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81. Introduction. In this note, I report recent progress on systems of uniformization equations
with respect to logarithmic free divisors. The hypersurface defined by the discriminant of a real reflection
group is a typical example of logarithmic free divisors. I believe that the hypersurface defined by the
discriminant of a complex reflection group is also a logarithmic free divisor, though I don’t know its
unified proof. My interests are to construct (1) logarithmic free divisors , (2) systems of uniformization
equations, and (3) their solutions in a concrete manner. Restricting to the case of three dimensional
affine space, I obtained some results to (1), (2). But it is difficult to attack (3) compared with (1), (2).
The purpose of this note is to report my results on (1), (2) for the discriminants of irreducible complex
reflection groups of rank three.

§2. Definition of logarithmic free divisors. Let F(z) = F(z1,22,...,2,) be a reduced polyno-
mial. Then D = {z € C"; F(z) = 0} is a (weighted homogeneous) logarithmic free divisor if (C1)+(C2)
hold.

(C1) There is a vector field

n
E= E mixi&ci
i=1

such that FF = dF, where my, ma, ..., m,,d are positive integers with 0 < m; < mg < --- < my,.
(C2) There are vector fields

V= Zaij(x)ﬁmj (i=1,2,...,n)
j=1

such that
(i) each a;;(x) is a polynomial of 1, 2s,..., 2y,
(ii) det(a”( )) = cF(z) for a non-zero constant c,
(iti) V' = B, V'F(z) = ci(z)F(x) for polynomials ¢;(),
(iv) [E, V'] = k;V* for some constants k;,
(v) Vi(j=1,2,...,n) form a Lie algebra over R = Clx1,xa,...,Z,]

Remark 1 The terminology “logarithmic free divisor” is also called “Saito free divisor”.
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We now give examples of logarithmic free divisors.
Let
f) ="+ aot™ 2 fagt" 3 b x, gt 1,

be a polynomial of nth degree and let A(xo,x3,...,2,) be the discriminant of f(¢). Then A =0 is a
logarithmic free divisor in C"~!.

More generally, the zero locus of the discriminant of an irreducible real reflection group is a logarithmic
free divisor.

Basic reference of this section is [8].

§3. Irreducible complex reflection groups of rank three. In this section, we collect basic
results on irreducible complex reflection groups of rank three. A basic reference on complex reflection
groups is Shephard-Todd [17].

Reflection groups treated in this section are real reflection groups of types As, B3, H3 and complex
reflection groups of No.24,No0.25,N0.26,N0.27 in the sense of [17]. The real reflection group of type Hj is
same as the group No. 23 in [17].

Let G be one of the seven groups and we use the notation in the previous sections without any com-
ment. Let Py, P, P3 be algebraically independent basic G-invariant polynomials and put £; = degE(Pj).
We may assume that k1 < ko < k3. Let r be the greatest common divisor of ki, ko, ks and put
k:; = k;/r (j = 1,2,3). For the later convenience, we write 1, 9,23 for P, P», P3. Let 0¢(z1, 2, 23) be
the discriminant of G expressed as a polynomial of x1, x3, T3.

In the cases A3, B3, H3, taking G-invariants 1, xo, x3 suitably, Fyy(a,)(z1, T2, 23), Fw (B,) (1, T2, 23),
Fyw (my) (21,22, 23) are discriminants for G up to a constant factor, respectively, where Fu 1, Fp 1, Fr1
are the polynomials given in Theorem 1 which will be shown later.

[ group | order | ki, ko, ks | degree | (K{, kb, k5)
A, W(As) | 24]2,3,4 |12
By | W(Bs) | 48]2,46 |18
Hy || wH;) | 120]2,6,10 |30
No.24 G336 336 4,67 14 42
No.25 | Gass | 648 06,912 |36
No.26 G1296 1296 6, 12, 18 54
No.27 || Ga2160 | 2160 | 6,12,30 | 90

The concrete forms of discriminants of W (As), W(Bs), W(Hs) are as
Type Az:  16xiws — 4x3zd — 1282222 + 1447 2303 — 2723 + 25673,
Type By:  x3(x?23 — 423 — 4a3zs + 18712073 — 2723).

