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Recently, there are several successful attempts on the classification of irreducible modules
of affine Hecke algebras, without A-group data. In particular, one of the resulting description
resembles the Deligne-Langlands classification for type A. In this survey talk, we explain the
type A-case and mention how the things are going on for other classical groups.
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Corollary 5.6 (Zelevinsky). LI € B(o) DO O DOODOOUODOO MIDO H-OOOOD L(T)DO
00000 oOrcOpy0000000

0560 xI)00000000000000O000000O00000O000000000%,00
00000 S, 0

Sy ={wX\;w e Wy =6,,(e“ —geY)|wX, 000 w(E) <w(j)}

goodn
000 xeTO POOOOOOODDOODODOO (DO 2.6)0

U(x;A) :={wx € T;w € Wy s.t. f(wy) =0 for some f € Sy} C Wy
gooooog
Wo = U,samy YOG 1) (A= (1))
T A) = U YO p)°  (otherwise)
0 <00obbobbbboooooooooo

W(x; ) =

Theorem 5.7 (Kazhdan-Lusztig [KL87]). € TxC* 0 (x)00000000%0000000 A
0000 ¥(;A)°#{0}00000000 M(x)0OOOOODOODODOOH,-00 £0000000
ooDo0oooDooo:

1. LY]#0000 y € ¥(;\)° 000000 ;
2. LIX]={0}0000 ¥ €U, ¥(x;p)° 000000,
3. L0 £,0H'00D0D000O0D01000.
000x0 x)0000000000H,-0000000000000000
FEzample 5.8 (n=400000000000). x=(s,9) €TO¢>100
(e1,8) = 1,(e2,8) = (e3,8) = q, {ew, ) = ¢
00000000 M(y)DO POOOOOOODOOOWEW,,=6,00000000
1,826\Il(x;(14))0,31,33,8182,3332E\If(x; (212))0
SIW, S3W, 51WSa, S3Wsa € U(x; (22))°, w, wsy € U(x; (31))°

gooooo

Ba) 000 T=TxC*0RODADEDODOUOOODOODOOD ADODDOODOOOOODOOOOOOOO
00TOOO0O0O00O0D00O0O Kazhdan-LusztigOOOOOOOO TOOODOODOOOT xC*O0 TOODOOODOOOOODO
oobooooboooobooobooooobooo
b) xU x)) 000000000000 HOUOOD AOODOOUDOUOOOOOD0OUOOOOO0ODOUODOUDOOOO 84
ooooooo
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6 0000000 (Deligne-Langlands[ )

O0000o00o0booooono 46000 57000 550000000 000000000O000
oo:

nCg=End(V)0OOOOODODOOOOODOOOOOOOOOO (OO TxC*O000O0O0O0)O
oooo

Theorem 6.1 (Kazhdan-Lusztig [KL87]). xO (x) 0000 I'xC*000000L0 H,O000OO
ooboo0dn0OO00XNOOOODO

LIXNT#0 3 € ¥(;A)° (6.1)

00000000 (6.1) 0000000 ¥ O0OOOweWoDwyY =x00000000000 w
00000 Ne(ThOODDOOODwOOODOOO0OO0O0OOO x-00O00000 10

GO (imi ' N gY) = O (6.2)
gooooooooooooooooooooon

PB(x) < IrrepH,,
godo1010000o0oocogo

Remark 6.2. 1) Kazhdan-Lusztig OO OO0 OO (qs = q) U affine Hecke 0000000 6.10
000 (Deligne-Langlands-Lusztig 0 D 0 0 0 0000000000000 00O0)000002)
U(y) =0000000000 feSy0weW, 00000 M(y)|wx]O fO000000000O0
ooooOoboOoO00ooO0o0obDOo0 610 HODOODOOO 230000000000 000O0O0ODDOO
Kazhdan-LusztigO OO OO0 230 10000000 (0000000 O0)000000O00O0OO
o000

a-00000000¢*0 G(e)-0O0OO0ODOODODOODOOODOOOO0OODOOOOODOOOOOOO
googd:

