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1. INTRODUCTION

Let G be a non-compact connected Lie group with a semisimple Lie algebra g. If g =
n+a+¢is alocal Iwasawa decomposition of g, then the analytic subgroups N, A, K, which
respectively correspond to n, a, €, give a global Iwasawa decomposition G = NAK. (In this
note K is not assumed to be compact.) Let 6 be the Cartan involution for € and put n = On.
The Harish-Chandra homomorphism ~ is the map from the universal enveloping algebra
U(gc) of the complexification ge¢ of g into the symmetric algebra S(ac) of ac defined by

v:U(gc) = (fcU(gc) + Ulge)te) @ Ulac)

Ulac) = S(ac) “ S(ac),

where S(ac) is identified with the algebra of holomorphic polynomial functions on the dual
space a. of ac and p := 1 Trace(adp |a) € af.. We have two different G-action £(-), 7(-) on
C*(G) defined by

projection
—_—

Ug)f(z) = flg~'2),  r(g)f(z) = f(zg)
for f € C*(G) and g € G. Thus, on the ¢(G)-module C*(G/K), U(gc)® (the algebra of
K-invariants in U(gc)) naturally acts by r(-).
Suppose A € a*. A unique function ¢, € C*°(G/K) satisfying

r(A)gy = 7(A)(N)py  for A € U(ge)™,
(1.1) ((K)-invariant,
oxr(eK) =1 (e denotes the origin of G)

is called a spherical function. Let 79 : C*°(G/K) — C*°(A) be the natural restriction
map and W the Weyl group for (g, a). Then the second property in (1.1) implies vo(¢»5) €
C>=(A)W and ¢, is a unique K-invariant extension of v(¢,). By [HO] Heckman and Opdam
started to develop the theory of the systems of hypergeometric differential equations, which
are modifications of a system of differential equations for v (¢,). Although there was at first
some difficulty in showing the existence of such modifications, currently we can construct
modified systems in a simple way using Cherednik operators introduced by [Ch]. In this
context, the most important fact is that a Cherednik operator .7 : S(ac) — Endc C*(A)
with a special parameter (Definition 6.1) satisfies, for A € U(ge)® and f € C°(G/K)" ),
the radial part formula

(1-2) ’YO(T(A)f) = 9(7(A>)’Yo(f),

or equivalently,

(1.3) W (UA)f) = T (1(A)PP)%(f)-



Here -PP : S(ac) — S(ac) is the algebra automorphism defined by HP? = —H for H € ac.

The main purpose of this note is to show that (1.2) and (1.3) hold for more general
combinations of A and f. That is, (1.2) holds for any A € U(gc)® and any K-finite f €
C>*(G/K) such that all K-types in U(€c)f are single-petaled (Definition 2.1). Also, (1.3)
holds for any f € C®(G/K)*®) and any A € U(gc) such that all K-types in ad(U(gc))A
are single-petaled. If G/K is of Hermitian type, these results yield further generalizations
to the case of homogeneous line bundles on G/ K, which we shall study in §7.

In [Op2] Opdam studies the following system of differential-difference equations for ¢ €
C>(A) (the Cherednik system):

(1.4) T(A)p=ANyp VA€ S(ac)".

In view of (1.2) vo(¢,) is a W-invariant solution of (1.4). But by the above result and the
generalized Chevalley restriction theorem (see §2), other solutions of (1.4) can also be the
restricted parts of some functions in

A (GIKN) == {f € C¥(G/K): r(A)f = 1(A)N)S for A € Ulge) ).

Now, let p the —1-eigenspace of 6 in g. For the Cartan motion group K x p and the
rational Dunkl operators introduced by [Dun] we have similar results. Since

pxK—G; (X,k)—expX -k

is a diffeomorphism onto, we have a K-module isomorphism

(15) CX(GIK) 2 C=(p); f— flexp-).
Using it with a W-module isomorphism
(1.6) C=(A) 2 C=(a); ¢ p(exp),

we identify vy with the natural restriction map C*>(p) — C*(a). Via the Killing form
B(-,-) of g, S(pc) is identified with the algebra Z(p) of polynomial functions on p, and
S(ac) with #(a). Thus ~yp induces a map S(pc) — S(ac), which is also denoted by . For
X € plet 9(X) denote the X-directional derivative operator acting on C'*(p) and extend
0 :p — Endc C*(p) to a unique algebra homomorphism of S(pc) into Ende C*(p). In [Je]
de Jeu gives a simple proof for the fact that a Dunkl operator Z : S(ac) — Endc C*(a)
with a special parameter (Definition 3.1) satisfies the radial part formula

(1.7) 70(5(A)f) = @<'70(A))70(f)

for A € S(pc)X and f € C=(p)X. In §3 we shall show that (1.7) holds for more general
combinations of A and f (Theorems 3.4, 3.5). Because de Jeu’s method is applicable to
our case without any change and it is so simple, we shall discuss this case in §3 before the
Riemannian symmetric case stated above.

