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1 Introduction

Let A = {@;...a,} € Z* be integral vectors and B8 € K™ To these data,
Gel’'fand, Zelevinskii, and Kapranov [9] associate a system of partial dif-
ferential equations (denote by M4(8)) called an A-hypergeometric system.
They determined the characteristic cycles [9], and proved the irreducibility of
the monodromy representation for nonresonant parameters [8] in the Cohen-
Macaulay case; Adolphson [1] proved that an A-hypergeometric system is
holonomic, and the holonomic rank of an A-hypergeometric system equals
the volume of the convex hull of @; . . . a,, € Z% in the semi-nonresonant case ;
Hotta [10] proved that an A-hypergeometric system is a regular homogeneous
holonomic system under the homogenuity condition (see [1]); Saito [14] and
Saito-Traves [15] classified the parameters according to the D-isomophism
classes of their corresponding A-hypergeometric systems in combinatorial
terms; and many authers studied other D-invariants of the A-hypergeometric
systems.

We easily see that the Fourier transform of an A-hypergeometric system
F(M4(B)) has support in the affine toric variety determined by A. In general,
an algebraic torus canonically acts on an affine toric variety. The orbits of the
action can be described in the faces of the convex (rational) polyhedral cone
Q>0A generated by A, and there exists a one-to-one correspondece between
the orbits and the faces (see [7]). Furthermore, it is known that the solution
sheaf of F(M4(B)) has an algebraic stratification composed of the orbits
(see [9],[10]). In this talk, we examine the structure of the algebraic local
cohomology modules of F(M4(8)) with respect to each orbit (or face) for
an arbitrary parameter 3 in the Cohen-Macaulay case. As a result, we see



that the local cohomology module with respect to a face o is isomorphic to
a direct sum of the external tensor products of the D-module generated by
the Dirac’s delta functions and the algebraic local cohomology modules of
F(Mans(B — A)) for some shifted parameters 8 — X. We see that, for each
face, the structure is completely controled by the equivalence class of the
lattice ZA generated by A determined by the face. As an application of this
result, we expect that we can analize the structure of the solution sheaf of
F(Ma(B)). Moreover, Hotta and Kashiwara [11] gave a relation between
the solution of a homogeneous coherent D-module and that of its Fourier
transform. We say that A satisfies the homogenuity condition if there exists
an integaral vector ¢ € Z? such that

CA:t(]-;]-:"' )1)' (1)

It is well-known that M,4(8) is a homogeneous regular holonomic D-module
under the homogenuity condition (see [10]). Hence we expect that we can
also give an approach to analyzing the structure of the solution sheaf of the
original system M4(3) and its monodromy representations in detail.

2 Preliminaries

2.1 A-hypergeometric system M4(3)
Let K be a field of characteristic zero, and let

D:K<(B,6> :K($1,...,$n,al,...,an>

be the n-th Weyl algebra over K. Let A = (a4...a,) = (a;;) be a d X n
integer matrix of rank d. We denote by I4(8) the toric ideal in K[8), that is

14(8) := (8% — 8° | Au = Av,u,v € N*) C K[8).

Let B = ¥(f1,...,Bs) € K* be a parameter (column) vector. We denote
by H(B) the left ideal of D generated by I4(8) U {3}, a;;;8; — f; |
i = 1,...,d}, and call the quotient module Ma(B) := D/H4(B) the A-
hypergeometric system with parameter 3. Adolphson [1] proved that M4(3)
is a holonomic D-module.

We consider the Fourier transform of M4(3) (denote by FM,4(3)), that
is

FMa(B) = D/FHx(B)
= D/D(IA((B),E;;I az-j@ja:j + ﬂz I T = 1,. .. ,d>,



where F is the automorphism of D defined by F(z;) = 9;, F(9;) = —z;, and
ILa(x) := F~114(8). It is well-known that a module M over the Weyl algebra
is holonomic if and only if M is holonomic, and homogeneous regular holo-
nomic if and only if 7 M is homogeneous regular holonomic. Here we say that
a coherent D-module is homogeneous, if for any m € M, K [E?Zl z;0;]m is
a finite dimensional K-vector space (see [10], [11]). Moreover, it is clear that

FM4(B) has support in the affine toric variety:
V({la(x)) == {x € k"] f(x)=0, for all f € I4(x)}.
Namely,
Supp(FMa(B)) C V(1a(x))- (2)

