VISIBLE ACTIONS ON SL(m+n,C)/(SL(m,C) x SL(n,C))

ATSUMU SASAKI

ABSTRACT. A holomorphic action of a Lie group G on a complex
manifold D is called strongly visible if there exist an open set
D’ in D, a real submanifold S in D meeting every G-orbit in D’
and an anti-holomorphic diffeomorphism ¢ of D’ such that o|g =
ids and that o preserves each G-orbit in D’. In this talk, we
show that the action of SU(m + n) on the homogeneous space
SL(m +n,C)/(SL(m,C) x SL(n,C)) is strongly visible if m # n
by taking S with dimension equal to min(m,n) + 1.

1. INTRODUCTION AND THE STATEMENT OF THE MAIN RESULT

The notion of (strongly) visible actions on complex manifolds has
been introduced by T. Kobayashi [3, Definition 2.3] as a basic assump-
tion of the propagation theorem of multiplicity-free property from fibers
to the space of holomorphic sections (see [4, 5]). Let us review the def-
inition of strongly visible actions on complex manifolds.

Definition 1.1 ([4, Definition 3.3.1]). A holomorphic action of a Lie
group GG on a complex manifold D is called strongly visible if the fol-
lowing two conditions are satisfied:

(a) There exists a real submanifold S in D such that

(V.1) D':=G-Sisopenin D.
(b) There exists an anti-holomorphic diffeomorphism o of D’ such
that
(Sl) U‘S - idSa
(S.2) o preserves each G-orbit in D'

We say that this real submanifold S is a slice with respect to an anti-
holomorphic diffeomorphism o. The slice S is automatically totally real
(see [4, Remark 3.3.3]).

One of the simplest example is that the standard action of a torus
T on C. In fact, one can take a positive half line R, as a slice with
respect to the standard complex conjugation of C.
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Another example is that, for any compact symmetric pair (G, K),
the G-action on the complex symmetric space G¢/ K¢ is strongly visible
([4, Theorem 11]). Here, G¢ and K¢ denote the complexifications of
compact Lie groups G and K, respectively.

In [7], we investigate visible actions on Hermitian symmetric spaces.
Let G be a semisimple Lie group such that G/K is a Hermitian sym-
metric pair. Then any symmetric subgroup of G acts on D in a strongly
visible fashion ([7, Theorem 1.5]).

Furthermore, we study the visible linear actions on complex vector
spaces in [9, 10]. For a holomorphic representation of a connected
complex reductive Lie group G¢ on a complex vector space V', the
representation of G¢ on the polynomial ring C[V] is multiplicity-free if
and only if the action of a compact real form Gy of G¢ on V' is strongly
visible.

In this talk, we treat the case where a complex manifold D is the com-
plex homogeneous space SL(m + n,C)/(SL(m,C) x SL(n,C)). This
is not a symmetric space.

Our main theorem is stated as follows:

Theorem 1.2. If m # n, then the action of SU(m+n) on the complex
homogeneous space SL(m + n,C)/(SL(m,C) x SL(n,C)) is strongly
visible.

Theorem 1.3. For the strongly visible action of SU(m+n) on SL(m-+
n,C)/(SL(m,C) x SL(n,C)), we can find a slice S with dimension
min(m,n) + 1.

Our goal of this talk is to give proofs of Theorems 1.2 and 1.3, and to
constract an explicit description of a slice S and an anti-holomorphic
diffeomorphism o.

Throughout this paper, let us assume m > n, and let G, H, K be as
follows:

G =SL(m+n,C),
H = SL(m,C) x SL(n,C),
K = SU(m+n).
2. EXPLICIT CONSTRUCTION OF A SLICE
Let us consider the following subgroup of G
L:=S(GL(m,C) x GL(n,C)).
H is the commutator subgroup of L. By using a diagonal matrix

I,, =diag(l,...,1,-1,...,—1),
——— N ——’

m n
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we define an involutive automorphism 7 of G by 7(9) = Lnnglmnn
(g € G). Then (G, L) is a symmetric pair with respect to 7. Similarly,
(G, K) is also a symmetric pair with respect to a Cartan involution 6
of G commuting with the involution 7.