2. THE CHEVALLEY RESTRICTION THEOREM

In this section we review a generalization of the Chevalley restriction theorem given in
[O]. Let ¥ denote the restricted root system for (g,a), and X* the positive system of X
corresponding to n. For each o € ¥ let g, denote the root space for o and fix E, € g, so
that —B(F,,0F,) = m. Here for p € ai we define H, to be a unique element in
ac such that pu(H) = B(H,, H) for H € a. Let M be the centralizer of A in K. Putting

Zo =v—1(E, +0E,) € tc, let us introduce some classes of K-types.



Definition 2.1. (i) In this note by the terminology “K-type” we mean a finite-dimensional
irreducible representation of K over C or its equivalence class. The set of K-types is denoted
by K.

(i) (0,V) € K is called M-spherical if the M-fixed part VM of V is not {0}. The set of
M-spherical K-types is denoted by K M-

(iii) For (0, V) € Ky put

‘/smgle = {U € VM7 U(Za)(U(Za)2 - 4)'U =0 for any o« € E}
Then (0,V) € Ky is called quasi single-petaled if V!, # {0}. The set of quasi-single-

petaled K-types is denoted by qup

(iv) (o,V) € K 5% is called single-petaled if st\ggle VM The set of single-petaled K-types
is denoted by K.

(v) The set of scalar K-types (namely, one-dimensional representations of K) is denoted

by K. For x € K, and (o,V) € K, a K-type (x ® 0, V) is defined by letting V,, =V and
(x®o)(k) =x(k)o(k) € Endc V for k € K. When a v € V is considered as an element of
V4, it is denoted by v ® v,.

Remark 2.2. (i) I/(\'Sp C qup C I?M cK> [?1.

(ii) The kernel of the adjoint representation Ad : G — Endg g is the center Z(G) of G and
Ad(G) equals the adjoint group of g. Suppose (0,V) € Ky Since M D Z(G), it is casy
to see Z(G) acts on V trivially. Hence (o, V') is essentially a representation of Adg(K) and
unitarizable. R

(iii) If € is semisimple, then K; = {triv}.

For y € [A(l put
(2.1) C*(G/K;x) = {f € C®(G); r(k)f =x""(k)f forany ke K}.

It is considered as the space of C*-sections of a line bundle on the Riemannian symmetric
space G/K, on which G acts by £(-). Let us state our generalization of the Chevalley
restriction theorem.

Theorem 2.3. Suppose y € K; and (o,V) € K.
(i) The map

I'Y7 : Homg (Vy, C°(G/K;x)) — Homy (VM C®(A));

O (p: VM oV =V, B O®(G/K; ) S, 0o 4))
is well-defined. Here we naturally consider VM and C*(A) as W -modules.
(i) Ty is injective.

(iii) Define
Varoe = VM0 {o(m)o(Z,)(0(Za)* —4)V; a € S,m € M}.

Then VM = V. & Vit s a direct sum decomposition into two W-submodules. A

W -submodule U C VM satisfies the condition
ImI'§7 D {¢ € Homy (VY,C*(A)); Kerp D U}



if and only if U D V¥ . In particular In Ty contains any ¢ € Homy (VM C(A)) such
that Kero D VY.
(iv) Ty? is surjective if and only if (o,V) € Ksp.

Proof. 1f x = triv all statements in this case are proved in [O]. From them the general case
easily follows. O

Remark 2.4. Suppose x = triv. In view of (1.5) and (1.6), T'J := Ty is naturally identified
with the following map:

[ : Homy (V. C*(p)) — Homy (V, C*(a));
O (p: VM =V 2, C>(p) = C>(a)).
In fact, [O] originally proved Theorem 2.3 for y = triv in this form.