2.2 Affine semigroup algebra K[NA]

Let us recall affine semigroup algebras. We denote by A the set {as,...,a,}
as well, and by NA the affine semigroup generated by A. Let K[NA| be the
affine semigroup algebra of NA, that is

K[NA| = @ Kt* Cc K[t ..., t3]
AeNA

as K-vector spaces, where t* :=#J1... t;“’, and the multiplication of K[NA]
is defined by t* - t* := t**’. We recall that the toric ideal I(z) is nothing
but the kernel of a K-algebra epimorphism

¢4 : K[x] — K[NA] , da(z;) =1t

We regard K[NA] as a K|x]-module through the map ¢4, that is f - g :=
$a(f)g (f € K[z],g € K[NA)).

Next we recall a localization of K[NA]. We denote by Q>9A the cone
{31 cia; | ¢ € Qo0A}. Let S4 be the set of faces of Qx0A, ZA the group
generated by A, and KA the K-vector space generated by A. For a face
0 € S, we denote by Z(A N o) the Z-submodule of ZA generated by AN o,
and K(A N o) the K-subspace of KA generated by AN o. We agree that
Z(ANo) =K(ANo) =0 when ANo = . For each o € Sy, we consider
the multiplicatively closed sets S, defined by S, := {t* | A € N(A N o)}
and its preimage T, := ¢,'(S,). We denote by K[NA], (resp. K[x],) the
localization of K[NA] (resp. K[x]) with respect to S, (resp. T,). Let ¢a,
be the natural morphism induced by ¢4. Then we have

Klzl, /K|, Ia(x) % K[NAl, = K[NA+Z(AN0)]

= P Kkt (3)

AENA+Z(ANG)



2.3 Orbits of a canonical action of an algebraic torus
on an affine toric variety

To discuss algebraic local cohomology modules of FM,4(83), we recall the
orbits of the canonical action of the algebraic torus (K *)%, defined by

(K% x V(Ia(@)) D (£, 21, ., Tn) = (%1, . .., t%2,) € V(Ia(x)). (4)

The orbits of the action are the very sets that we consider. In this subsection,
we briefly recall a relation between the faces of Q>0A and the orbits (cf. [7],

[10]).
For o € 84, we denote by I, the subset {j | @; € g} of {1,...,n}, and
put

Xe={z € K" [2; #0 (j € L),z; =0 (j ¢ )} NV(a(x)).  (5)

It is well-known that {X,| o € S4} is the sets of the orbits. Namely X, is
invariant under the action of (K*)? for each ¢ € Sy, and

V(Is(x)) = H X, disjoint union.

gES,

Moreover, there exists an order preserving one to one correspondence among
Sa, {Is | 0 € Sa}, and {X,, | 0 € 84}, where X,, is the Zariski closure of X,
in V(I4(x)). Namely,

Sa © {I,|ceSs + {X,|o€S84},
o I, — Xy

2.4 Algebraic local cohomology and Cech complex

We consider the algebraic local cohomology modules with respect to each of
the orbits described in Subsection 2.3. In [[5], Chapter 6], the argument and
results of the local cohomology modules are limited to the minimum face
{0}, provided that Q>9A is a strongly convex cone. Thus we improve some
results of the local cohomology modules in [[5], Chapter 6] for any face. We
fix a face 0 € S4. Put

I = @ Kz, (p=0,...,d, :=dim QA — dim 0),
o<TES 4
dim 7—dim o=p

and define fP : L2 — L2*! by specifying its component .., : K[z]» — Klz],

0 if 7 A1 . .. .
to be { e(,P)nat if 7 < 7, where ¢ is an incidence function on S and



nat is the natural inclusion. It is clear that
.. 0 fO fl fdor—l do
L):0—L)—Ll—...— L —0 (6)

is a complex as in [[5], Section 6.2].
We generalize the statement [[5], Theorem 6.2.5].

Theorem 2.1 Let M be a K[x]-module with support in V(I4(x)). Then,
for all 0 € Sy and for all p, we have

Hfy (M) ~ H?(L} ®x) M). (7)

Furthermore, if M has a D-module structure, then the tensor product of the
D-modules L}, and M has the natural D-module structure, and (7) holds as
D-modules.