First, we consider the triple of Lie groups K C G D H. Let g,¢ 1
be Lie algebras of G, K, L, respectively. We denote by g = [+ g the
eigenspace decomposition of g into 1 and —1 eigenspace for the differ-
ential of 7, and by g = £+p the corresponding Cartan decomposition of
g. We take a maximal abelian subspace a on p N ¢, and set A = exp a.
In our setting, A can be given of the form

C(tl,...,tn) S(tl,...,tn)
A= Im—n Ztl,...,tneR 5
S(tl,...,tn) C(tl,...,tn)

where we set
c(ty, ..., t,) = diag(coshty,. .. cosht,),
s(ty,...,t,) = diag(sinhtq,...,sinht,).

Lemma 2.1 ([2, Theorem 4.1 (i)]). We have a generalized Cartan
decomposition.:

(2.1) G=KAL.
Second, we consider the pair of Lie groups L D H. We define
. __2ns _ 2ns
r(s) = diag(e®,..., e’ e mn ... e mn e’ ... e°),
N—— ~~

VT Joip 2/ V= —
t(0) = diag(e Y e wg mnL L€ T e o eV,

-
' g v
n n

We set two subgroups of L by

Zr ={r(s) : s € R},

Zr =A{t(0) : 0 € R/2nZ}.
Clearly, Zg and Z7 commute with each other.
Lemma 2.2. We have a decompotision
(2.2) L =ZgZrH.

Proof. 1t is obvious that Zgx ZrH is contained in L.
We will verify the inclusion L C ZgxZ1rH. Let us take an element

g1 O
= =
g (0 92)
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(g1 € GL(m,C), go € GL(n,C)). We write det g, = ¢"eV~1"? ¢ C*
for some s € R and 6 € R/27Z. Then h := r(—s)t(—0)g is an element
of H. This means that g = r(s)t(f)h is an element of ZgZrH. Hence
L implies ZRZTH.

Therefore the decomposition (2.2) has been proved. O

We are ready to give S which meets every K-orbit in G/H.

Proposition 2.3. Let S be an (n+1)-dimensional submanifold of G/ H
defined by

(2.3) S:=(ZrA)H/H.

Then S meets every K-orbit in G/H .

Proof. 1t follows from (2.1) and (2.2) that we have
(2.4) G=KAL=KA(ZrZrH) = KZrZgx AH
because A, Zg and Zr commute with one another. Since Zt is a sub-

group of K, we have G = KZyZxAH = K(ZgA)H from (2.4). This
implies

G/H=K"-S5,
which proves Proposition 2.3. O

3. PROOF OF THE MAIN RESULT

Let us give an anti-holomorphic diffeomorphism of G/H. We define
an anti-holomorphic involution o of G by 05(g) = g. Since o¢ stabi-

lizes H, the involution o4 induces an anti-holomorphic diffeomorphism
o of G/H by

(3.1) o(gH) = oc(g)H = gH.
Now, we give a proof of Theorems 1.2 and 1.3 simultaneously.

Proof of Theorems 1.2 and 1.3. In order to prove Theorem 1.2, we need
to verify the conditions (V.1), (S.1) and (S.2) in Definition 1.1 for the
above S and o (see (2.3) and (3.1) for definition). The condition (V.1) is
an immediate consequence of Proposition 2.3. It is clear that o|s = idg,
which is the condition (S.1).

We will check (S.2). We take an element xH = k-aH € K - S for
some k € K and some aH € S. Then we obtain

(3.2)  o(xH) =o0g(k)-o(aH) = og(k) -aH = (og(k)k™") - vH.

Since o¢ stabilizes K, we have og(k)k™' € K. The equation (3.2)
shows that the K-orbit through o(zH) coincides with that through
xH. Hence the condition (S.2) has been verified. Therefore Theorem
1.2 has been proved.
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Theorem 1.3 follows readily from the definition (2.3) of the slice
S. O
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