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Factor representations and their characters for the wreath products of
compact groups with the infinite symmetric group

By Takeshi HIRAI (Kyoto)
(jointly with Akihito HORA and Etsuko HIRAI)

ABSTRACT. Let T be a compact group, and denote by G = G (T) the wreath product of T
with the infinite symmetric group S... (1) We study first characters of facter representations of finite
type of G and give a general character formula. (2) Then, for each character f, we give a realization
of a factor representation 7 corresponding to it with a trace-element v such that f(g) = (w(g)v,v).
(3) Further we study limits of irreducible characters of G,, = 6,,(T") as n — oo, and show that all the
characters are obtained as such limits.

The following text contains the part (1) and summaris of the parts (2) and (3).

1 Characters of factor representations of finite type

We begin with two theorems in the general theory of representations of topological groups,
which give us important backgrounds for our study.

Let G be a Hausdorff topological group, K(G) the set of continuous positive definite class
functions on G, and K (G) the set of f € K(G) normalized as f(e) = 1 at the identity element
e € G, and E(G) = Extr(K(G)) the set of extremal points in the convex set K1(G).

On the other hand, let m be a continuous unitary representation (= UR) of G, and 4 =
7(G)” the von Neumann algebra generated by {m(g);g € G}. Then 7 is called factorial if $
is a factor. If the factor is of finite type (type I,,,n < oo, or II1), there exists a unique faithful
finite normal trace ¢ on the set 4T of non-negative elements in 4, normalized as t(I) = 1 at
the identity operator I. The unique extention of ¢ to a linear form on i is denoted by ¢, and
the function

flg) =o(n(g)) (9€G) (1)

is called a character of w. It naturally belongs to K7 (G), and determines the quasi-equivalence
class [r] of 7.

Theorem 1.1 ([HH3, Theorem 1.6.1]). For a (Hausdorff) topological group G, let URfH(G)
be the set of all quasi-equivalence classes of continuous unitary representations of G, factorial
of finite type. Then there exists a canonical bijective correspondence between URH(G) and
E(G) through (1) above. The converse map is given by f — [nf|, where m¢ denotes the
Gelfand-Raikov representation associated to f [GR].

In [Dix, 17.3], the above canonical bijection is asserted under the condition that G is locally
compact and unimodular. In the work [Voic| on factorial representations of U(c0), this point

is not mentioned.

Let G be a topological group and N its normal subgroup with the relative topology. Denote
by K1(N,G) the set of all f € K;(N) which are G-invariant, that is, f(g€g™!) = f(&) (€ €
N,g € G), and by E(N, G) the set of extremal points Extr(K;(N,G)). The following result
is necessary to deduce Theorem 6.1 from Theorem 5.1, where E(N,G) = E(N) in particular.
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Theorem 1.2 ([HH6, Theorem 14.1)). Let N be a normal subgroup of G. For any F €
E(G), its restriction f = F|ny onto N belongs to E(N,QG).

2 Wreath products of compact groups with the infinite sym-

metric group

For a set I, we denote by & the group of all finite permutations on A. A permutation o
on [ is called finite if its support supp(o) := {i € I'; o(i) # i } is finite. We call the infinite
symmetric group the permutation group G on the set of natural numbers IN. The index
N is frequently replaced by co. The symmetric group &,, is naturally imbedded in &, as
the permutation group of the set I,, :={1,2,...,n} C N.

Let T be a compact group. We consider a wreath product group &;(7") of T with a
permutation group &y as follows:

&(T) = Di(T) x &1, DI(T)=]lic;Ti, T =T (i€, (2)

where the symbol [’ means the restricted direct product, and o € & acts on D7 (T) as
Di(T) 5 d = (t;)ier — o(d) = (t;)icr € Di(T), t;=ty-1(; (i €1). (3)

Identifying groups D;(T) and &; with their images in the semidirect product &;(7T), we
have cdo~! = o(d). The groups D; (T) and &, (T) are denoted by D, (T) and &,(T)
respectively, then G := S (T") is an inductive limit of Gy, := &,(T) = Dy (T) X &,,. Since T
is compact, G, is also compact, and the inductive system (Gy,),>1 is an example of countable
LCG inductive systems in [TSH]. We introduce in G its inductive limit topology 7inq. Then
G with 7,4 becomes a topological groups (cf. 2.7 in [TSH]). By definition, a subset B C G
is T;pq-open if and only if BN G, is open in G, for any n > 1. A general theory of unitary
representations of the inductive limit group G of a countable LCG inductive system is carried
out in [TSH, §5] using continuous positive definite functions on the group, and we know that
G with 7,4 has sufficiently many URs.