(2.2)

The following lemma will be used later:

Lemma 2.5. Suppose (o,V) € [?qsp and let p° : V. — VM be the orthogonal projection with
respect to a K-invariant Hermitian inner product of V. Suppose a € 3 and X, € gq.

(i) 0(Xo 4+ 0Xa)*v = [a]?B(Xa,0Xo)(1 = so)v for v € Vil where |a| = \/B(Hq, Ha)
and s, € W is the reflection with respect to a.

(ii) p7 (0(Xa + 0Xo)?v) € VR, forve VI .

3. DUNKL OPERATORS

Put R :=2%, RT :=2%% R, := R\ 2R, and R{ := Ry N R". Then R and R, are root
systems on which W naturally acts. In [Dun| Dunkl introduces the following operators:

Definition 3.1 (Dunkl operators). Suppose k : W\R; — C is a multiplicity function,
namely, a C-valued function on R; which is constant on each W-orbit. For ¢ € a define
(&) € Endec C*(a) by

a(§
A& =) + Y k™1
aERf
where 0(€) is the -directional derivative operator. Moreover, define the multiplicity func-
tion mg : W\R; — C by
1
(3.1) my(a) = 3 (dim go/2 + dimgq,).
If k = m, then we use the brief symbol Z for Zy,,.

Remark 3.2. There is no significant meaning in using R instead of X. We do it only for the
compatibility with the case of Cherednik operators.

Let S(ac) x C[W] be the algebra such that it is, as a linear space, the tensor product
S(ac) ® C[W] of S(ac) and the group algebra C[W] of W and such that the multiplication
is given by

(fi®@wi)(fo®@ws) = fi(wifo) ®wiwy  for f1, fo € S(ac) and wy, wy € W.

The following are well-known properties of Dunkl operators:



Proposition 3.3 ([Dun]). (i) For &,n € a, () Pk(n) = Di(n) Zx(§).

(ii) Foré € a and w € W, wZ () w™ = D (w€). Hence %y : a — Endc C™(a) uniquely
extends to the algebra homomorphism of S(ac) x C[W] into Endc C*(a).

(iii) Let {&1,...,&} be an orthonormal basis of the Euclidean space (a,B(-,-)) and put
La=>"_,& € S(ac). Then

Di(La) = 0(La) + > k(a)(%@(Ha) L . sa)>.

a€Rf
Now let us state a generalization of (1.7) for f & C>(p)*.

Theorem 3.4 (radial part formula). Suppose (o,V) € Ku, A € S(pc)X, and ® €
Homy (V, C*(p)).

(i) O(A) o @ € Homg(V,C®(p)), Z(10(A)) o I5(®) € Homy (VM,C>(a)), and it holds
that

(3.2) g (8(A) o CID) [v] = .@(%(A)) oI'§(®)[v] forwve yM

single*

ii) If Ker g (®) D VL, then Ker g (9(A) o @) D VM, .. Hence for such ® we have

(
(33) [ (9(A) 0 @) = 7 (36(A)) 0 T5(®).
(iii) If (o, V) € IA(Sp then (3.3) always holds.

On the other hand, as a generalization of (1.7) for A ¢ S(pc)® we have

Theorem 3.5 (radial part formula). Suppose (0,V) € Ky, ® € Homg(V,S(pe)), and
[ € C>®(p)X. Then T§(®) € Homy (VM,S(ac)) is naturally defined by the identifications
S(pc) =~ Z(p) C C=(p) and S(ac) ~ L(a) C C*™(a).

(i) Let O(®) f denote the map V 3 v +— O(@v])f € C=(p). Then d(®)f € Homg(V,C>®(p)).
Let 2(T§(®))y0(f) denote the map VM 5 v — 2 (7(®[v]))70(f) € C*(a). Then
2(T5(®))v(f) € Homy (VM,C*(a)) and it holds that

(3.4) L5 (0(2)f)[v] = 2(T5 (@)% (f)v].  for v € Vige-

(ii) If Ker g (®) D VM, ., then Ker I (0(®)f) D VM, .. Hence for such ® we have
(3:5) L5 (0(@)f) = 2(I5(2))70(f)-

(iii) If (o,V) € [A(Sp then (3.5) always holds.

From now on we shall prove Theorem 3.4 by following the method of de Jeu [Je], which
uses only three simple lemmas.

Lemma 3.6. Let {X;,...,X,} be an orthonormal basis of the Euclidean space (p, B(-,-))
and put Ly = Y"1 | X? € S(pc). Then Theorem 3.4 for A = Ly is true.