Type H3: —50z3 + (42} — 502322)23 + (4aiws + 60x123 + 2252 23) x5 — 13223
—115z3x3 — 102823 — 42923.
The discriminants for the groups No.25, No.26 are same as those for W (As), W(Bs) respectively by
taking the basic invariants suitably. On the other hand, those for the groups No.24, No.27 will be given
in §9, §.10.
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§4. Systems of uniformization equations. Let F(x) = 0 be a logarithmic free divisor and let
VI (j = 1,2,...,n) be basic vector fields logarithmic along F = 0. Let u = u(z1,2,...,2,) be an
unknown function. Assume that Vlu = su for a constant s(# 0) Put @ = *(u,V?u,...,V"u). and
consider the system of differential equations

(UE) Vid = Aj(z)d (j=1,2,...,n)
where A;(z) (j =1,2,...,n) are n X n matrices whose entries are polynomials of z.

If (UE) is integrable, it is called a system of uniformization equations with respect to the logarithmic
free divisor F' = 0.

The system (UE) is written by



Viu=su

(UED) A viviy = S bk @)Viu (¥, j)

k=1
where hJ;(x) are polynomials of . There are n number of fundamental solutions of (UEa). Let u;(x) (j =
1,2,...,n) be fundamental solutions outside the divisor F' = 0. Then

(p(l‘) = (ul (x)vUQ(m)v s 7un(x))

defines a map of C" — {F = 0} to C". The following two problems are fundamental in the study on
systems of uniformization equations.

PROBLEM 1: Construct fundamental solutions u;(z) (j = 1,2,...,n) of (UEa).

PROBLEM 2: Construct the inverse of ¢(z) in a concrete manner.

85. Logarithmic free divisors of simple type. Let p, ¢, r be positive integers such that p < ¢ < r.
We assume that p, ¢, » have no common divisor > 1. Put R = Clz, y, z]. Let x, y, z be weighted variables
with weights equal to p,q,r.

We introduce a triplet of vector fields on C3 :

VY = pxd, + qydy + rz0;,
VY = qydy + ha20y + ho3.,
V2 = 7“2’8;3 + h328y + h3362,

where V0 is the Euler field and hi; € R
The requirements on the triplet of vector fields V9, V!, V2 are given in Condition 1 below:
Condition 1
(7’) [Voa Vl] = (q _p)V17 [VO’ V2] = (T - p)VQ;
(ii) VYL, V2] = foVO+ fAiVY+ £2V2, (f; € R for all j = 0,1,2);
(791) hoe = az + g(z,y), a € C* and constant
g(x,y) is a polynomial depending on x and y only;
(iv) F = det(M) is not equivalent to the monomial z3 under weighted changes of variables. (M is the
matriz whose entries are coefficients of VO, V1, V2.)

Theorem 1.(c¢f. [11])

(i) If (p,q,7) # (2,3,4), (1,2,3), (1,3,5), then there are no triples (V°, V1 V?2) of vector fields satis-
fying Condition 1.

(i) The remaining cases are described as follows.

(Da) if (p,q,7m) = (2,3,4), then up to weighted changes of variables there are two triples of vector
fields satisfying Condition 1; the corresponding polynomials F' = det(M) of degree 12 are the following:

Fa1 =162z — 423y? — 1282222 + 144xy?2 — 27y* + 25623;

Fpo=21°— 3xtz 4+ 1823y? — 18xy%2 + 27y + 25.

(DB) if (p,q,7) = (1,2,3), then up to weighted changes of variables there are seven triples of vector
fields satisfying Condition 1: the corresponding polynomials F' = det(M) of degree 9 are the following:

Fp 1= 2(2%y? — 4y® — 4232 + 18zyz — 272°);

Fpo = 2(—2y> + 4232 + 18xyz + 2722);

Fp3 = z(—2y> + 9zyz + 4522);
= 2(92%y? — 4y3 + 18zyz + 92?);

Fps=ay* +y32 + 2%

Fpg = 9zy* + 622y%2 — 432 + 2322 — 122922 + 423;

Fpr= %my‘1 — 222922 — 32 + 22322 4 2wy + 2.

(D) if (pyq,r) = (1,3,5), then up to weighted changes of variables there are eight triples of vector
fields satisfying Condition 1 the corresponding polynomials F' = det(M) of degree 15 are the following:

Fu1 = —502% 4 (42° — 502%y) 2% + (427y + 60z y? + 2252y%)z — 13245 — 11523y* — 1025y — 429y?;

Fr o =1002%y* + y° + 402%y?2 — 102y32 + 42522 — 1522y22 + 23;

Fp 3 =823yt + 108y — 36xy3z — 2%y2? + 423;

Frpa =1y —2zy®z + 2?y2? + 23

Frs=23y* —y° + 3ayz + 23;
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Fre =23y +y° — 22%y?z — doy3z + 2922 4 32%yz? + 23
Fuqz=zy’z+y° + 2%
Frpg = 23yt + y° — 8xty?z — Taydz 4+ 162522 + 1222y22 + 23,

As we pointed out in §3, Fa 1, FB,1, F'u,1 are discriminants of the reflection groups of types As, Bs, Hs,
respectively.