Corollary 6.3 (Deligne-Langlands 0 O (for H)). (2.1) 0000 ¢O0 0000000000 H/(q—9q)
0000000 (s,X)0000

s€G=GLn)0D000OX €cg=End(V)IOOO0D0O sXs ' =¢X
00000000 (s,X) (000 Deligne-Langlands 0000000 )0 G-0000 10100000

Erample 6.4 (0 5.8000). 0580000 P(x)00050000*#0000000000000
n000040000000000 (62)00000000 s1,s3 € ¥(x;(212)°0000%®0000
ooooo

00000 {(¢)@@1)}
®5 00000 {(¢*)(a)(g,1



Definition 6.5 (Kostka 026). nO000 AO0O000 Macdonald OO Ly CcC[{000000000
00000000000000 |L,/0000000(00000000000000)C[Y{0000
0W,000000000000000n000 p0000 Kostkad K, O

K)\“u = dimHomWO(LM, LL)\J)
00002 o

Corollary 6.6 (Zclevinsky). a0 (x) 0000 GxC*00000 M(I)0 000000000
0000000000000 A=AT)0 {#,,},0000000000»-0000000000

[M(I)Z;CM}@ZKAM
000000000 [M:Lg0O Artin0D RODOOO ROO MOUOOUODO ROO LOODDOODOODOO

Remark6.7. ADODDODOOOODDG610000000000000D00¢*000 (0000000
00000)00000 A-0D000200000000000000000000 6.6000 Kostka
000000 GreenOOODODOODOOOOO?Q

Remark 6.8. q 0000000 100000000000 HOOOOOOOOO AOOOOOOO
0 (0000)000o0ooo

7 Springer fiber 0 O 0 0O 0O

gboboboobobobelbbOobOobOobOOobOOobOODODODODOnDO
0000000000 320000000000000000000V=C"0G=GL(V)OO
000000000000 GL(V)OD (DO0O0O0o0)00D0o0o00oU0o0ooOO0 BODOOOUOOO
B:=G/BO0O0O0O0O0O0OO (smoothO)ODOOOOO0O0ODOOODOOOODOOOODODODO
ooooooboogn

B~{{0} SR ¢CRG - CF,=V;/,cVOCOOO00D00O dimFy,/F =1}

%00 Kostka U0 Young 0OOOOO0O00000000 GL(n) 000000000000 0000000000
00
L, 00CHOoDOD00oo0oooooooono

Ky, (t) := Z t" dim Homw, (L., | Lx] N C[t]m)

m>0

00000 Ky, =K,,(1)000000 K,,(t)0000000000 Kostka 0O0OOOO0000000000000
0000000000
¥G(e)-0000000000000000000000000000000000000000000000000
000 G-00000000000000000000000000000 disjeint 0000000000000000
G={1}000¢g={0}000000000000000000000D00000D00000000000000 [Lu8s|0
¥OO000000000000000000000000000000000 ADOOODD GrenOOOODOODODO0O
006,000 x0000000000 w, 0000

Gau(t) == Z t"tr(wy; [La] N Clt]m)

0000000000000 000oooooOoO0O0O0CCOO0O00000 KostkaODODODO GreenOODODODOOOCOOD
O0000000000000D0D GreenOODOOOOOO0OO0O0OODODODOOODO AOOOOOO GreenOODODOODOD
00000000 KoestkaOOOOOOOOoooooooooOoOOOOOOOOODODOOOOOOOOO
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goooooo
000 (smoothD )00 O0OU00OO0OOO0XOOODOOODDOOOOOOOODO HY(X,C)OODOO
goboboboboob

Theorem 7.1 (Bott). 0000000000000 0O0OOOOO

H*(B,C) := P H™(B,C) = C[t]/C[{C[{]}°.

