BRANCHING LAWS FOR SQUARE INTEGRABLE
REPRESENTATIONS

JORGE VARGAS

ABSTRACT. This note considers irreducible square integrable rep-
resentation of semisimple Lie group with admissible restriction to
some reductive subgroup. It is mostly a report on joint work with
Michel Duflo, to propose algorithms to compute multiplicity for
each irreducible factor of the restriction, analogue to the multi-
plicity formula due to Kostant-Heckman or Blattner.

1. INTRODUCTION

From now on G is a connected simple Lie group, H denotes a con-
nected reductive subgroup of G and we assume there exists an irre-
ducible square integrable representation 7 of G which has an admissible
restriction to H. Thus, we may express as a Hilbert sum,

’7T|H = Z n;o;.
ieN
Here, 0 < n; < oo and o; are irreducible square integrable representa-
tions for H [11], [3].

A Theorem of Harish-Chandra states: a semisimple Lie group ad-
mits irreducible square integrable representations if and only if it has
a compact Cartan subgroup. Henceforth, since we assume G admits
a square integrable representation with admissible restriction to H we
may assume G has a compact Cartan subgroup 7T and we fix a maximal
compact subgroup K of G satisfying:

T C K, L:=HnNK is maximal compact subgroup of H,
U:= HNT is a compact Cartan subgroup of H.

Let Wg denote the Weyl group of a compact connected Lie group S.
Harish-Chandra parameterized the set of equivalence classes of irre-
ducible square integrable representations by means of the set of regular
characters of T" divided by the action of the Weyl group Wi. For each
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regular character! e* € T (resp. e# € U) let 7y (resp. 0,) denote the cor-
responding irreducible square integrable representation of G (resp. H).
For 7, we consider the system of positive roots determined by A

U ={aecd(gt):(\a)>0}

and Uy := NP (&, t). In order to avoid cumbersome statements, my will
always denote the square integrable representation of Harish-Chandra
parameter A dominant with respect to ¥. From now on, 7, denotes an
irreducible representation of K of infinitesimal character p dominant
with respect to Vg. By definition, the set of noncompact roots in W
is U,, ;== W — Wg. Since ¥,, spans a strict cone, the partition function
pw, associated to U,, :={f,...,0,} is well defined. As usual,

pr:%zoa pc::% > o, poi=p—pe

acV¥ CME\I’K

The formula of Blattner for the multiplicity of the irreducible repre-
sentation 7, of K in the square integrable function, 7y, as shown by

Hecht-Schmid, [5] is:

b ) = 3 e(w)pa, (wi — A= py),

weWpg

TN, = Z b(A, ()T

pdominant w.r.t. W

Next, we recall the formula of Heckman-Kostant for compact GG. Hence,
G = K,H = L. We fix the systems of positive roots Vi and ¥, C
®([,u) to be compatible. That is,
a € O, t) and o, € U, implies o € V.
and if @, := {a € ®(¢,t) : o(u) = 0}, thesimpleroots for ¥, := ¥ N &,
are simple for U. We set for v € t*
() = 1_[&@1/3 V(ha)

Hae\Ilﬁ p‘l’z (ha)

Let q, : t* — u* denote restriction map. Owing to our choices, the
multiset, ¢,(Vx — ®;) — ¥, is contained in a strict cone in u*. Thus,
partition function p; with respect the multiset g (¥ — ®;) — ¥y, is
defined. After we choose representatives of minimal length on each
coset of Wi /Wi, the formula due to Heckman-Kostant [4] is

cpv)= Y ewm(wm)prlglwn) — v — (qu(pc) — pu)),
weWr /Wi

1Unexplained notation is as in [13].
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TM|L = Z C(M? V)¢V'

vdominant w.r.t ¥y,

Here, ¢, denotes the irreducible representation of L of infinitesimal
character v.

Whenever G, y, H are chosen so that T, is admissible, T. Kobayashi
8] has shown

my, as an admissible representation.