86. Logarithmic free divisors related with 14 families of exceptional singularities. It is
possible to construct logarithmic free divisors from some of the 14 families exceptional singularities in
the sense of Arnol’d.

We use the notation due to Arnol’d. Our interest is related with singular curves. Among the 14
exceptional families, there are 8 which are realized by curve singularities. First we give these 8 families
in TABLE I. Putting w = 0, we obtain curves in uv-space. In TABLE I, the triplet of numbers (a, b, ¢)
and h mean the type and the degrees of the polynomials in question.

TABLE I
Type Equation \ (a,b,c) \ h \ (p,q,7)
Fra : @ +0°+u?=0 (6,14,21) | 42| (2.3,7)
Eis ¢ u(@®+0°) +w?=0 | (4,10,15) | 30| (1,2,5)
Ey W+ +w?=0 (3,8,12) |24 (1,3,8)
Z11 u(ut+ o) +wr=0 | (6,8,15) |30 (2,3,4)
Zia ¢ owo(ud +0?)+w? =01 (4,6,11) |22 (1,2,3)
Zis o ou® +0d) +w?=0 |(3,5,9) |18](1,3,5)
Wi : W+vituw?=0 (4,5,10) | 20 | (2,4,5)
Wiz vwt+03)+w?2=0 |(3,4,8) 16 | (1,3,4)

We now show an example of logrithmic free divisors related to the singularities above.

The case Fio

The following eight polynomials fi,..., fs are logarithmic free polynomials each of which defines
deformations of a curve on (y, z)-space with a singular point of type F1o at the origin regarding = as a
parameter.

Let F(z,y, z) be a weighted homogeneous logarithmic free polynomial with weight (2, 3,7) and degree
21. Assume that F(0,y,z) = 22 +y”. Then F(x,y, z) coincides with one of the 8 polynomials fi,..., fs
up to weight preserving coordinate transformation.

f1=x"6%y~3/32+3%x"3%y"~5/28+3*y"7/49-3/16%x"4*y ~2%z-3/T*x*y 4*z+z"3;
£2=-1/864*x" 6%y~ 3+5*xx"3xy~5/84+3*y"7/49-1/48%x"4*y ~2xz-3/T*x*y 4*z2+2"3;
£3=x"3%y~5/21+3%y"~7/49-3/T*x*y 4*z+2"3;
£4=3%y"7/49-3/T*xxxy 4*z+z2"3;
£5=78125%x"9*y/200120949+44375%x" 6%y~ 3/4840416+107*x"3*y~5/1372+3*y"~7/49
—-6250%x"7*z/3176523-1375*%x " 4%y~ 2xz/16464-3/7*x*y 4*z+z"3;
£6=64*x"9%y/823543+208*x"~6*y~3/453789+68*x"3*y~5/1029+3*y"7/49+
48%x"T*z/117649-40%x "4y~ 2%z/1029-3/7*x*y ~4*z+z"3;
f7=-448%x"9%y/243+16%x" 6%y~ 3/9-4*x" 3%y 5/T7+3xy"7/49-112%x"T*z/27+
8/3%x"4*y~2%z-3/T*xx*xy 4*z+z"3;
£8=-752%x"9%y/823543-2017*I*x"9y/ (823543+Sqrt [3] ) ~397+x"6*y"3/33614+
323*%I*Sqrt [3] *x"6xy~3/33614+39*x"3*y~5/686+9/686*I*Sqrt [3] *x"3*y 5+3xy~7/49+
1763%x"7x2/235298-249xI*Sqrt [3] *x"7*2/235298+3/686*x " 4*y~ 2%z~
37/686%I*Sqrt [3] *x"4*y~2xz-3/T*x*y 4*z+z2"3;

Remark 2 The weights of variables x,y,z are 2,3,7, respectively. It can be shown that by taking the
basic invariants of the group Gsse which is No.24 group, the discriminant of Gssz¢ coincides with fg.

For the details of the results of this section, see [12].



§7. The discriminant of the Coxeter group W (Hj3) of type Hs. A part of the argument in the
case of W(As) in §1 is also applicable to the case of the logarithmic free divisor defined by the zero locus
of the discriminant of the Coxeter group of type Hj. For the details of results in this section, see [15].