m>0

0000000 W,000000000000000000 H3B,C) c¢ 00000 (0000)
gbooboobooooon

D0OT*B={(¢B,X)eBxgXcAd(gm} 00000000000 00OO0
pw:TB>(gB,X)— X ecg=g"
0do0o0ddoodpooOOoooooDoooooodD GoBoodoooooooooOoon
g— 1B

o0ooooooooogoo

000 Xe€gOODODODODD p Y(X)0TBO0000O0OOO0DO0ODOODOOOOOOOO
000000000 T8> (¢B,X)—gBeBOOO0OOOUDOOOOOOD BxOOO XO
Springer fiber 0 0 0O O

000L,00OO W,-0000D0300000000 |L,00000000000000

Theorem 7.2 (Kostant). H C C[t|0 Wo-00OOOOO0OD0O0OO0OO0OOOO
HeCH" =C[Y
gobodboboooboooo w-ubooobuoobooobg

goopoodg
C[{/CICYY° = H — | L]

ooobobowy-bobobobobuobobuoboboo

Theorem 7.3 (Springer, 0 O -Springer, Lusztig). 000 nO000 AO0O000 A0 JordenO O OO
000000 XOoOooooooooooobooooooooooo

H*(B,C) — H*(Bx,C)
0000003 Qoooooooooo wW,-0ooooo
H*(Bx,C) = | Ly|

0000000 W,0000000000003%20

000 fecC)¥° 000000 pairingt®t* - CO000 t00 (We-00)000000000 (0O0D00D 0
000)0000000 fLy=000000

X0 GOO00000000 GOOOOO0O0D00000000000000000000000000

¥OOO00000000 GO g000000000000000000000000 (0000000000)000
000000 A-D00000000000000000000000000000000 G=_Sp(2r,C)0 g0000
00000 exotic 00000000000 00000000 (00 BCOOODOOOODOO00O..)00000000000
0000000000000000 (00 93000)0
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Remark 7.4. 00 7300000000000000001) HYBx,C)=CUOO BxOOOODOO
0002) H24mBx(By,C) 2 L,00 Bx 0 dimL,0ODOOOO0OO000P0000 BxOOOODO
smoothDOODO3) 000 A= (n)000 |L)\|=CO0000000000 BxO 100000
goooooo

Erample 7.5 (000003 (gl(3)000)). gi(3) 000000 {0} R CKRCC}O000O00
000000 XegOODO By 2{(F,R)eB;XF,CF,_,vi}0000000000M=(21)
00000000 XO0{Rck}OOOODOO

010 C
X=|000|000RC|0|0XFKBChe
00 0 C
C C
a)Fi=|0]|,FACYR,cC, OOOb)RK=|0|,VACF
0 C

00000000000a)0b)0000P 00000000000 AO0Ob)ODO FKR,OOO
obobobobuopbobonboonog

Bx=P'uP, DOOOPOOOODOOI10

ooooooo
H*(Bx) = C? H'(Bx) = {0}, H'(Bx) = C

0o00o0oooooooon
H?*(B) = (Lie(SL(3,C) N T))*

000000 H?(By)=ref0 Wo=6;000000000000000
ubobooboobobooboooboboobooobboooboan

Theorem 7.6 (Ginzburg, Lusztig). x € G xC*0 (x) 000000000000 xOOOOODO
a=(s,q) e TxC*0000000000IeP(@)0D00XeOCg?OO0DO00 BxOO s
000000000 BxO sOO0O B,0000

H*(B%,C)" = M(I)
00003000000 H-0000000
H*(B%,C)" — H*(B;,C)" = M(x)

000000000000030XN0 {#1,},00000000000000000000 X,0 (
0000000)00 BxOOOOOO s-0000O0O0O000OO0OO0O0O00OO0

BdimBx DU0D0DU00D0D0DU00D00O0DU000OO00O000O0D BxOOOO 2000000

¥0UoDUO00 LieO0OO0 “2000000000070000000000000000000ADECDOOOODO
00000 KlemOOOOOOOOOOOODOOOOOOOOOOOOOOODODOD 2000 McKayOQOQOQOQOQOO
00000000000 (0 H*) O WeylDOODOODODOO