IL
In our case, this follows from a result proved by Harish-Chandra: an
irreducible representation of L is L—type of finitely many square inte-
grable representations for H. Therefore, we may express

7T)\|L = Zn()‘a V)(bzz
™, = Zm()‘a M)UM

Here, n(\,v), m(\, ) are nonnegative integers. In section 4, Theorem
6, we show a way to obtain m(\, u) from n(\,v). Another way is: we
apply the formula of Blattner to compute multiplicities for T and the
formula of Heckman-Kostant to the irreducible K —submodules of T -
Thus, we obtain a formula for n(\,v). In principle, this final formula
involves two Weyl groups and two partition functions. In section 2 we
introduce condition (C) for W, L. Under this condition we show a for-
mula for m(\, i) (resp. n(A, ) which involves one partition function
and the group Wg.

For (G, H) a symmetric pair and U satisfies certain restrictions, Gross-
Wallach [3] obtained a formula for m(\, i) which involves two partition
functions and two Weyl groups. For a scalar type holomorphic discrete
series and (G, H) symmetric pair, Kobayashi [7] obtained a completely
explicit formula for m(\, ) which resembles the formula of Schmid
[12] for the highest weight of a K —type of a holomorphic scalar-type
discrete series.

For (G, H) a symmetric pair we obtain the equivalence:

,, is admissible if and only if condition (C) holds for W, L.

This statement yields a result of a Ph.D. student in Cérdoba, S. Si-
mondi. Namely

DY

For a symmetric pair (G, H), H different from K and K a simple Lie
group, a square integrable irreducible representation of G restricted to
H is not admissible.
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However, for G = SO(2p, 1) and L a subgroup of SO(2p) which acts
transitively on the unit sphere of R?”, the subquotient theorem of Har-
ish Chandra together with Mackey’s restriction theorem yields that
any irreducible admissible representation of GG is an admissible repre-
sentation of L. In Proposition 2 we obtain: for a proper subgroup L
of SO(2p), condition (C) does not hold for ¥. Another example of ad-
missible restriction to L and in which condition (C) is not satisfied is
G = SU(n, 1), m\ a holomorphic discrete series, L is a proper subgroup
of U(n) so that the representation of L in the polynomial algebra of
C™ is admissible. This follows from [6], Example 4.6. Certainly, there
are many more examples of the previous type.

The problem of understanding branching laws has received much
attention, for an update on the subject we refer to T. Kobayashi [11]
and references therein.

This note is not in a final version, the proofs will appear elsewhere. A
preliminary version can be found in http://www.famaf.unc.edu.ar/ var-
gas/proper maps and multiplicities.pdf.

The author would like to thank, T. Kobayashi and the organizers of
the Congress at Atami for their generous invitation to participate. We
are indebted to D. Vogan for crucial help on Proposition 6.

organization

2. ConDITION C

In this section we state a condition which yields a formula for mul-
tiplicity function m(\, ) by means of one partition function and one
Weyl group. Notation G, H, K, L, T, U, q, is as before, ¥ is a system of
positive roots in (g, t),

Definition 1. Condition (C) holds for V and L if there exists a system
of positive roots Ay in P(8,t) satisfying the following two conditions

(A1 — D) is strict,
for each w in the compact Weyl group of G, the multiset
Qu(wan) U Qu(Al - (I)a) - @([7 u)
18 strict.

Theorem 1. Fix )\ reqular dominant with respect to V. Assume con-
dition (C) holds for U and L, then 7y restricted to H (resp. to L) is
admissible.

Example: We assume the center of €, 35, is non trivial. Then, condition
(C) for ¥ and Zx holds if and only if ¥ is a holomorphic system. Thus,
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if Zj is contained in L and ¥ is holomorphic, then condition (C) holds
for U, L.