Proof. Suppose (0,V) € Ky and ® € Homg (V,C*(p)). First two assertions in Theorem

3.4 (i) are trivial. Although (3.2) for A = L is equivalent to [O, Lemma 3.10], we recall

the outline of its proof. For each av € X% choose an orthonormal basis {X&l), e ,X&dim g“)}



of the Euclidean space (g, —B(-,0-)). Let v € VM and H € a. Then a direct calculation
(cf. the proof of [O, Lemma 3.10]) leads to

O(Lp)®[v](H) = 0(La) P[] (H) + Y

aGRT

dimga @ [p" (0 (ij) + QXS))zvﬂ (H)
* a;ﬁ 2 2a(H)?
If v € Vi, then Lemma 2.5 (i) reduces the right-hand side of (3.6) to
LB + 3 (o) (o)) — o T o)),

a€R}

which equals Z(La)®[v|(H) by Proposition 3.3 (iii). Since 7o(Lp) = La, we get (3.2) for
To show Theorem 3.4 (ii) for A = Ly, suppose KerI'J(®) > VM, . Then by virtue of
Lemma 2.5 (ii) the right-hand side of (3.6) is 0 for v € VX, .. It means Ker ['§(9(Ly)o®) D
VM e, proving Theorem 3.4 (ii) for A = L.
Finally Theorem 3.4 (iii) is immediate from (ii). O

2m0(a)
a(H)

O(Ha)®lv](H)

(3.6)

Lemma 3.7 ([He, Je|). Suppose p € S(ac). Then p is also considered as a polynomial
function on a by the identification S(ac) ~ P (a). Let p € Endc C*(a) denote the multi-
plication operator by p. Then in the algebra Endc C*(a) the following identity holds:

exp <ad %)ﬁ = dgo % (ad %) P = Z(p)-

Here the second part is actually a finite sum.

Lemma 3.8. Suppose P € S(pc). Then P is_also considered as a polynomial function
on p by the identification S(pc) ~ P(p). Let P € Endc C(p) denote the multiplication
operator by P. Then in the algebra Endc C*(p) the following identity holds:

exp (ad @) P:= ; % (ad 8(§p)> P =0(P).

Here the second part is actually a finite sum.

Proof of Theorem 3.4. Suppose (o,V) € Ku, A € S(pc)¥, and ® € Homg (V,C%(p)). By
Lemma 3.8 we have for v € V

(3.7) o)) =3 % <ad (@) A) B[],

Now let v € V2, . Then restricting both sides of (3.7) to a we have

single*

w(dA)0W]) =Y % (ad ('@ <2La)) %(X)) 70 (®[0]) (. Lemma 3.6)




= 2(70(A))70(2[v]), (". Lemma 3.7)
which proves (3.2).

In general, if KerI'§(®) > VM, then KerI'§(d(Lp) o ®) D V¥, . by Lemma 3.6 and
Ker I'§ (ﬁ o ®) D V¥, . by an easy observation. Hence it follows from (3.7) Ker I'J(®) D
VM e implies Ker I (O(A)®) D V¥ .. We thus get Theorem 3.4 (ii).

Theorem 3.4 (iii) is only an easy corollary of (ii). O

Theorem 3.5 can be similarly proved.

4. GRADED HECKE ALGEBRAS

Let IT be the system of simple roots in R; corresponding to the positive system R; . For
the study of Cherednik operators we needs the notion of graded Hecke algebras.

Definition 4.1 ([Lu]). Let k : W\R; — C be a multiplicity function. Then there exists
uniquely (up to equivalence) an algebra Hy over C with the following properties:

(i) Hx ~ S(ac) ® C[W] as a C-linear space.

(ii) The maps S(ac) — Hg,¢ — ¢ ® 1 and C[W] — Hyg,w — 1 ® w are algebra

homomorphisms.

(iii) (p®@1)-(1®@w) =p@w for any ¢ € S(ac) and w € W.

(iv) (1®84) - (€R®1) =54(€) ® sq — k(a) a(é) for any o € IT and € € ac.
We call Hy the graded Hecke algebra associated to the data (ac, I1, k).

By (ii) we identify S(ac) and C[W] with subalgebras of Hy. Then (iv) is simply written
as

(4.1) Sa & =8a(&) - 54 — k(a) (&) Vo € 11 V€ € ac.
It is well-known that the center of Hy equals S(ac)" (cf. [Lu, Theorem 6.5]).