Lemma 2.1. (i) The topology Ting on G = Gxo(T) = Doo(T) X G is discrete if T is
finite, and is not locally compact if T is continuous.

(ii) In the topology Tina on G = &uo(T), the subgroup Doo(T) is open. Denote by T2, the
inductive limit topology on Do (T) of the topologies on D, (T'), then Ting on G is the product
of Ti%d and the discrete topology Tﬁsc on G-

Put II7(T) = [[;c; T be the direct product of T; = T over i € I, and let 7,4 denote the
product topology on IT; (7).

When T is a non-trivial finite group, the topology Tpoq on IIn(T") is not discrete but totally
disconnected, whereas the topology ngd on Do (T) is discrete. Thus 7, in G = Goo(T) is
discrete, and this case is worked out in [HH2]-[HH3].

When T is infinite, 7;,4 is not discrete, and a subset {(d,1) ; d € Do(T)} = Doo(T) is an
open neighbourhood of the identity element e of G, where 1 denotes the trivial permutation
on N.
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A natural subgroup of G = 6 (7T) is given as a wreath product of 7" with the alternating
group oo as G' := U (T) = Doo(T) X Uso. Furthermore, in the case where T is abelian, we
put

Pr(d) =Tliests for d=(t)ier € Di(T), ()
and, for a subgroup S of T, we define a subgroup of &;(7T') as
&7(T) = D{(T) x & with D (T):= {d = (ti)icr ; Pr(d) € 5}. (5)

The subgroup G° := &7(T) is normal in G and [G : G°] = [T': S]. If S is trivial or S = {er}
(and T is finite), we denote G° = &7 (T') simply by G¢ = &%(T’). This kind of groups S (T)
and GEO(T) with 7" abelian contain, as their special cases, the infinite Weyl groups of classical
types, Wa_. = Goo of type Aso, Wh. = Goo(Z2) of type Bao/Coo, and Wp_ = 67 (Z5)
of type Do, and moreover the inductive limits & (Z,) = lim, . G(r,1,n) of complex
reflexion groups G(r,1,n) = 6,(Z,) (cf. [AK], [Kaw], [Sho]).

3 Structure of wreath product groups 6. (7) = D (T) ¥ &

Fix a compact group 7', and take the wreath product group G, (T') of T' with the symmetric
group G-

Goo(T) = Doo(T) ¥ Sogy Doo(T) :=[l;enLi, Ty=T (i€ N). (6)

An element g = (d,0) € G = Go(T) is called basic in the following two cases:

CASE 1: o is cyclic and supp(d) C supp(o);
CASE 2: ¢ =1 and for d = (t;)ien, tq # er only for one ¢ € N.

The element (d,1) in Case 2 is denoted by &,, and put supp(&,) := supp(d) = { ¢ }.

For a cyclic permutation o = (i1 42 --- i) of £ integers, we define its length as £(o) = ¢,
and for the identity permutation 1, put (1) = 1 for convenience. In this connection, &, is
also denoted by (¢4, (q)) with a trivial cyclic permutation (¢) of length 1. In Cases 1 and
2, put (g) = (o) for g = (d,0), and £(§,;) = 1. It is very helpful for us to illustrate these
basic elements by permutation matrices with entries from 7" or more correctly from the group
algebra of T'. For g = (d,0) with d = (t1,t2,...,t),c =(1 2 3 --- {), and & = (t4,(q)),

their expressions in matrix form are respectively

o 0 -~ 0 0 ep -+ 0 0 0
ta 0 -~ 0 0 O
0O ¢t - 0 0 0 0 - er O
’ 0 -~ 0 t, 0 -- g-th.
0 trq O 0 er
0 0 0 ¢t O
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An arbitrary element g = (d, o) € G, is expressed as a product of basic elements as

9=E8qu8q €. 9192 Im (7)

with g; = (d;, ;) in Case 1, in such a way that the supports of these components, ¢i,qa, ...,
¢r, and supp(g;) = supp(o;) (1 < j < m), are mutually disjoint. This expression of ¢ is
unique up to the orders of &, ’s and g;’s, and is called standard decomposition of g. Note
that, for G4.-components, ¢ = o109 - - - oy, gives the cycle decomposition of o.

