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Abstract. We show that a homogeneous Siegel domain is symmetric if and only
if its Cayley transform image is convex. Moreover, this convexity forces the pa-
rameter of the Cayley transform to be a specific one, so that the Cayley transform
coincides with the inverse of the Cayley transform introduced by Korányi and
Wolf.

1. Introduction

A homogeneous Siegel domain is a higher dimensional analogue of the right (or
upper) half plane in C. It is mapped to a bounded domain by the Cayley trans-
forms introduced by [17]. Among homogeneous Siegel domains, we have a significant
subclass consisting of symmetric ones. In [9], we gave a symmetry characterization
for tube domains by convexity of the Cayley transform images, and in [6], for qua-
sisymmetric Siegel domains. In this talk we finalize these works and establishes the
same type of symmetry characterization theorem for general homogeneous Siegel
domains.

There are some other conditions which characterize symmetric Siegel domains:
a certain norm equality related to the Cayley transform image [15], the commu-
tativity of the Berezin transform and the Laplace-Beltrami operator [16], and the
harmonicity of the Poisson-Hua kernel [18]. In the latter two papers, the geometric
backgrounds of the symmetry characterizations are clarified through norm equali-
ties involving the Cayley transforms. In [3], we can find several characterizations of
symmetric Siegel domains concerning the isotropy representation and the action of
the automorphism group of the domain. Differential geometric characterizations by
means of the Bergman metric are given in [4] and [2], and an algebraic one in terms
of the defining data of Siegel domains in [23, Theorem V.3.5].

Let us present the convexity of Cayley transform image of a symmetric Siegel
domain. In the case of one complex variable, the Cayley transform

w 7→ w − 1

w + 1
(w ∈ C)

maps the right half plane to the open unit disc, which is a convex set. We have a
similar situation for symmetric Siegel domains. Since a symmetric Siegel domain
is a Hermitian symmetric space of non-compact type, it has a canonical bounded
realization, namely, the Harish-Chandra realization. In [11], Korányi and Wolf de-
fined in a Lie-theoretic way (the inverse of) the Cayley transform which maps a
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symmetric Siegel domain to its Harish-Chandra realization. It is known that the
Harish-Chandra realization coincides with the open unit ball for the spectral norm
defined for the Jordan triple system canonically associated with the domain (we refer
the reader to [12, §10], [11] and [6] for details). Thus the Cayley transform image of
a symmetric Siegel domain is a convex set. We shall show that this convexity char-
acterizes symmetric Siegel domains among homogeneous ones. Before proceeding,
we would like to mention that it is shown in [13] that the Harish-Chandra realization
of a symmetric Siegel domain is characterized essentially among bounded realiza-
tions by its convexity. In other words, the Cayley transform is essentially the only
bounded convex realizaion of a symmetric Siegel domain.

In this talk we deal with the family of Cayley transforms defined by Nomura
[17]. We parametrize this family by relative invariants on the homogeneous convex
cone associated with the Siegel domain. If the domain is quasisymmetric and the
parameter is a specific one, the corresponding Cayley transform is the same as
Dorfmeister’s one given in [5] which we used in [6], and in particular if the domain is
symmetric, our Cayley transform with the specific parameter coincides with Korányi-
Wolf’s one. Moreover, our family includes Penney’s Cayley transform defined in [19]
which is associated with Vinberg’s ∗-map of the underlying cone of the domain, and
Nomura’s one associated with the Bergman kernel (resp. the Szegö kernel) of the
domain appearing in [14], [15] and [16] (resp. [18]).

2. Homogeneous Siegel domains

Let V be a finite-dimensional vector space over R. Let Ω ⊂ V be a homogeneous
convex cone, that is, an open convex cone containing no entire straight line such
that the group

G(Ω) := {g ∈ GL(V ) | g(Ω) = Ω}
acts transitively on Ω. We put W := VC, the complexification of V and denote
by w 7→ w∗ the complex conjugation of W relative to the real form V . Let U be
another complex vector space. We suppose that a sesquilinear map Q : U ×U → W
is Hermitian and Ω-positive:

Q(u, u′) = Q(u′, u)∗ (u, u′ ∈ U),

Q(u, u) ∈ Ω \ {0} for all u ∈ U \ {0}.
The Siegel domain corresponding to these data is defined by

D := {(u,w) ∈ U × W | Re w − 1
2
Q(u, u) ∈ Ω}.

