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Abstract

In this note, we give an explicit expression of the canonical basis
of the Birman-Murakami-Wenzl algebras Bs and By, in the sense of
S.Fishel and I.Grojnowski. We also compare this basis and Enyang’s
basis, which is analogous to the Murphy basis of the Iwahori-Hecke
algebra of type A.

1 Introduction

The Birman-Murakami-Wenzl algebra (B-M-W algebra for short) was intro-
duced independently by J.Birman and H.Wenzl in [1] and J.Murakami in
[6] in order to investigete an algebraic formulation of some new polynomial
invariants of links in knot theory. This is a finite dimensional algebra defined
over a rational function field in two variables, and can be considered as a
deformation of the Brauer algebra. The specialized B-M-W algebra appears
as the centralizer algebra for the quantum group associated to the symplectic
Lie algebra. And the Iwahori-Hecke algebra is the quotient algebra of the
B-M-W algebra. Therefore the B-M-W algebra has been studied by using
the theory of Iwahori-Hecke algebra. ,
S.Fishel and I.Grojnowski [4] introduced the canonical basis of the B-M-
W algebra as an analogue of the Kazhdan-Lusztig basis of the Iwahori-Hecke
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algebra of type A. C.Xi [7] proved that this basis is cellular. But the recipe
of the explicit construction of this basis was not given in [4]. In this note we
will provide an explicit expression of the canonical basis of B3 and Bj.

On the other hand, J.Enyang constructed another cellular basis of the
same algebra by using some combinatorial methods in [2] and [3], which is
analogous to the Murphy basis of the Iwahori-Hecke algebra of type A. For
the Iwahori-Hecke algebra of type A, M.Geck [5] gives an explicit relation
between the Kazhdan-Lusztig basis and the Murphy basis. Motivated by this
fact, we will investigate the relation between Fishel-Grojnowski’s canonical
basis and Enyang’s basis in the cases of Bz and By, and it will be observed that
the transition matrices from Enyang’s basis to Fishel-Grojnowski’s canonical
basis are triangular,

2 Some known results

Let g, r be indeterminates over Z, and let R = Z[¢*!, r*, (¢—¢71)~] be the
localization of Z[g*!, r*1] at (¢ — ¢~1) and define the element z € R to be

r—rt

qg—q!
We define the generic B-M-W algebra B, (g,7) or just B, over R as the

unital associative R-algebra generated by the elements {7;|1 < i < n},
subject to the following relations:

T = + 1.

(T—)(Ti=r )Ti+qg ) =0 for 1<i<n
LT T =T T for  1<i<n-—1
T,T; = T;T; for 2<i—j],1<i,7<n
BT By =By for  1<i<n-—1
E THFE, =r"E_, for 2<i<n

ET,=T,FE;=r"'E, for 1<i<n

where F; is defined by Kauffman’s skein relation

(G—qH(1-E)=T,-T;



The algebra B, (g, r) has also a geometric interpretation using Kauffman’s
tangle monoid. We set
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These are examples of “n-tangle” defined in [4] and the set of all n-tangles
forms a monoid. In this case, the multiplication is defined by concatenation
of two diagrams, placing the left element above the right element, and we
allow the Reidemeister moves of types II and III in an n-tangle.

Proposition 1. Let M, be the set of n-tangles which are generated by the
~ above TEL,. .. ,Tf_ll, Ei,--+,E,_1 and 1. Then, B, is the quotient algebra
of the monoid algebra R[M,), subject to the following relations:

\/\ + (q,w};‘){ ‘ —(%*%“)y\ (O

A
ti

Here, we apply these relations locally in an n-tangle.



Next, we define a “section” in order to produce the natural basis of the B-
M-W algebra obtained from the set of n-Brauer diagrams. Here, an n-Brauer
diagram d is a set-partition of {1,2,---,2n} into two-element subsets, and
can be represented by a picture drawn in the plane as follows: we consider
a rectangle in the plane and put n vertices labelled by 1,2, .-+ ,n on the top
and n vertices labelled by 2n,2n —1,--- ,n+ 1 on the bottom. If {4, j} € d,
then we join two vertices ¢ and j by an edge so that two egdes intersect at
most once, there are no self-intersections and at most two edges intersect at’

any point.
Then, the section is a map 7" obtained by replacing each crossing

N 2 p

where the edge o (resp. ) connects vertices ¢ and k (resp. j and [) and
i < j < k <. Then the following fact is known.

Proposition 2. Let B, be the set of all n-Brauer diagrams. Then, the set
{Tu|d € B} forms a basis of B,.