To write down conjugacy class of g = (d, o), there appear products of components t; of
d = (t;), where the orders of taking products are crucial when T is not abelian. So we
should fix notations well. We denotes by [t] the conjugacy class of t € T, and by T/~ the

set of all conjugacy classes of T, and t ~ t’ denotes that ¢,#' € T are mutually conjugate

in T. For a basic component g; = (dj,0;) of g, let o; = (ij1 42 ... ij¢) and put
Kj = Supp(Uj) = {Z‘j71, ijg, ey Z'j7gj } with Ej = E(O'j). For dj = (ti)ieKj7 we put
Py (dy) = [ty,ty, 1 -~ toty] € T/~ with ), =t;,, (1<k<{)). (8)

Note that the product P, (d;) is well-defined, because, for t1,s,...,t; € T', we have t1ta - - - g ~
titiat - -tety - --tp—1 for any k, that is, the conjugacy class does not depend on any cyclic
permutation of (t1,ta,...,ts).

Lemma 3.1. (i) Let 0 € S be a cycle, and put K = supp(o). Then, an element
g = (d,o) € 6g(T)(=: Gk (put)) is conjugate in it to ¢ = (d',0) € Gg with d =
(t})ier, t; = er (i # o), [t;,] = Po(d) for some ip € K.

(ii) Identify T € Soo with its image in G = Soo(T"). Then we have, for g = (d,o),
Tg77 !l = (7(d), ror™1) = (d',0’') (put), and P,(d') = P,(d).

Applying this lemma to each basic components g; = (d;j,0;) of g € G in (7), we get

Theorem 3.2. Let T be a compact group. Take an element g € G = S(T) and let
its standard decomposition into basic elements be g = £5,&g €4, 9192 - gm i (7), with
&g = (tan, (i) ), and gj = (dj,05), oj cyclic, supp(d;) C supp(cj). Then the conjugacy class
of g is determined by

tg] €T/~ A1<k<r) and (P5;(dj),{(o5)) (1<j<m), (9)
where P, (dj) € T/~ and {(0;) > 2.
Note that we put £(§,,) = 1, £(g;) = £(0;) > 2.

Lemma 3.3. A finite-dimensional continuous irreducible unitary representation (= IUR)

7 of 6o (T') is a one-dimensional character, and is given in the form m = m¢ . with
mce(9) = C(P(d)) (sgns)” (o)  for g = (d,0) € Goo(T) = Doo(T) % o,

where € is a one-dimensional character of T, P(d) is a product of components t; of d = (t;),
and sgng (o) denotes the usual sign of o and € = 0,1. (Since ((P(d)) = [[,en((t:), the

order of taking product for P(d) has no meaning even if T' is not abelian.)

In the case where T is abelian and S a closed subgroup of T', we have a closed subgroup
G® = G5 (T) of G = G (T). Then a similar assertion as Lemma 3.3 hold for G* too.
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4 Factorizable positive definite class functions

Let T be a compact group, and f a continuous positive definite class function on G =
Goo(T) or f € K(G). An f € K(G) is called factorizable if it has the following properties

which are mutually equivelent:

(FTP) For any g = (d7 U) € G; let g = 5(115(12 o 'éqrgng c 'gmyé-q = (tqv (Q))v g;j = (dja Uj)a
be its standard decomposition. Then,

flg) = H1§k§r f(€q) X H1§j§m f(g;)- (10)
(FTP') For any two elements g,g" with disjoint supports in G, f(99") = f(9)f(d").
Let F(G) be the sets of all factorizable f in Ki(G).