Definition 4.2. Suppose 7 = triv or sgn. Here triv and sgn are the trivial and the sign
representations of W. Define the left Hy-modules

SHk ac, T Hk/ Z Hk )
weW
Moreover for A € ag. put
o (H\) = Su(acs7) /> ( A))Sw, (ac; 7).
AeS a(c)W

If 7 = triv then Sg, (ac;7) and o/ (Hy; 7, \) are also written as Sy, (ac) and o7 (Hy; ).

Owing to Definition 4.1 (i), S(ac) < Hyx — Sm, (ac;7) gives a left S(ac)-module iso-
morphism. Hence we identify Sy, (ac; 7) with S(ac) as an S (a(c)—module. Thus we have

(4.2) o (H \) ~ o (Hgsgn, A) ~ S(ac) /> ( A)S(ac)
AeS(ac)W

as S(ac)-modules. On the other hand, S(ac), Su, (ac), and Sg, (ac;sgn) have their own
natural W-module structures and the above identification S(ac) ~ Su, (ac) ~ Su, (ac; sgn)
does not commute with them. Hence if ¢ € S(ac) and w € W then we sometimes write



the action of w on ¢ as wp, w o @, or w x ¢ according as we consider ¢ € S(ac), Su, (ac),
or Sm, (ac;sgn).

Let -°PP : Hy — H_j be the algebra anti-isomorphism defined by £ — —¢ (£ € ac)
and w — w™ (w € W). If V is any H_j-module, then its dual space V* is naturally an
Hy-module by hv* = v*(hPP-) for h € Hy and v* € V*. Then we can prove

Proposition 4.3. Suppose A € ai.. Then o/ (H_y; —\)* ~ &7 (Hy;sgn, \) as an Hy-module.
More precisely, the bilinear form
<'7'>/\ : Ska(a(C) X SHk(a(C;Sgn> - C;
> wew (sgnw) o(—wA) P(wA)
(o) — =S 5
HaERT /\(Oé )

(4.3)

is well-defined and satisfies
(4.4) (s he)a = (ROPP-, )

for h € Hy. Moreover it induces a non-degenerate bilinear form on o (H_x;—\) X
o (Hy;sgn, A).

5. THE HARISH-CHANDRA HOMOMORPHISM

Before generalizing the radial part formulas (1.2), (1.3), we review two generalizations of
the Harish-Chandra homomorphism ~.

Theorem 5.1. [Shil, Theorem 2.4] Suppose x € K. Define the map X : U(gc) — S(ag)
by
Ulge) = (ReU(ae) + 3 Ulge)(Z + x(2))) & Ulac)
Zeke

projection p-shift
RS A

U(a(c) = S(a(c) E— (Cl(;).
Then vX induces the following exact sequence of algebra homomorphisms:

0= Ulge)* N>~ Ulge)(Z +x(2)) = Ulge)® = S(ac)” — 0.

Zeke
Define the multiplicity function m; : W\ R; — C by
L di if 2
(51) ml(a) _ % nga/Q . 1 « ¢ R7
5 dimg,e +dimg, if 2a € R.

Let H=H,,, and H =H_,,,.
Theorem 5.2 ([O]). For (0,V) € Ky define the map
7 : Homg (V,U(gc)) — Home (VY Sur(ac));
Ui (¢ : VM >V 5 U(ge) S S(ac) = Sw(ac)).

Then we have the following:
(i) ' is injective.
(ii) For any ¥ € Homg(V,U(gc)),v € VM, and w e W,

ingle’

(5.2) ['7(0)[wv] = w o I (V)[v].



~

Furthermore, ImT° C Homy, (VM Sg/(ac)) if and only if (0,V) € K.
(iii) A W-submodule U C VM satisfies the condition

ImI? > {¢ € Homy (VY, Sw(ac)); Kery D U}

if and only if U D VM, . In particular ImT° contains any v € Homy (VM Sy (ac)) such
that Ker¢p D VM, .

(iv) If (o,V) € IA(Sp then we have ImT'? = Homy (VM Sg/(ac)) and the following exact
sequence:

0 — Homg (V, U(ge)te) — Homg (V, U(ge)) = Homy (VM Sgr(ag)) — 0.