Condition (C) holds for ¥, L and 3 non trivial do not imply the center
of £ is contained in L as the following examples show:

e We fix ¥ holomorphic and let ws denote the fundamental weight
associated to the noncompact simple root in W. Thus wg spans 3.
Choose Y € t orthogonal to the center of £ in such a way 1wz +Y is the
infinitesimal generator of a one dimensional torus 7y and every root in
U takes a positive value on (J+1Y"). Then, condition (C) holds for Ty

e Let G be locally isomorphic to SO(2p, 2). Let €, ..., €,,d be a basis
of 1t* so that compact positive roots are A := {¢; £ ¢,j < k} and
noncompact roots are £e; + 0. Consider the systems of positive roots
U, :=AU{e;£6,5 <a,0 L€, a <r}. It readily follows condition (C)
holds for W, SO(2p). Thus, 7, is an admissible restriction of SO(2p).

e Let K denote the semisimple factor of K. Then, condition (C) holds
for U, K if and only if RTW,, N5 = {0}.

e Condition (C) holds for ¥, L implies condition (C) is true for ¥ and
any subgroup in between L and K.

The following technical result is useful in order to write multiplicity
formulae in terms of partition functions.

As before, W system of positive roots in ®(g,t) and we consider
Ay, Ay systems of positive roots for ®(¢,t). Assume, each g,(A; — ;)
is strict multiset and the center of £ is a subset of [

Proposition 1. If condition (C) holds for U, L by means of Ay, then
it holds for W, L by means of As.

Example: G is a noncompact real form for Gs.

L = SU,(short compact root), ¥ is the system of positive roots whose
short simple is a noncompact root and the long simple is compact, then
condition (C) holds for W, L. Hence, 7, restricted to L is admissible.
L = SUy(longroot), ¥ is the system where short simple is compact and
long simple noncompact, then condition (C) holds. Thus, 7 restricted
to L is admissible

In the next paragraph we analyze the constraints on K when we
assume Condition (C) holds for certain subgroup.
To U we associate and ideal & (V) of ¢ as follows:

& (V)c := ideal spanned by >, 5oy CXoyp

Proposition 2. If condition (C) holds for ¥ and L. Then, K,(¥) C L.
When K1(V) Zy is included in L, then condition (C) holds for U, L.
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The converse to the first statement is not true as shows G = SO(2p, 2),
L=50(2p),V,,1<a<pand3<p.

However, whenever ¥ is small [3], then the semisimple factor of the
subgroup K; defined by Gross and Wallach agrees with K;(¥), and
condition (C) holds for ¥, K (V).

We now assume W is a non holomorphic system. Then, R*W, N3% = 0
if and only if condition (C) holds for ¥ and K (V).

Let K3(¥) denote the semisimple factor of the complementary ideal to
K1(V). After a case by case computation we show:

7y restricted to Ko(W) is admissible if and only if G is locally isomorphic
to Sp(p,1) and ¥ is so that K;(V) = Sp(1), Ky = Sp(q). Actually,
UV={0>€ > >¢}

Next we relate condition (C) to some of the Theorems of T. Kobayashi
on admissible restriction.

Let G, K,H be as usual. For the following paragraph, we assume
(G, H) is a symmetric pair. Let ¢ denote the involution determined
by the symmetric pair (G, H). Thus, o stabilizes K and (K, L,0) is a
symmetric pair. In order to state one of the equivalent statements of T.
Kobayashi, we choose a compact Cartan subgroup B C K as follows:
o(b) =0,
b_:={X €b:0X = —X} is a maximal Cartan subspace for the
symmetric pair (K, L).
Henceforth, we fix a system of positive roots A C ®(¢,b) and in such a
way {oy, # 0:a € A}is a system of positive roots for ®(¢,b_). For

a system of positive roots W in ®(g, b) which contains A,
we define,

RYW, = Y RTB={> ngB:ng >0} Cib".

Theorem 2 (T. Kobayashi). Assume A is dominant with respect to 0.
Then, 7y restricted to H is admissible if and only if RTW, Nib* = {0}.

Proposition 3. Assume R*W,Nib* = {0}. Then K{(V) is a subgroup
of L.

The example (SO(2p,2),SO(2p, 1)), ¥, shows the hypothesis of the
lemma does not implies that the center of K is contained in L.

Corollary 1. (G,H) is a symmetric pair with H a noncompact group,
such that there exists a non holomorphic discrete series of G with ad-
massible restriction to H, then K is not a simple Lie group.
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Condition (C) is stated by means of compact Cartan subgroup which
is maximally compact for the symmetric pair (K, L) whereas the condi-
tion of admissibility due to Kobayashi is expressed through a maximally
split Cartan subgroup for (K, L). After we relate both compact Cartan
subgroups via a Cayley transform, we show

Proposition 4. Assume (G, H) is a symmetric pair. Then, condition
(C) for ¥ and L holds if and only if Kobayashi’s condition in Theorem
2 holds for the image under the Cayley transform of W.