Theorem 4.1 ([HH6, Theorem 4.2]). Let G = & (T) with a compact group T. An
f € K1(G) is extremal if and only if it is factorizable, that is, E(G) = F(G).

5 Characters of 6, (7) with 7' any compact group

Let T be the dual of T consisting of all equivalence classes of IURs. We identify every
equivalence class with one of its representative. Thus ( € T is an IUR and denote by x¢ its
character: x¢(t) = tr(¢(t)) (¢t € T), then dim({ = x¢(er). Put G = 6(T'). For a g € G,
let its standard decomposition into basic components be g = £;,¢, - £4, 9192 - - gm, as in
(7), where &, = (tg,,(qx)),tq, # er, with £(§;,) = 1for 1 < k < r, and o; is a cycle of
length ¢(0;) > 2 and supp(d;) C K; = supp(o;). For dj = (ti)ick; € Di;(T) — Doo(T),
put Py, (d;) as in (8).

For one-dimensional characters of &, we introduce simple notation as
Xe(0) :=sgng(0)® (0 € 6; e=0,1). (11)
As a parameter for characters of G = G, (T'), we prepare a set
ace (CeT,e€{0,1}) and = (pc)eer (12)
of decreasing sequences of non-negative real numbers
ace = (QCei)ieN s Qcel = 0ce2 > Qcez > o0 >0

and a set of non-negative pu¢ >0 (¢ € T ), which altogether satisfy the condition

oD lacel + llull = 1, (13)
Ce’f‘ ee{0,1}
with — lagell = Xien aceir  lull = Xeeq i -

Note that, under the condition (14), there exists a countable subset fg C T such that
a¢e =0 and pe =0 for ¢ € Tp.
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Theorem 5.1 ([HH6, Theorem 5.1]). Let G = Soo(T) be a wreath product group of a
compact group T with G. For a parameter A := (O‘C»S)((,a)e’fx{o,l} ; ,u) in (12)—(13), the
following formula gives an element in E(G) = F(G): for a g € G, let (7) be its standard
decomposition, then put

fa = T D2 D2 Z;ﬁr’fg dmClC X (tq,)

1<k<r \¢eT \e€{0,1} ieN

o 95)
IR Z(défé) xe(3) | xe(Poy(dp) ¢, (1)

1<j<m | ¢ceT \e€{0,1} ieN

where x:(0;) = sgng(o;)° = (—1)sHo)=D),
Conversely any element in E(G) or any character of G is given in the form of fa.

The case of the infinite symmetric group G, itself is considered as an extreme case of the
wreath product groups S (7') with a trivial group 7' = {er }. For &, we have only the
so-called Thoma parameters a = (ap)pen, S = (Bp)pen in [Tho] satisfying the inequality
condition |laf| + [|5]] < 1

Then, for the parameter A = (O‘Cvﬁ)(c,a)efx{o,l} : u) of the character f4, we put

g1y =0, a1, =0, (15)

with the trivial representation 17 of T, and introduce a fake parameter y = (p1,) for the
trivial representation 17 of T' = {er} by putting p1, := 1 — (|lao1, || + [l@1,1,]]). Then the
equality condition (13) is established.

6 Characters of the subgroup &3 (T) C 6,(T), S C T abelian

compact

Let T be abelian and S its subgroup. Then, the natural subgroup G° = &% (T) =
D5 (T) x G4 is defined by (4)-(5). We can deduce a general character formula for this
normal subgroup N = G*° from the one for G = S, (T, especially when S is open in T

Take a g € N and let its standard decomposition in G O N be g = £;,&4, - &4, 9192 - Im
with &, = (tq,, (qx)) and g; = (dj,0;),d; = (t;)ick;, K; = supp(c;). Note that each compo-
nent &, does not necessarily belong to N, and that the component g; = (d;, ;) belongs to
N if and only if P(d;) = HieKj t; € S. However, we know that E(N,G) = E(G) in this case,
and discussing relations between N and G, and using Theorem 1.2, we obtain the following
result for N = G° from the result for G.

Theorem 6.1 ([HH6, Theorem 7.1]). Let T be abelian and S a subgroup of T, and let
N = G¥ = &3(T) be the subgroup of G = Soo(T) given by (4)—(5).