6. CHEREDNIK OPERATORS

Recall R = 2%, RT = 2X7%, and 1T C R is the set of simple roots of R. By (1.6)
we identify C*°(a) with C°(A), so that Endc C*(A) 3 9(§) (€ € ac). For p € ac let
et € C*(A) denote the function a — exp u(loga).

Definition 6.1 (Cherednik operators [Ch]). Suppose k : W\R — C is a multiplicity
function and put px = 3 > cr+ k(a)a. For £ € a define F(£) € Endec C*(A) by

F(&) =0+ > k(o)

a€Rt

If k equals the multiplicity function m : W\ R — C defined by

I ..
(6.1) m(a) = 5 dim g, 2,
then we use the brief symbol .7 for .

Proposition 6.2. (i) For &, n € a, (&) %) = () % (§).
(i) Let ki : W\Ry; — C be the multiplicity function defined by

) k(o) if 2a0 ¢ R,
ki) = {k(a) +2k(2a) if 2a € R.

Then so (&) = Jxk (5a€)sa—ki()a(§) for€ € a and o € 11. Hence i : a — Ende C*°(A)
uniquely extends to the algebra homomorphism of Hy, into Endc C*(A).
(iii) Let Ly € S(ac) be as in Proposition 3.3 (iii). Then

(62)  Filla) =0(La)+ Y k(o) (coth %6(Ha) L sa)> + B(H,  H,).

ozERir 2

Remark 6.3. Proposition 6.2 (i), (ii) are given in [Ch] (see also [Op2]). On the other hand,
(iii) is calculated in [Shal. If k = m then Hy, = H and H_y, = H".

Theorem 6.4 (radial part formula). Suppose (o,V) € Ky, A € Ulpe)X, and ® €
Homg (V,C*(G/K)).

(i) 7(A) o ® € Homg (V,C*(G/K)), T (v(A)) oTg(®) € Homy (VM,C*(A)), and it holds
that

(6.3) L5(r(A) o ®@)[v] = 7 (v(A)) o L(®)[v]  forv e Vir

ingle*



(i) If Ker g (®) D VM, ., then KerTf (r(A) o ®) D VM. Hence for such ® we have
(6.4) T3 (r(A) 0 ®) = 7 (1(A)) 0 I§(®).
(iii) If (o, V) € IA(Sp then (6.4) always holds.
Let Soly be the solution space of (1.4). Then
' (H'; —=)\) x Soly 3 (h, @) — T (hP)p(e) € C

defines a non-degenerate bilinear form with the obvious invariance property. Hence by
Proposition 4.3 we get a natural H-module isomorphism Soly ~ o (H;sgn, ).

Corollary 6.5. Suppose A € ac and (o,V) € ]?Sp. Then I'§ induces the isomorphism
I : Homg (V, o/ (G/K; )\)) = Homy (VM Soly) ~ Homy (VM o7 (H;sgn, \)).

Theorem 6.6 (radial part formula). Suppose (0,V) € Ky, ¥ € Homg(V,U(ge)), and
f e C®(G/K)! ),

(i) Let £(W) f be the map V 3 v — L(V[v])f € C°(G/K). Then{(V)f € Homg(V,C*(G/K)).
Let T (D7 (U)PP)o(f) denote the map VM 3 v — T (y(¥[v])°PP)v0(f) € C>(A). Then it
holds that

(6.5) 03 (€00) ) o] = 7 (07 (@)Y o (F)le]. for v € VY

single*

(i) If KerI7(¥) D VM, then Ker g (€(®) f) D VL. Hence for such ¥ we have
(6.6) LE(e(w)f) = 7 (T7(%)°)%0(f)-
(iii) If (o, V) € [A(sp then (6.6) always holds.

7. HERMITIAN CASES

Assume G/K is an irreducible Hermitian symmetric space. Thus g is simple and ¢
has a non-trivial center 3. Choose Zy € 3 so that adp(Zp)* = —1 and put py = {X €
pc; [Zo, X] = £+/—1}. Let {4, ..., a,} be the orthogonal basis of a* such that

ar| = = |y,
yto ot = {ai/2,0, (£ ap)/2;1<i<r1<j<k<r},
Sto{ai (o ta)/2;1<i<r1<j<k<r}

2
|a12B(Z, Zo)

Lemma 7.1. For any a € ¥\ {£a;} and X, € 9o, Xo + 60X, € [£,€]. On the other hand,
dimg,, =1 (i=1,...,r) and we can uniquely choose E; € g,, and 'Y € m so that

Following the convention in [Sch, Shil, Shi2|, put Z = Zy. Let m = Lie M.

r

1
and Zy= > (Ei+0E;)+Y.

