 2008.
[2] W. Crawley-Boevey, Geometry of the moment map for representations of quivers, Compositio

Math. 126, no.3 (2001), 257–293.
[3] W. Crawley-Boevey, On matrices in prescribed conjugacy classes with no common invariant

subspace and sum zero, Duke Math. J. 118, no. 2 (2003), 339–352.
[4] K. Hiroe, Linear differential equations on the Riemann sphere and representations of quivers,

preprint, arXiv:1307.7438, 2013.
[5] K. Hiroe, D. Yamakawa, Moduli space of meromorphic connections and quiver varieties,

preprint, arXiv:1305.4092, 2013.
[6] V. Kac, Root systems, representations of quivers and invariant theory, Lecture Notes in Math-

ematics Vol.996, Springer- Verlag, Berlin, 1983, pp. 74–108.
[7] V. Kostov, The Deligne-Simpson problem-a survey, J. Algebra 281, no.1 (2004), 83–108.

[8] V. Kostov, Additive Deligne-Simpson problem for non-Fuchsian systems, Funkcialaj Ekvacioj
53 (2010), 395–410.

[9] W.Wasow, Asymptotic expansions for ordinary differential equations. Pure and Applied Math-

ematics, Vol. XIV Interscience Publishers John Wiley & Sons, Inc 1965.

Department of Mathematics, Josai University, 1-1 Keyakidai, Sakado, Saitama, 350-
0295, Japan

E-mail address: kazuki@josai.ac.jp