The discriminant of the polynomial P(t) defined by

1 1
(1) Pt) =t +y1t® + yot® + yst + %yg - s

is A? up to a constant factor, where
(2) A =125ydy5 + 864y5 — 1250y y3ys — 9000y, y5y3 + 3125573 + 25000y y2y3 + 50000y;.

The polynomial A is regarded as the discriminant of the group W (Hs). In fact, the substitution of
the variables (y1,y2,y3) with (21, z2,23) defined by the relations

yio= —4n
(3) yo = 1023 — 251
ys = —4af +50z3xe — 503

implies that A coincides with the determinant of the matrix M up to a constant factor, where M is
defined by

T 3172 51’3
(4) M= 3wy 23+ 22329 Tr123 + 2220
Swy Txia3 + 2xixrs (1523 + dztxs + 18z3a3)

and det M is the discriminant of W (Hs3). In the sequel, we always regard P(t) as a polynomial of ¢ and
. The hypersurface defined as the zero set of the polynomial f; = det M is an example of logarithmic
free divisors. To show this, we define vector fields Vj, V1, Vo by

17 Oa,
Vi | =M| o,
Va Oz

Then we have
Vo, Vi] = 2V, [V, Vo] = 4V,

Vi, Vo] = (4a320 + 222) Vo + 4125 V)

and
Vofo = 15fo,

Vlf() - 2(17%](.0,
Vafo = 221 (223 + 522) fo

We note that
125
"

Consider the system of differential equations

(5)  P(=m1) =

u u
6) Vi| Viu | =Bita | Viu (i=0,1,2)
Vou Vou

The system (6) is a system of uniformization equations with respect to the logarithmic free divisor
fo(z) = 0. Here B; are defined as follows:



So 0 0
By

Il
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0 0 4+ sp
0 1 0

(8 + 7051 — 10057 + 8s¢
_2 +35s150 + 253) 3 1
22571\ 4 (—180 + 82551 — 75057 15

—90s0 + 758180)1’2
(—128 + 80s1 + 100s2 — 1285
+40s150 — 3258)93‘13
2

+10(—32 — 400s1 + 55052 + 32850 L { (8 + 51 + 4s0)a }

—20s180 — 85%)&:%&:2 3
1
+(—450081 + 562552 + 1800s0) 22 +10(8 + 5s1 + s0)a

+(2400 — 3000s1 + 1200s0)z12z3

(8+5s1 + 4so)x% s1

By

(4—5s1 + 280):cf

L
15

0 0 1

(—128 + 80s1 + 100s2 — 128sg
+40s150 — 3280).726
1) +10(—32 — 400s1 + 55057 —32s0 | 1 (84 5s1 + 4s0)x3
900 —20s150 — 88%)90‘;’952 1571 { +10(2 + 5s1 + so)xz}
+51(—4500 + 562551 )22
+100(24 — 3051 + 1250)1‘1:63
(—128 4 80s1 + 10052 — 128s¢
+40s150 — 325(2));10?
+(80 — 500s1 + 50052% - 280s0 s
1 +200s189 — 160s5)xxo 1 B 1 16 — 581 + 8sp)x
150 | +25(—104 — 130s; + 302)5512 Fa0so (1T BsDz2(da] +502) o {+((40 — 5081 + 2020)1@}
+25s5150 — 83(2)):1@%%2
+100(12 — 1551 + 24s0)zdzs3
+50(60 — 75s1 + 3050).’22%3

%(4 — 551 + 2s0)x?

B; =

5, 51 = 1, the monodromy group of the system Vi = Bj11u (j = 0,1,2)
coincides with W (Hg). This case is treated in Haraoka-Kato [5].

Remark 3 In the case s = %

We consider the system V;i = B4 (j = 0,1,2) with sg = =2, s; = 0. Then we obtain

Vov = —2v
V1V1’U = 0
@ vy = o
VoVou = —422(323 + 2m123)v + 29(423 + 52) Vv

Theorem 2 (c¢f. [15]) The function v(x) defined by

o(z) = / Py 2ar

oo

is a solution of (7).

The proof of this theorem is given by an argument similar to the case of type As.
If u(z) is a solution of (7) such that Viu = 0, then w is a solution of

Vou = —2u
(8) Vlu =0
{VE + 422 (323 + 2m123)}u =0
Taking two paths Cy, Cy appropriately and define

wio)= [ ad =12
Cj
Then each w;(z) is also a solution of (7) and in this manner we can construct solutions of (8). In this case
it is not clear whether solutions of (8) are expressed by special functions or not. Moreover PROBLEM
2 (the construction of the inverse mapping) is still open.
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