Corollary 2. For (G,H) symmetric pair and ¥ non holomorphic, con-
dition (C) for ¥ and L implies condition (C) for ¥ and K;(V). Thus,
7 has an admissible restriction to K;(¥).

Example: g =s50(4,2q), ¢ > 3, Let €1, €3,01,-- -, 6, be an ordered basis
of it* so that

A={e £e,0,£6, 1 <r<s<gq}, @, ={xe £0,}.
We define
Uoy={01>>0,>€ >%e3 > g1 >+ > 04}

Then V4o, W, are small. No other system of positive roots is small.
81 (Vo) = sus(eg £ ea), 8(Vyy) =50(2¢), for 1 <a <gq

El(qfia) = 5112(61 + 62) © 50(2(]).

For any other system of positive roots & (W) = €. Every ideal of ¢ is
equal to a & (V) but {0},s0(4).

It follows from Proposition 4 and the classification of symmetric pairs
(SO(4,2q), H) that 7 is an admissible representation of H if and only
if (H, V) is one of: ¥ = U, h = u(e; £ e)+u(g); ¥ = ¥y, and
h = so(r) 4+ so(s,2q) where r + s = 4; U = U, h = s0(4, s) + so(r),
here r + s = 2g¢;

3. MULTIPLICITY FORMULAE

Let G,H,V, K, L, U, q, as before. We have expressed the formula of
Heckman-Kostant or the formula of Blattner in terms of the infinitesi-
mal character of the representations rather than their highest weights.
We can also hide the presence of the p’s. This can be achieved by means
of twisted partition functions.

For a finite multiset ¥ = {01, --- ,0,} of iu*, let Q. denote the twisted
partition function defined by

Qu(v) = card{(my)jy - v =35 + )

J



8 JORGE VARGAS

Next, we assume 7, has an admissible restriction to H. Let m(\, u)
denote multiplicity of o, in T, - Let @ denote the volume form in the
formula of Heckman-Kostant for the data K, L, U g. For short, we write
®, for the root system of a semisimple Lie algebra s. Theorem 1 yields
7y, is admissible under the hypothesis of condition (C) for ¥, L. We
have

Theorem 3. Assume condition (C) holds for W, L. Then,
m(A, pn) = Z e(w) w(wA) QQu(—w\I}n)U(Iu(\IjK_Cbs)_q)b (qu(wA) — p).

weWw

We have the decomposition in ideals

For short, we write W; = W (). Thus, Wx = Wy x Wy, For the
particular case K(V)T" C L C H the formula of Theorem 3 has a
simpler expression. In fact, let () denote the twisted partition function
associated to ¥ — ®(h, t). Then, the formula of Theorem 3 reads

m\p) = Y e(ws)Qwp — s)).

weWy, seWy

4. PARTITION FUNCTIONS VIA DISCRETE HEAVISIDE
DISTRIBUTIONS

For v € 4u* let 0, denote Dirac delta function attached to y. We
define
Yy = 25%+n7 = 5% + 5%+’y + 5%+2'y +e
n>0
Fix S = {71, ,7,} strict multiset,
Fact: There exists the convolution product

y"/l X oKk y’Yq
Fact:

S Qsw)s =ty

veu*
For the next statement, to begin with, we assume W and L are so that
my restricted to L is admissible. Henceforth, Py denotes the weight
lattice for U. For each irreducible representation of L of infinitesimal
character v, let n(\, v) denote its multiplicity in 7, restricted to L. It
is known n(A, v) is of polynomial growth in v, hence

Z n(A,v)o,

vePy
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converges in distribution sense, we extend n(\, ), as a function of v,
to the weight lattice of U and to be a skew symmetric function with
respect to the action of group Wy. We have

Theorem 4. Assume condition (C) holds for U and L. Then,

Z n(\,v)é,
= Z e(w) w(w)

weWg

Ogu (wh) * K BEqy (wn)U(—1)gu (Vi @)~ Y3

A similar formula holds for the distribution attached to multiplicities
of the restriction to H. With respect to a proof of the formula we
proceed as follows: to begin with, we consider the case L contains T,
next we analyze when L is normalized by T (here appears the w factor).
Thus, the formula is true for K;(V)ZxU. To follow we show: if L; is
a same rank subgroup L and the formula holds for L; then it holds
for L. Finally, we deduce a formula to compute H—multiplicities from
L—multiplicities.