(i) For any character f € E(QG) of a factor representaion of finite type of G, the restriction
f% = f|ln on N is again such a character of N or f5 € E(N).
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(ii) For fa € E(G) with a parameter A = ((O‘Cf)(( e {01} u) in (12)—(13), its re-
striction f3 = fa|n is in E(N), and is given as follows: for a g € N, let its standard

decomposition in G be as above, then

fg(g) = H Z Z ZO‘C,E,i + e C(tqk)

1<k<r \¢eT \e€{0,1} ieN

< I 3321 D2 S (aced)™ xe(oy) | <(dy) ¢ (16)

1<j<m | ¢ceT \e€{0,1} €N

where xe(0;) = sgng(0;)° = (=1)*17) and ¢(d;) = ((P(dy)).
(iii) Assume S is open in T. Then any character of N = G° is given in the form of f;ﬁ,
that is, E(N) = {f%; Ain (12)-(13)}.

Similar results are obtained for other subgroups as G/ = o (T) and G'° = &' N G5
To describe the correspondence of parameters, we introduce a translation R((y) on A
by an element (o € T as follows: R((p)A := ((alc,a)((,s)e’fx{o,l}; R(CO),LL> with o . =

04«0*175 (((,5) €T x {07 1})7 R(CO),U« = (ﬂé)gefw N/g = Ncgofl-
Proposition 6.2. Assume that two parameters of characters of G

A= (o) caernon i 1) and A= (@G coereon 5 )

satisfy the normalization condition (13) respectively. Then, they determine the same function
on N=G%, or f3 = fg,, if and only if A" = R((s)A for some (s € T which is trivial on S.
In this case, as elements in E(G) for the bigger group G, we have

far(g) = mes0(9) - falg) (9 € G).

7 Method of Proof of Theorem 5.1 in [HH6]

Let G = G4 (T). The first part of our proof is to prepare seemingly sufficiently big family
E'(G) of factorizable continuous positive definite class functions f4 on G. The second part
is to prove that E'(G) is actually equal to F(G) = E(G).

7.1. The first part of the proof. The first part has two important ingredients. The
one is a method of taking limits of centralizations of positive definite functions. The other is

inducing up positive definite functions from subgroups.

7.1.1. For a continuous positive definite function F' on a topological group G and a
compact subgroup G’ C G, we define a centralization of F with respect to G’ as

P = [ Fed ) dues) (17)
qg'eqG’
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where i denotes the normalized Haar measure on . Then F& is automatically invariant
under G’.

Assume that we have an increasing sequence of compact subgroups Gy " G. Then we
can examine if the series of continuous positive definite functions FEN converges pointwise
to a continuous function Foy = limy_.eo FEN. If it does, then Fa is necessarily a positive
definite class function.

Choosing starting functions F' as simple as possible, we check what we get as the limit
functions Fi,, which depend heavily on the choices of the series G  G. This is a kind of
“trial and error’ method. In the case of G = & (T'), this method woprks very well.

However, in the case of G = GL(o0, F'), where F is a finite field, it doesn’t, and we obtain
non until now except the delta function d. on G supported by the identity element e € G.

7.1.2. We choose appropriate subgroups H and their URs 7 and use their diagonal matrix
elements f, as positive definite functions on H to be induced up to G' as F = Ind$ f, (see
Lemma 7.1 below). Then we centralize F' along with some increasing sequences Gy /' G as
F&~ and check their limits Foo = impy_oo FON.

We have constructed in [Hirl]-[Hir2] a huge family of IURs of a wreath product group
G = 6 (T) with any finite group 7', by taking the so-called wreath product type subgroups
H in a ‘saturated fashion’, and their IURs 7 of a certain form to get IURs of G as induced
representations p = Ind%m. For our present purpose of getting a big set E'(G)(C F(G))
of fa’s on G, actually it is sufficient to choose simpler subgroups H of degenerate wreath
product type and their IURs 7. Then the induced representations p = Indgw are very far
from to be irreducible, but sufficient for our purpose to obtain positive definite class functions
on G.