In this talk we suppose that D is irreducible and homogeneous.

3. Relative invariants on the cone

We know that there exists a split solvable subgroup H of G(Ω) acting simply
transitively on Ω. A function ∆ : Ω → R is called a relative invariant if there exists a
one-dimensional representation χ of H such that ∆(hx) = χ(h)∆(x) (h ∈ H, x ∈ Ω).
We fix a base point E ∈ Ω. We say that a relative invariant ∆ on Ω is admissible
(only in this talk) if the bilinear form

⟨x|y⟩∆ := DxDy log ∆(E) (x, y ∈ V )
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defines a positive definite inner product on V , where for a C∞-function f on Ω,
v ∈ V and x ∈ Ω, we define Dvf(x) := d

dt
f(x + tv)

∣∣
t=0

.
Since D is holomorphically equivalent to a bounded domain, the Bergman space

has the reproducing kernel called Bergman kernel, which we denote by κ. It is known
that there exists a relative invariant ∆B on Ω such that it is analytically continued
to a function on Ω + iV and we have for some c > 0,

κ(z1, z2) = c ∆B(w1 + w∗
2 − Q(u1, u2)) (zj = (uj, wj) ∈ D, j = 1, 2).

We see that ∆B is admissible.
Let ∆ be an admissible relative invariant on Ω. We extend the inner product

⟨·|·⟩∆ on V to a comlex bilinear form on W . Then the bilinear form

(u|u′)∆ := ⟨Q(u, u′)|E⟩∆ (u, u′ ∈ U)

defines a positive definite Hermitian inner product on U . For every w ∈ W , we
define a linear operator φ(w) on U by

(φ(w)u|u′)∆ = ⟨Q(u, u′)|w⟩∆ (u, u′ ∈ U).

The assignment w 7→ φ(w) is also complex linear and φ(E) = I. We denote by Ω∆

the dual cone of Ω realized in V by means of the inner product ⟨·|·⟩∆:

Ω∆ := {x ∈ V | ∀y ∈ Ω \ {0}, ⟨x|y⟩∆ > 0}.

4. Cayley transforms of quasisymmetric Siegel domains

Before proceeding to homogeneous domains, let us see what the Cayley trans-
forms look like in the case of quasisymmetric Siegel domains. Let D be the homoge-
neous Siegel domain defined in §2. If Ω is self-dual with respect to the inner product
⟨·|·⟩∆B

, that is, Ω = Ω∆B , then the Siegel domain is said to be quasisymmetric.
It is known that symmetric Siegel domains are quasisymmetric. We introduce a
commutative and non-associative product ◦ on V by

⟨x ◦ y|z⟩∆B
= −1

2
DxDyDz log ∆B(E) (x, y, z ∈ V ).

We see that E is the unit element. It holds that D is quasisymmetric if and only
if V with the product ◦ is a Jordan algebra. This means that in addition to the
commutativity, we have

x ◦ (x2 ◦ y) = x2 ◦ (x ◦ y) (x, y ∈ V ).

Let D be a quasisymmetric Siegel domain. Then V with the above product ◦
is a (Euclidean) Jordan algebra and W is a semisimple complex Jordan algebra in
a natural way. Moreover we have

Proposition 4.1 ([5, Theorem 2.1 (6)]). The linear map φ : w 7→ φ(w) is a ∗-
representation of the Jordan algebra W :

φ(w∗) = φ(w)∗ (w ∈ W ),

φ(w1 ◦ w2) = 1
2
(φ(w1)φ(w2) + φ(w2)φ(w1)) (w1, w2 ∈ W ),

where, if A is a complex linear operator on U , then A∗ stands for the adjoint operator
of A with respect to (·|·)∆B

.

－ 117 －



The Cayley transform of D is given by

C(u,w) :=
(
2φ

(
(w + E)−1

)
u, (w − E) ◦ (w + E)−1

)
((u,w) ∈ U × W ).

It is proved by Dorfmeister that C(D) is bounded. Moreover, if D is symmetric,
then C is the inverse of the Cayley transform introduced by Korányi and Wolf.

Remark 4.2. For an invertible v ∈ V , the Jordan algebra inverse of v is charac-
terized by

⟨v−1|x⟩∆B
= −Dx log ∆B(v) (x ∈ V ).