We will call this basis the “natural basis” of the B-M-W algebra afterwards.

It is known that there exists an algebra automorphlsm . B, — B,,
called the “bar-involution”, satisfying

/\/ - \/\ and G TA.‘*’ o

Then, because of the relation (1), we have the following equation:

Td =T34+ Z ragly,
&:1(d")<1(d)
where, [(d) is the number of crossings contained in a diagram d € B,,.
With respect to this involution, S.Fishel and I.Grojnowski proved in [4]
~ the next statement.



Proposition 3. For the above bar-involution, there exists a unique basis
{Cr, | d € B,} which satisfies the following properties:

© O—Td = OTd
® CTd = Td + Zd’:l(d’)<l(d) Pd’de’; where Pd’-d & q_lZ[q_l]
We will call this basis the “canonical basis” of the B-M-W algebra afterwards.

3 Calculation of canonical basis

In this section, we give an explicit expression of the canonical basis in Bz and
By.

First, by using Kauffman’s skein relation, we get

Ti+q ' —q B =T +q—qE;,

which leads to the expression

Cr, =T, + g t—q¢tE,.
We also find out that

OE. =

= By
Now we go on to construct the canonical basis from the natural basis.

We obtain the following expressions in Bz and By:
canonical basis of B3

1, By, E, EE, EE, Ti+q'-=q¢'E, Th+q'—qglE,

T\Ey +q 'Ey— q BBy, EYTy +q By — g By B,

T\EyFy + ¢ EQEy — By,  E\E)Ty +q 'E By — ¢ 1By,

T+ ¢ ' T+ ¢ ' Ty — ¢ ' Es — q_1E1E2T1 —q By +q7?,

T +q Ty +q ' — ¢ BTy — ¢ ' T Eo By — g 2By + 72,

TVET 4+ ¢ "1 By + ¢ L E; Ty — ‘. "VEoFy — ¢ EVEyTy + 2By +q 2y —
2ElEz —q E2E1,

T1T2T1+q "N T+q ' 1T —q T1E2T1+C] Ti4q *T—q *T By —q 2 BTy —
R S P

canonical basis of By
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L, By, FEy, E3, EiFEy, EgEs,  EgEy, B3k,  EjEs,

E\EyEs,  EskEyEy, E\EskE,, EjEskE,, FEyE E3E,,

Ti+q'—q'E, Th+q¢'—q'E, Ti+q'—q'E;,

TiEy+q 'Ey — ¢ E By, ThE3+q 'E3 — q 'EyEs,

BTy +q ' By — ¢ BBy, EsTy+q 'Es — q ' E3Ey,

T\EyEy + q P EoBy — g By, ToFE3Ey + q 'EsEy — q 1By,

E1E2T1 + q_lElEg — q_lEl, E2E3T2 + q_lEQEg - q_lEg,

TiEs+q 'Es — ¢ 'E Es, EiT3+q 'Ey — ¢ EEs,

T\EyEs + ¢ rEyEs — ¢ B EyEs,  E3E)Ti + q 'E3Ey — ¢ ' E3EyEy,
T\E3Ey + q ' EsEy — ¢ E\E3Ey, T3E Ey+q 'E1Ey — q By 3By,
EyEsTy + q By Fs — q_1E2E3E1, EyE T3+ q ' EyEy — ¢ P Ey B3 By,

E By EsTy + ¢ E\EyFs — q B Fs,  E{EyEsTh+ q ' E1EyEs — ¢ By By,
T1E3E2E1 -+ q“1E3E2E'1 — qﬁlElEg, T2E3E2E1 -+ q“lEgEQEl — q_lEzEl,
TlEzEgEl+q_1E2E3E1—q_1E1E3, T1E2E1E3E2+q_1E2E1E3E2—q_lElE3E2,
E\E3EyT\+q  E1E3EBy—q B Fs,  FEaE1EsEoTi+q ' EyE EsEo—q 1By B3 By,
EyT1E3Ey + ¢ Ey — ¢ ' Ey By E3 By,