Next, we precise a way to compute L—multiplicities from L;—multi-
plicities. Let U a common maximal torus of L; and L. Multiplicities
are encoded by the distributions

Z ni(\, v)d,, Z n(A,v)o,.
vePy vePy

For each root «, we define the linear operator

0a(f) = (8afz — dap2) # f, | € D'(in),

Theorem 5. Assume 7y restricted to Ly C L is admissible, and U, C
Wy, then

Kocwy vy, dal 3 m(A1)5,) = 3 n(A )3,

vePy vePy

Similarly, we have a formula to deduce H—multiplicity m(A, 1) from
L—multiplicity n(\, v).

Theorem 6. Assume 7y restricted to L is admissible, let Wy denote
a system of positive roots for @y defined by qu(X), then

[[ dd_ nxv)s)= Y mpws,

a€(Vy)n vePy rePy
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5. PUSH FORWARD OF LIOUVILLE MEASURE

We now study multiplicity functions by means of the continuous
methods introduced by Heckman [4] and Duflo-Heckamn-Vergne [2].
Let G,H,K,L,T,U,\, V¥, q, have the same meaning as in the previous
sections. As usual, we extend A to be a linear functional on g¢ which
vanishes on each root subspace. For the coadjoint orbit 2 := G - A
let Bg.a denote the Liouville measure computed with respect to the
symplectic form on  arising from the Killing form on g. The Liouville
measure of the coadjoint orbit G - A evaluated on a test function ¢ is
given by

faa(e) = Ag(e)(V) = ce [ (a )\/ (Ad(u) - v)du.

acv

Here, du is an appropiate choice of Haar measure on G. For the con-
stants involved and proofs of the equalities we refer to [1], Chapter VII.
From now on,

we assume condition (C) holds for U, L.

Whence, the restriction map g : €2 — b* as well as ¢ : @ — o
is proper. In Heckman [4] we find a proof each of the maps g, ¢y
is a submersion on an open dense set of () whose complement has
Lebesguian measure zero. Therefore, there exists a function

ML w* — C

so that the push-forward, (qi).(8q) of the measure g by ¢ is given by

(@02 (B) (9) = (@) (Be) (9 / M (1) A () (1)

Here, dp is a convenient Lebesgue measure on 1u* and ¢ a test function
on w*. Moreover, M} is a smooth function on the set of regular values
of ¢y and is a W —skew-invariant function. For each root § € w* let
Y3 the Heaviside generalized function on wu* associated to 3. Thus,

Vi) = / " Bt

Owing to our hypothesis, for each w € W, the convolution of the
Heaviside functions

w(Y, ) = Hpew, Yo, s Yo = Kacq(we—vy)-v, Yoo

are defined, as well as the product w(Y,") * Y¢. The next Proposition
is a generalization of Theorems shown in [2], [4]. We have,
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Proposition 5.

M = Z e(w) W(WA) Ggwny * w(Y,") % Vi

weWg

For a proof of Proposition 5 we apply a result which is true whenever
¢ is a proper map. The result relates discrete Heaviside measure with
continuous Heaviside measure. For each element « of 1 we define

talip) = / " pta)dt,

It readily follows the identity
to * Yo = Yy,.
Let
Uoir = qu(Vn) U (Vg — ;) — @

Since each t, is a compactly supported distribution, the convolution
product rg/ of the family ¢,,a € ¥y, is well defined. We have,

Proposition 6.

T/t ( Z n(A, p) = My.

HEPy

In a work in progress we have found a way to compute the distribu-
tion that encodes the multiplicity from the generalized function M.
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