Also we note that (w − E) ◦ (w + E)−1 = E − 2(w + E)−1.

Our theorem for quasisymmetric Siegel domains is as follows:

Theorem 4.3 ([6, Theorem 2.6]). Let D be an irreducible quasisymmetric Siegel
domain. Then C(D) is convex if and only if D is symmetric.

5. Cayley transforms of homogeneous Siegel domains

Let D be the homogeneous Siegel domain defined in §2. We suppose that a
relative invariant ∆ on Ω is admissible. For x ∈ Ω, we define the pseudoinverse
I∆(x) ∈ V of x by

⟨I∆(x)|y⟩∆ = −Dy log ∆(x) (y ∈ V ).

We call I∆ : Ω → V the pseudoinverse map. Let us present the key properties of
I∆:

(1) I∆ gives a bijection from Ω onto Ω∆.
(2) One has I∆(E) = E.
(3) I∆ is analytically continued to a birational map W → W which is holomor-

phic on Ω + iV .
(4) Let HC be the complexification of H. We see that I∆ is HC-equivariant:

I∆(hx) = ∆h−1I∆(x) (h ∈ HC), where ∆h is the transpose of h with respect
to ⟨·|·⟩∆. In particular, I∆(λx) = λ−1I∆(x) for λ > 0.

(5) If D is quasisymmetric and ∆ = ∆p
B for some p > 0, then I∆ coincides with

the Jordan algebra inverse map of W .

We define the Cayley transform of D by

C∆(u,w) :=
(
2φ(I∆(w + E))u,E − 2I∆(w + E)

)
((u,w) ∈ U × W ).

We know that C∆(D) is bounded. Our main theorem is stated as follows:

Theorem 5.1. Let D be an irreducible homogeneous Siegel domain. We suppose
that a relative invariant ∆ on Ω is admissible. Then C∆(D) is convex if and only if
D is symmetric and ∆ = ∆p

B for some p > 0.
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6. Appendix

We present here the Cayley transform of the symmetric Siegel domain iso-
morphic to the bounded symmetric domain of type Ip,q (1 ≤ p < q). We put
Z := Mat(p, q; C), the vector space of (p, q) complex matrices. The bounded sym-
metric domain of type Ip,q is given by

B := {z ∈ Z | Ip − zz∗ ≫ 0},

where Ip is the unit matrix of order p. We set

V := Herm(p; C), Ω := {X ∈ V | X ≫ 0}, U := Mat(p, q − p; C).

The cone Ω is a homogeneous convex cone. The complexification of V is W :=
Mat(p, p; C). We identify U ⊕ W with Z by U ⊕ W ∋ (u,w) 7→ (uw) ∈ Z. We
define a sesquilinear map Q : U×U → W by Q(u1, u2) := u1u

∗
2. Then it is Hermitian

and Ω-positive. The corresponding symmetric Siegel domain is

D = {(u, w) ∈ U ⊕ W | w + w∗ − uu∗ ≫ 0}.

The relative invariant ∆B is given by ∆B(w) = det(w)−(p+q)/2 (w ∈ Ω) and the
corresponding inner product is ⟨x|y⟩∆B

= 1
2
(p + q)trace(xy) (x, y ∈ V ). The vector

space W with the product A ◦ B := 1
2
(AB + BA) (A,B ∈ W ) is a complex Jordan

algebra. For an invertible w ∈ W , the Jordan algebra inverse w−1 coincides with
the inverse matrix of w. The ∗-representation φ of W is given by φ(w)u = wu (w ∈
W,u ∈ U). In this case the Cayley transform of D is

C(u,w) = (2(w + E)−1u, (w − E)(w + E)−1) ((u,w) ∈ U ⊕ W ),

where we note that the matrices w −E and (w + E)−1 are commutative. We define
a linear operator T on U ⊕ W by T (u,w) := (

√
2u,w) (u ∈ U,w ∈ W ). We can

check easily that

C(D) = T (B).

For z ∈ Z, we regard z as a linear operator from Cq to Cp and denote by ∥z∥ the
operator norm of z with respect to the standard norms of Cp and Cq. Then we have
B = {∥z∥ < 1} so that B is a convex set. Thus the Cayley transform image C(D)
is convex.
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