2
e 2 i=1

Furthermore, for any i and w € Nk (a) (the normalizer of a in K) there ezists some j such



Theorem 7.2. Let (o,V) € I/(\'qsp. Then for at least either € = 4 or € = —, it holds that

(7.1) (o(BE; +0E;) — ev/—1(1 — sai))VS{\ﬁgle =0 fori=1,...,r.
We say a quasi-single-petaled K-type (o, V) is holomorphic if it satisfies (7.1) for e = +
and anti-holomorphic if it satisfies (7.1) for ¢ = —. The set of holomorphic (resp., anti-

holomorphic) quasi-single-petaled K-types is denoted by K+ (resp., K= ). For example,

gsp gsp
(Ad,py) € K, (Ad,p_) € K, and (triv,C) € K, N K,

asp asp’

For s € C there exists a unique x, € K; such that Xs(Z) = +v/—1s and any K-type in K,
is obtained in this way. By a calculation in the proof of [Shi2, Lemma 2.4], we have

Lemma 7.3. Fori=1,...,r,
Xs(E; + 0F;) = v/—1s.

Let Ly € U(gc) be the Casimir element of g. Put a,e, = {H € a; o(H) # 0 for a € X}.
Suppose s € C and € = £. The next lemma is the key to our radial part formulas.

® € Homg (V,,,C*(G/K;xs)), andv € VM, . Then

single *

Lemma 7.4. Suppose (,V) € K¢

qasp’
the following equality holds on exp yeg:

(7’2) Y0 (E(Lg)q)[v ® st]) = (a(La) + Xs(Lm)

af?
2sinh? o

+ Z dim g, (cotha@(Ha) —

aeXt

(1=s4))

- s|a|?

=1

where Ly € U(mg) is the Casimir element of m with respect to B(,-).

Put R = £25% and define the multiplicity function m,; : W\}N% — C by
- 1 - ~ 1
m,(q;) = 5 dim gq, /2 — €s, m.(ta; £ a;) = 5 dim g(+a;+a,)/2, m,(2c;) = 3 +€s

fori,j,k=1,...,r with j # k. Put ﬁes = Hs..), Define the following algebra homomor-
phism :

Fy :Hey 3 h— Z'ljl<cosh %)65 °© ., (h) o ﬁ(cosh %) e Endc C*(A).

1=

Here 4., is a Cherednik operator for the root system R.

Theorem 7.5 (radial part formula). Suppose (o, V') € [A(ésp, ® € Homg (Vy,, C°(G/K; xs)),
and A € U(ge)X. Use the symbols T7,~* instead of Ty*7, vX=.

(i) 7(A)o® € Homg (V,,, C*(G/K; xs)), %(VS(A)) o'y?(®) € Homy, (VM,C>®(A)), and
it holds that

(7.3) Lg% (r(A) o @)[v] = T (v (A)) o Tg7(®)[v]  forv e V!

ingle*



(i) If (0,V) € K¢, N Ky, then we have

(7.4)

Theorem 7.6 (radial part formula). Suppose (o,V) € K¢

asp

T57 (1(A) 0 @) = T, (1°(A)) 0 T57 ().
U € Homg (V,U(gc)). Sup-

asp’

pose [ € C°(G/K; xs) satisfies ((k)f = xs(k)f fork € K.
(1) Let ¢(¥)f be the map Vy, 2 v ® vy, — L(V])f € C®(G/K;xs). Then ((¥)f €
Homg (V,,,C®(G/K; xs)). Let z(T*S’U(\If)Opp)'yo(f) denote the map

VM 50 G, (7 (U0])PP) y0(f) € C2(A).

Then it holds that

(7.5)

057 (E(0) f)[o] = Tes (D727 (0)PP) 30 (f)[0]. for v € Ve

(i) If (0,V) € K, N Ky, then we have

(7.6)

[Ch]
[Dun]
[He]
[HO]
[Je]
L]
O]
[Op1]
[Op2]
[Sch]

[Sha]

[Shil]

[Shi2]

asp

Lo7 (L(0) f) = Tes (D727 (0)PP) 3o (f).
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