T +q ' Ty +q 'y — ¢ T By — ¢ By EyTy — ¢ 2By + ¢ 72,

LT3+ q '+ q ' — ¢ ' IhEs — g Ey BTy — ¢ 2E3 4 ¢ 72,

Tyl +q Ty + ¢ ' — ¢ L BT — ¢ 'V Eo By — ¢ 2Fy + 72,

T3y + ¢ ' Ts + ¢ Mo — ¢ P BTy — ¢ ' ToEsEy — g 2E3 + 72,

NTs+q " +q '3 —q ' TiEs—q ' E\Ts —q By — ¢ 2Es +q *E1 B3+ q 72,

T1T2T3T1T2T1—|—q_1T1T2T3T1T2+q_1T1T2T3T2T1+q_1T2T1T3T2T1—q—1T1T2T1E3T2T1+
¢ NN + ¢ TV + ¢ Ty IT + ¢ *Ty T + ¢ 2Ty Ty —

¢ PN T EsThTo — g * TV Es Ty Ty — g LT Es Ty T+ g * T T T+ ¢ 3T T T +
PN A9 DT T+q I T Ty +q Ty Ty Ty —q 3 TV Ty T Es—q 3 T Ty B3 Ty —

g T EsTy — ¢ 3L Es Ty Ty — g P BT T Ty — ¢ T BTy Es By Ty + ¢ * T Ty +
¢ Ts + ¢ IV + VT + VT + g T By By B3 By Ty — ¢ * Ty T Es —

¢ T Es—q * Ty By Ty—q  Es 11 To—q B3 Ty Ty —q 2Ty Ex Ty —q 2Ty By By T3 Fp—

G BT3BV Ey Ty + ¢ T + ¢ Ty + ¢ °Ty — ¢ °T1Es — ¢ Ty Es — ¢ S BTy +
q_BTlEQElEgEQ + q_3E2E1E3E2T1 - q_3T1E2 — q—BEng —_ q—sEleEgEg —

¢ BTy — q 2By — ¢ *Ey — ¢ SE3 + ¢ 2B B3 + ¢t EyE1 B3 By + g6



4 Comparison with Enyang’s basis

Finally, we compare Fishel-Grojnowski’s canonical basis and Enyang’s basis
in Bs. The transition matrix becomes triangular. The same phenomenon
occurs in the case of B, but we omit the explicit form of the transition
matrix here.

We use Enyang’s basis introduced in [3], and review it succinctly. Define
B! to be the two sided ideal of B3, generated by the element FyEj - - - Ey f1
Then,

{0}=BE+c...cB' cB’ =5,

gives a filtration of B,, which enables us to use the cellular structure of the
Iwahori-Hecke algebra of type A. ]

For an integer f with 0 < f < [2] and a partition A = (Ag,- -+, Ag) of
n —2f, define the element

my= BBy Fypq Y (T,

WEG),

where &), = &), X -+ X B,, is a subgroup of the permutation group on
{2f +1,2f +2,--+ ,n}, and | denotes the usual length function.

We also define %,(A) to be the set of paths of shape A in the Bratteli.
diagram of B,,. Then, J.Enyang proved in [3] the next statement.

Proposition 4. B, is freely generated as an R-module by the following set

which becomes a cellular basis with respect to the algebra anti-involution x :

ﬂ = E, EZ > Ez N S
(Mg = bimabi| 5,6 € Tu(A\), A\ n—2fand 0 < f < [g]},

where by is determined uniquely by lifting bases for cell modules of Bp_1.

Now, we label Enyang’s basis elements and Fishel-Grojnowski’s basis el-
ements of By as follows:

Enyang’s basis



1’ El) EQ’ ElEQ, E2E1a @ 1+QT1,
(1+qT1)Ba,  [8] Ba(14+¢Th), [9](14+¢Th)EaEy, [10] By Ey(14qTh),
(14 ¢T1) T, T5(1 + qT1), (1+qTh) Ea(1 + ¢Th),

(14 qTh)(1 + ¢T2 + PToTh), Ty(1 + qT1) Ty

Fishel-Grojnowski’s basis
Ol @B, ©F, @®EE, ©KE, ©Ti+q¢'—q¢'E,
@ TEy 4 q "By — ¢ By By, ® BTy +q "By — ¢ By By,
O TEy By + ¢ By By — ¢ By, © B\ExThy 4 q ' By By — g7 By,
ONT+q¢ ' Ti+q ' Ty — g "B, —q B BT — ¢ 2By +q72,
QLN +q ' T+ q T — ¢ BT — ¢ "By By — ¢ 2By +q72,

O T E T +q T EBa+q By Ty —q 'L By By —q By By Ty +q 2By +q 72 Fy
—q 2 E\Ey — q 2By By,

Q NLT 4+ ¢ 'V + ¢ Ty — ¢ "B Ty + 7T + %1, — ¢ °Th By
—q BTy — ¢ By — ¢ By + 78,

OLh+q'—q'E

Then, the transition matrix is discribed in the following way:
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