In a general setting, we have the following fact.

Lemma 7.1. Let G be a group and H its subgroup. Take a positive definite function
f on H, and extend it trivially onto G by putting zero outside of H, which is denoted by
F= Ind%f . Then F' is positive definite on G.

As an example of positive definite functions f on H, we can take a matrix element of a
UR 7 of H on a Hilbert space V() as

fx(h) = (m(h)v,v) (h€ H) with veV(nm),|v|=1.

In the case where H is open in G, or in particular G is discrete, the trivial inducing up
F = Ind% f, is a matrix element for the induced representation p = IndGm. Let G’ be a
compact subgroup of G and take a centralization FC of F. Since F is zero outside of H,
the value of centralization F&’ (g9) is # 0 only for elements g which are conjugate under G’
to some h € H, and moreover, for h € H,

' -1
PO = [ g ) dnr ), (18)
where we put f(g'hg 71) =0if ¢'hg’ -1 ¢ H, by definition, whence the integrand # 0 only

if ¢hg'"' € H.
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A pointwise limit F, of FEN as N — oo for an increasing sequence Gy / G of compact
subgroups of G is certainly positive definite and invariant, and may be continuous or may be
not with respect to Ting. The condition ¢’hg’~* € H for ¢ € Gy, is translated into certain
combinatorial conditions, and to get the limit F,, of FEN, we have to calculate asymtotic
behavior of several ratios of combinatorial numbers. In the discrete case or the case of a finite

group 7', the above integral turns out to be a sum which is calculated by some combinatorics
[HH3].

7.2. The second part of the proof. The second part is to guarantee that actually all
characters have been already obtained in the first part. For that, we prove first the equality
F(GQ) = E(G), and then E'(G) = F(Q), or the completeness of E'(G).

7.2.1. To prove E(G) = F(G), in the case of finite groups 7', the point is that K<;(G) is
weakly compact. Then, we can use the theorem of Choquet-Bishop-K. de Leeuw (cf. [BK])
of integral representation theorem for a compact convex set.

In the case where T' is continuous, the assertion that K<;(G) is compact in a certain
natural topology has not yet been established, and so we take, for a fixed f € K<i(G), a
smaller part K<i(G; f) of K<i(G) consisting of f’ majorized by f. It is proved that the
convex set K<1(G; f) is compact and then we can appeal to the above mentiond theorem.

7.2.2. To prove E'(G) = F(G), we proceed as follows. Take an f € F(G). We can take
a kind of partial Fourier transform of f on G = Dyo(T) X G4 with respect to subgroups
D, (T) C Doo(T'), and get a series of positive definite class functions F¢ ., (f) on &,,n > 1,
for any ¢ € f,a = 0,1. For a fixed (¢, e), we appeal to Korollar 1 to Satz 2 in [Tho]| for the
series of positive definite class functions F¢ ., (f) on &,,n > 1.

8 Realizations of factor representations of finite type with
emphasis on their characters for wreath products of com-

pact groups with the infinite symmetric group [HHH1]

(Rewrite of Introduction of [HHH1])

Let A be a datum which determines a character f4 of the wreath product group G (7)
of compact group 7" with the infinite symmetric group Go. We mean by a character an
extremal continuous positive definite class function on the group. The aim of this paper is
to construct a nice realization of a factor representation of finite type of & (1) for any A
which yields f4 as its matrix element.

The character formula for S, was established by Thoma in [Tho]. Later in [VK2], Vershik-
Kerov characterized the Thoma parameters as asymptotic frequencies of growing Young
diagrams and showed that the characters of &, are expressed as pointwise limits of the
normalized irreducible characters of &,,, the symmetric group of degree n. In [Hir4] the
Thoma characters are captured anew by using a different kind of approximation procedure.
This method has an advantage that it is applicable to general wreath product groups including
the infinite Weyl groups of other types. In a series of works [HH1]-[HH6], we obtained a
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complete and unified character formula for the wreath product S (1) of any compact group
T with the infinite symmetric group Sqc.

