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We consider asymptotic behaviors at the infinity of Horn’s hyperge-
ometric functions for the purpose of the application to the multiplicity
theorem for generalized Whittaker models (cf. [3]).

Let P;(x) and Q;(x) are nonzero polynomials of variables x = (z1,...,x,)
for = 1,...,n. Then the Horn’s hypergeometric functions are defined
as solutions of the system of linear partial differential equations

[, P(9) — Q)] f(z) =0, i=1,...,n. (0.1)

Here ¥; = a:i£ and ¥ = (¢1,...,9,). In this note, we assume that P,
and @); can be decomposed by products of linear factors, i.e.,

H (Ag, s) ), Qi(s) = H((Bla s) — dy)

for s € R", A, B, € R", ¢;,d; € C and (, ) denote the natural inner
product in R”. We also assume F;(s), Q;(s + ¢;) are relatively prime for
i=1,...,n. Heree; = (0,...,0,1,0,...,0) (1 in the ith position).

We consider the following system of difference equations associated
with the system of differential equations (0.1),

P(—(s+e))d(s+e)=Qi(—s)p(s) i=1,...,n. (0.2)
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Remark 0.1. Let ¢ be a solution of the system of difference equations
(0.2). We consider the following integral,

f(@) = / 6(s)2~* ds.

Then under the following assumptions, we can see that f(x) is a solu-
tion of the system of differential equations (0.1).

1. For any 1 = 1,...,n, the translation of the contour C with respect
to the basis e; is homologically equivalent to C in the complement of
the set of the singularities of the integrand ¢(s) in C".

2. The integral converges absolutely and it can be differentiated with
respect to x sufficiently many times.
We put

= —Qi(_s) 1= n
RZ(S>_PZ(—(S—{—€Z)) —1,...7 .

Theorem 0.2 (Ore [5], Sato [7], Sadykov [6]). 1. The system of dif-
ference equations (0.2) is solvable if and only if

Ri(s+e;)Rj(s) = Rj(s +e;)Ri(s), 4,j=1,...,n. (0.3)

2. If the system (0.2) is solvable, then its solution is unique up to an
arbitrary periodic function 1 (s) with respect to e;, i.e.,

U(s +ei) = P(s),

for i = 1,...,n. Furthermore, there exist p’,q¢' € N, A}, B] €
R (1<k<p,1<1<¢q),c,dfecC(Q1<k<p,1<I<(q)
and t; € R (i = 1,...,n) such that the general solution of (0.2) is
written as follows,

oo e L TUBLs) —dp)
= R T -

7

Y

where t=5 = t7° -+ -t and () is an arbitrary periodic function
satisfying V(s + e;) = U(s).



We put an assumption as follows for the multiplicity theorem.
(A). The system of difference equations (0.2) is solvable, i.e., the con-
dition (0.3) is satisfied and we can choose a solution,

I TUBLs) = d)
(A s) = )

¢(s) =

which satisfies following conditions;

(i) We have the inequality,

q P’ n
S UBLI =D (AL s) > lsil
=1 k=1 i=1

for s € R".

(ii) The function ¢(s) has no zero if each Re(s;) are sufficiently large
fori=1,...,n.

Remark 0.3. We consider the integral

o14+v—1oc0 on+v/—1oo
fa= [ Bls)a~ ds,
o1—v/—1oo on—+v—100

for appropriate o; € R i = 1,...,n. Under the assumption (A)-(i), it
follows that the integral is absolutely convergent in the set {r € R™ |
(tlﬂfl, e ,tnl’n) € (Rzo)n}

The following theorem is a generalization of the theorem of Diaconu and
Goldfeld (Theorem 6.1.6 in [2])

Theorem 0.4 (Multiplicity one). Suppose that the system of difference
equations (0.2) associated with the one of differential equations (0.1) sat-
isfies the assumption (A). Let f(x) be a solution of the system (0.1) which
satisfies the growth condition

sup |z%f(tx)] < +o0

$€(R20)"
for sufficiently large integers a; € N, ¢ = 1,...,n. Then it is unique up
to constant multiple. Here x® = x{* -+ - 2% and tx = (t121, ..., ty2).



Proof. We consider the Mellin transform of f(tx) as the function of z,

= /000”./000 ftx)x® ! da.

This integral converges absolutely and M]f, s| is analytic function of s if
each Re(s;) is sufficiently large by the assumption of f(z). Changing the
variables x to tx = (t;xq,- - ,t,,), then we have

tfloo tﬁloo
= ts/ . / f(z)z* da.
0 0

By the growth condition of f(z), we have

loo k
/ / (9 s’ldx
tl_loo t;loo 6k .
o [T () g

by integration by parts for i = 1,...,n. Recall that f(z) satisfies the
system of the partial differential equations (0.1), then we have the system
of the difference equations for M[f, s,

Pi(—(s+e))M[f,s +e] = Qi(—s)M[f,s] i=1,...,n.

Hence by Theorem 0.2, there is a periodic function ¢(s) and we have

H?’l Eﬁ / / Vo e, (0.4)

By Stirling’s formula and the assumption (A)-(i), we obtain the estimate
for Re(s;) >0 (i =1,...,n),

H?:l F(<Bl7 3) - dl) -~ 1 <
[ T((Ak,s) — ;) 0 (exp(—§7r; |Im<51)|)> Z [Tm(s;)| — +o0.

Also by the Riemann-Lebesgue theorem, we have

M(f,s] =0 as Z|Im(s,~)|—>+oo.

=1
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Combining these estimates, we obtain the asymptotic behaviour of the
periodic function

¥(s) = Oexp(r|Im(s,))), 05
as Im(s;) — oo and the other s; (i # j) are fixed. The right hand side of
the equation (0.4) is the analytic function of s when Re(s;) (i =1,...,n)
are sufficiently large. Thus if we recall that the assumption (A)-(ii) and
the periodicy of ¥(s), we can see that 1 (s) is an entire function. We
put z; = exp2my/—1s; for i = 1,...,n. And we consider the Laurant
expansion of ¢(s) with respect to zy,

o0

7/1(5) = Z Cgcl)(sb s 7Sn)zlf'
k=—0oc0
Here c,(cl)(SQ, ..., 8yp) are periodic and entire functions for (ss,...,s,) €

C"~'. We write s; = 0; + /—17; for 05,7 € R, i =1, ..., n. We consider
an integration

1 oo
/ 1v(s)]?do; = Z |c§€1)(82, 5P exp(—4nkT)
0

k=—o00

> |c§1)(32, e sn)|2 exp(—4rtr;)

for every t = 0,+1,42,.... However the estimate (0.5) tells us that there
exist constants M; € R.q and we have

1
exp(rril) > M,-/O b (8)[2 do

for sufficiently large 7;. Thus we have cgl)(sg, ooy Sp) =0fort =41,£2,. ...

The remaining coefficient Cél)<82, ...,8p) is also the periodic and entire
functions for (s, ...,s,) € C""'. Hence we apply the same argument for
Cgl)(SQ, ..., Sp) with respect to so. And also we can proceed inductively
for © = 3,...,n. Thus we can conclude ¥ (s) must be a constant. This

completes the proof of the theorem. O
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