%00D000 K-00 Borel-Moore 100000000000 DO0ODODOOOO (DO0ODOOOO)0000OO
ooo0o0o0oOoooooo0O0o0oOooooooOoOoOoOoo0ooooOooooOoooooOooOoOOoOooOoooooOo’oon”
goboooooboooobooboooboooooooboooooboo

%0cgUOO0 By =BOUOOM(x)OJODOODODOODODOODOODOOOO
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Remark7.7. 00 7.600000 LusztigD 000 affine Hecke 00 (00 KOOOOODO)OOOO
00000000000000000000000000000000000003%0

8 LUuobboonbd

000 affine Hecke 0 HOOOOOODOOO0O000000O0000000000000000O0O
000000000000000000000000000000000000000000000
00000000000eeGxC*0 (x)0000000000000000 P(e)OOOOO0O0
0000000 (000000000000 #B(e)0)00

M ;= (IM(T) : L(T)]4) @ ryepa)

goboodoboooobooboooooboon

¢ :{e"0 G(a)-00 } < [1,#P(a)] C N

0000 O;CcOpy 00000000 ¢(I) <) 000000000000000000 4600
560000
Mm‘ =1 Vi, Mi,j =0 Vi<y

0000000000000000000000000000000000MO000000000
00¥00000000000000000000000000LY €PB(e)D OrcOpy 00000
Op0 Or0smooth0 0000200000 Oy 000000000 dimOp 000000 affine
000000000000000

Theorem 8.1 (Zelevinsky). LI € B(a) 00D 0 Op O O1 0 smooth 0 0 00

My@)pa) =1
000000

Theorem 8.2 (Abeasis-Del Fra-Kraft). I,I' € P(a) 0000 Or C Op 00 dim Of = dim Oy — 1
000000 Op 0 010 smooth0 000

gob20000bg*ooboooMbbOobobbobobobbobobobob b O
gbbobuooboobobuobooobobobbobooboboboobobob-0o0bobo
000 [ASS|0 000000000000 0oOo0 2000000000000 O00OOOOOOO
gobooooboooboooobooboboooboboooooobD AODODObObOOODODObDbOOOD

10000000 ¢00000D0C*X000 ¢~-0000000

B TN 7 0 08 s PO Ll T

OOoooo0oon Springer fiber 000000000 OOOO (DDDDDDDDDDDDDDDDDDDDD)[l[l
gooooooooooooooooooooooooooooo0o0ooyyooooooooo oo oo oo
o000 0000000000 00NoNoooo0000nNNoNoo0o000oNoNnNoNoNooooooooooonon
0610000000000000O0DO Springerfiber0000O00O00O0OOOOODOOOOODOO S,200000O
000000000000 00000000000000000 Springer 01000000000 affine Hecke 00000
gooooooooooo [Lu95b}DDDDDDDDDD

¥0pQ M(x) D H-00000A[X*-00000000000000000000000000000000000
goooooooooboooobooooo (DDDD)DDDDDD
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000000000000%S000000SSS0seGL(n)000000 SO00000000O0
obs0boooooooon

Hn—mods = | | {H,o00000000000 }
s€SSS

oooooobod Hy—modsODOOOUODOOODODOOOODOODOOODDODOODOODOOD
gbobobobobobobobob

Ks = @) K(Hn—mods) @ C
n>0

0000000 K(H,—mods) 00 H,—mods O Grothendieck 040000
0, 0000000 Le00000D0D0DD0O00 0, 000000000000 U(nw) O v-0
0 Uy(neo) 0O D040

Theorem 8.3 (00). OO0OOOOOODO
Ks = Uv(noo).