On the other hand, Vershik-Kerov constructed in [VK1] a factor representation of finite
type of G4 which realizes the Thoma character as its matrix element. It is useful to give
such a nice realization of the factor representation. Among its applications, let us mention
here two cases. In [BG], Bozejko-Guta obtained a class of generalized Brownian motions
associated with the Thoma characters. A positive definite function on Py(00), the set of the
pair partitions, is needed to introduce a Gaussian state of the algebra generated by the field
operators on a certain Fock space. They used the realization in [VK1] to extend the Thoma
character on G to P2(00). Another example is due to Biane in [Bia] concerning asymptotic
concentration which is observed in irreducible decomposition of some representations of &,
as n — oo. For example, in irreducible decomposition of the regular representation of &,,, we
see that a typical irreducible component occupies a dominant size (the so-called limit shape
of Young diagrams) under appropriate scaling limit. Biane showed in [Bia] that such a con-
centration phenomenon is observed in a sequence of the Vershik-Kerov factor representations
and that the typical irreducible component is characterized by using free probability theory.
See also [Hor| for a survey on this concentration phenomenon and free probability.

Motivated by the above facts, we are led to construct those realizations analogous as that
in [VK1] for the explicitly given characters of G (7).

Apart from expected similar applications to the case of &, we note that our realization
gives an alternative simpler proof of the positive-definiteness for f4 in [HH6], which is given
at first by a formula in the right hand side of (14) as a class function on the group. We
should prove to be positive definite and extremal, and then to cover all characters of factor
representations of finite type of the group.

9 Limits of irreducible characters of wreath products &,(7)
of compact group 7' with the symmetric groups, I, — from

the point of view of group representation theory — [HHH2]

Let T be a compact subgroup and G = G (T) and G,, = &,(T) be as before. Then
Gy /" G. In this paper we give the following results.

(I-1) For any IUR p,, of Gy, we give a realization of it as an induced representation of an
IUR m, of a certain subgroup H,, or p, = Ind%ﬁﬂn.

(I-2) Using this realization, we calculate explicitly the trace character
Xpn (gn) = tr(pn(gn)) (gn € G).

(I-3) For an “increasing” series of IURs p, of G, (n — o0), we find a necessary and
sufficient codition for that there exists the limit of normalized characters

o 1= Xpu/ dim .

(I-4) We calculate explicitly the limit lim, .o X,,, and obtain the following.
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Theorem A. For any character f4 € E(G) of G = lim,,_,oc Gy, there exists an increasing
sequence of IURs p, of Gy, such that fa =lim,_oc Xp,-
Conversely any limit limy, . Xp, , if it ezists, is equal to some of fa.

10 Limits of irreducible characters of wreath products &, (7))
of compact group 7" with the symmetric groups, II,
— remark on a generalized Young gragh — [HHH?2]

Under this provisional subtitle, we give at least the following results.

(II-1) In (I-1), the datum (m,, H,) is determined by a set of Young diagrams
Aeem  for (¢e) e T x{0,1},

where the total sum of the sizes of A¢ .., over ((,¢) € T x {0,1} is equal to n. Then, using
the so-called ergodic method as in [VK2], where the inverse martingale convergence theorem
plays a dicisive role, we obtain the following.

Theorem B. For any character f of G, there exists an increasing sequence of (A¢ cin)n>1
for each ((,e) € T x {0,1}, such that X,, converges to f on G uniformly on every compact

subsets. Here p, = Indg’;ﬁn, and (mp, Hy) is determinde by the datum (ACVE?")(C )T (0,1}

(I1-2) We know Theorem 4.1 which asserts that a continuous positive definite class function
in K1(G) is a character (or extremal) if and only if it is factorizable: E(G) = F(G). Then
we can calculate the limit lim, . X,, more easily than in (I-4), applying the above ergodic
method. Thus we get the explicit form of any character f € E(G) in a different way.

Thus, in this second part IT of [HHH2], we can give alternative proofs of the resuts in the
part I of [HHH2| which are explained in the preceding section.
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Errata for the proceedings of

Symposium on Representation Theory 2005

e “Factor representations and their characters for the wreath products of compact groups with the infinite

symmetric group” ... OO O O Takeshi Hirail :

Page 122, line 5:

permutations on A. ... —— ... permutations on I.