00000000000000MOO000000 upperD000%0 Poincare-Birkoff-Witt 0 O 440
0o00000o0o0ooOoooooo

Remark 8.4. 1) [Ar96, 00|00 ¢q0 10 /0000000000000 affine Lie O @DDDD
O000000000000000002) Zelevinsky D MO OO OO 00O Kazhdan-Lusztig 0 0 0 O
0000000000000 000000 830000 Kazhdan-LusztigO OO ODOOOOOOODO
oooogog

9 Obooboboono

Q2000000 KHOAODODCOODOOOODOOO0ODOOODOO0 affineHeckeOOOOODOO
0000000000000 0O0O00000D0D0O00000 [Ka06)DOOODODOOOOOO
goooooooo:

Theorem 9.1 (Folklore®). 0000 affine Hecked H(X) (X = Ay,B,,,C,,D,,) 0 H(C,) 0O OO
O0o00o0oo0oooooooooooooon

00910 H(C,)ODODODO0OODDOO00O0 Cliford00000000D0D0O0 2000000
affine Hecke 00 0000000000000 00000OOOOYO

YOgpQpoooo0o0O0O0000DDDD-6631,9471000000000000000000O00O0

0000 €O Grothendicek 00 0000DDODOODO0OO0OO0DDODOOOOOOOOD COO0 HOOODODOOOOO
K()O HOOOOODO (000000000000 000000000000000000)000000000
20000000000 000v0 qOO000

“gpooooooooooOoo

“OgpoooOoOooD PBWOOOOOO
SOoooDoO0O0000000000D0000”007’00000000000000000000000000DO0OO0
00000000 (000000000000 00000ogoo..)d

4A,,B, 0000000000O0D,O00000O0O0O0OOOODODODOOOO
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000000 affine Hecke 0000000000000 OOO H(C,)OOODODODODOOODOOOO
000000063000 7300000 760000000 [Kal6)OOODOOODOOOOOO 1.3
gboz230000000000000000000000000000000000000 6.10
00230 1000000000000000000023000000000000000040

gboboobogbboobooboooboe200b0o0obooel3unn:

Theorem 9.2 (Jordan, Frobenius). gl(n) 0000000000 NOOOODODODOOGL(n)OODO
dooooooon
AdGL(n)\N < {n 000 } & lrrepC[S,,]

goobooobooooooo

Theorem 9.3 ([Ka06] Theorem 1.14). G = Sp(2n) 000 V0000000000V, := A2V, 0
000000 V:=v,elkOooooo

(z,y) VOO0 < ye A’V 2Al(V;) < End(V) 000

o0o0000oDbod wO GOOO0O VOO0 symplectic formOO0DO0O0000O0O0OVOOOODO
oonoooovooooboooooob GooboOooooooo

AdG\M< {n0 2000 } < lrrepC[Wy|

0001010000040

ooo920000093000000Db0ODbODUODbDOD LieDDODODODODODODODO
OO00OO0OO0OO0 AOO00OO Deligne-Langlands 0 00 A-0000000000O0OOOOOOOOOO

[Ka08] 0O §30 Macdonald 00000000 OO0ODOOOOOOOOOODOOOOOOOOO
0000%00000083000000000000000000000D00O0D00O0DO0
[EKO08, En08]0

oo

[Ar96] 000, On the decomposition numbers of the Hecke algebra of G(m,1,n). J. Math. Kyoto Univ. 36
(1996), no. 4, 789-808.

0o] nDoo,AY  000000000000000,000000000, (2000)

[AS98] 000000000, Duality between sl,,(C) and the degenerate affine Hecke algebra. J. Algebra 209
(1998), no. 1, 288-304

[ABG] Sergey Arkhipov, Roman Bezrukavnikov, and Victor Ginzburg, Quantum groups, the loop Grassman-
nian, and the Springer resolution. J. Amer. Math. Soc. 17 (2004), no. 3, 595-678

[Be06] Roman Bezrukavnikov, Noncommutative Counterparts of the Springer Resolution, (ICM address)
math.RT /0604445

[BMR] Roman Bezrukavnikov, Ivan Mirkovié, and Dmitriy Rumynin, Localization of modules for a semisimple
Lie algebra in prime characteristic. Ann. of Math. (2) 167 (2008), no. 3, 945-991.

[Bo76] Armand Borel, Admissible representations of a semisimple group over a local field with vectors fixed

under an Iwahori subgroup, Invent. Math. 35 (1976), 233-259.

00000000000 X(I)000000000000000000000000
#¥,0200000000000000000 (A, OOOODOODO »00000000
YOooDo0OO0 Macdonald 000 Wo OOOOODDODOOOO

20



[En08]
[EFM]

[EKO8]
(CG97]

[CTOx]
[HT95]
[IM65]

[Ka81]
[Ka06]
[Ka08]

[KT95]
[KL87]

[Lu85)]
[Lu8s]
[Lu89)
[Lu95al
[Lu95b)
[Lu95c]
[1.S85]
[Ma77]
[0S08]

[RIMS]
[BZ77]

[Ze80]

0000, A quiver construction of symmetric crystals, preprint.

Pavel Etingof, Rebecca Freund, Xiaoguang Ma, A Lie-theoretic construction of representations of the
degenerate affne and double affne Hecke algebras of type BC,, arXiv:0810.0791v1

000000000, Symmetric Crystals for gl , Publ. Res. Inst. Math. Sci. 44, no. 3 (2008), 837-891

Neil Chriss and Victor Ginzburg, Representation theory and complex geometry. Birkhaduser Boston,
Inc., Boston, MA, 1997. x+495 pp. ISBN 0-8176-3792-3

Dan Ciubotaru, and Peter Trapa, in preparation.
OoooooOooo, p-000o0g, Springer-Verlag (1995).

000000000, On some Bruhat decomposition and the structure of the Hecke rings of p-adic
Chevalley groups. IHES Publ. Math. No. 25 (1965) 5-48.

0000, Irreducibility of principal series representations for Hecke algebras of affine type, J. Fac. Sci.
Univ. Tokyo Sect. IA Math. 28 (1981), no. 3, 929-943 (1982).

000, An exotic Deligne-Langlands correspondence for symplectic groups, math.RT/0601155v6, 51pp,
to appear in Duke Math.

00 0O, Deformations of nilpotent cones and Springer correspondences, arXiv.0801.3707v3, 28pp, sub-
mitted.

000000000, Kazhdan-Lusztig DO OO0 OO, 00O 47 (1995), no.3 269-285.

David Kazhdan and George Lusztig, Proof of the Deligne-Langlands conjecture for Hecke algebras,
Invent. Math. 87 (1987), no. 1, 153—-215.

George Lusztig, Intersection cohomology complexes on a reductive group, Invent. Math. 75 (1984), no.
2, 205-272.

George Lusztig, Cuspidal local systems and graded Hecke algebras. I, Inst. Hautes Etudes Sci. Publ.
Math., 67, (1988), 145-202.

George Lusztig, Affine Hecke algebras and their graded version, J. Amer. Math. Soc. 2, (1989), no.3,
599-635.

George Lusztig, Classification of unipotent representations of simple p-adic groups. Internat. Math. Res.
Notices 1995, no. 11, 517-589.

George Lusztig, Cuspidal local systems and graded Hecke algebras. II, Representations of groups (Banff,
AB, 1994), CMS Conf. Proc., 16, 217-275. (1995)

George Lusztig, Study of perverse sheaves arising from graded Lie algebras. Adv. Math. 112 (1995), no.
2, 147-217.

George Lusztig and Nicholas Spaltenstein, On the generalized Springer correspondence for classical
groups, Advanced Studies in Pure Mathematics 6 (1985), 289-316.

0000, Analyse harmonique dans les systemes de Tits bornologiques de type affine, Springer Lecture
Note in Math. 590 (1977).

Eric Opdam, and Maarten Solleveld, Discrete series characters for affine Hecke algebras and their formal
degrees, arXiv:0804.0026

00000, "Lusztig Program”, 0000000000 No. 954 (1996)

Joseph Bernstein, and Andrei Zelevinsky, Induced representations of reductive p-adic groups. I. Ann.
Scient. de PE.N.S. (4) 10 (1977), no. 4, 441-472.

Andrei Zelevinsky, Induced representations of reductive p-adic groups. II. On irreducible representations
of GL(n), Ann. Scient. de 'E.N.S., vol. 13, no. 2 (1980), 165-210.

21