We call the complex L, ®kije) M the Cech complex of M associated to
o€ Sa.

Corollary 2.2 For all 0 € S4 and all k, we have

Hy (FM(B)) ~ H*(L} ®kje) FMa(B)) (8)

as D—modules.D

3 Main theorem

Assume A to be Cohen-Macaulay, that is, K[NA| is a Cohen-Macaulay al-
gebra, and fix a face 0 € S4. We compute the algebraic local cohomology
modules Hfy (FMa(B)). First we consider the following set:

P :=ZA\ |J (NA+Z(AnT).

T>0,facet

Then P, plays an important part for the structure of the local cohomology
in fact. Note that, for A € Py, 75 :=rankg (AN o) < rankg([ANo; 8 — A)),
where [ANo; B—A] means the enlarged coefficient matrix of ANo with 3—A.
The vanishing of the local cohomology completely depends on whether or not
7o is equal to rankg([A N o; B — A]). Second it is clear that, for any 7 > o,
NA + Z(ANT) contains Z(A N o). Hence we may define a relation ~ on P,
by

A~n XN = A-XNeZ(Ano).



It is clear that this relation ~ is an equivalence relation. We denote the
coset by E,, and fix a system of representatives {2} of E,. Let E, (B;{A}) =
{\ | rank(o; B—A) = r,}. To simplify the description, we denote K (z;, ;|5 €
I;) and K(z;,0;|j & Ir) by D(s) and D,y respectively. Similarly, we denote
Klz;lj € I,] and Klz;|j & I,] by K[z,] and K][x,<] respectively. Recall
that we can identify D (resp. K [z]) with the external product D gey Mg D(s)
(resp. K[@q<|Wg K[2,]). Under these identifications, we obtain the following
theorem.

Theorem 3.1 Assume that A is Cohen-Macaulay, and fiz a system of rep-
resentatives {\} of E,. Then we have

Hi,\(FM4(B))

@ Dge -
= D—(—)_ (F[XQ> (Ana)](-j Mans(B — A))e(da—k) 0 (9)
~ (g-c) <mac> >0

AEE(B:{A\})

We easily see that, if A ~ X, then we have
rankg (AN o; B — A) =rankg(ANa; B—X),
Pty yanen(F Mans (B = X)) = L, (anop}(F Mano (8 — X))

Hence, it is clear that the statement (9) is independent of the choice of rep-
resentative for A up to isomorphism. Thus we write I'| X o(ane)] (FMano(B—

A)), rank(o; B8 — A), and Ea(ﬁ), instead of T'px, anoy)) (FMans(B — N)),

rankg (A No; B — A), and E(,(ﬂ; {A}) respectively. We finally obtain the
main theorem.

Theorem 3.2 (Main theorem) Assume that A is Cohen-Macaulay. For
all k and all 0 € S, we have

Hix (FM4(B))

Dge
= @ W. (F[XQ>O(Ano)](fMAna(ﬁ A)))Q(da-—k) (]_())
A€EL(B)

In particular, E‘a(ﬁ) = & if and only if RI'1x,1(FM4(B8)) = 0.4

4 Examples

We provide some examples of Cohen-Macaulay type for computation of the
algebraic local cohomology modules.



Example 1 Let d =1 and A = (1). Then we easily see the following:
Qx0A={p€Q|p=0}, Sa={Qx,{0}}, La(z) =0, V(Ix(z)) = K.
Note that the orbits X, corresponding to o € S, are given by;

X{O}Z{O},XQEOZKX Z{$6K| :E;éO}

We examine EU(,B) corresponding to o € S4. First, for o = {0}, we
have

Py =Z\N, Egy =Z\N.

Note that rgg; is equal to 0. Hence we have

Fy(8) = {{"} PEEAN,

@ otherwise.
Second, for Q>p, we have
PQZO =Z, EQZO = {0}

Note that rq,, is equal to d. Hence we have Eng(ﬂ) = {0} for an
arbitrary parameter 3.

The following table summalizes the results of the calculation.

() [ {0 | G |

orbits X, {0} {z # 0}
Ey # @ | B €Z\N | arbitrary

Example 2 A = (1 1 1)

01 2
1
S(4) ) @ (o)
orbits X, {0} {z1 # 0,25 = 23 = 0}
E()#Q 2,81—ﬂ2,ﬂ2€Z\N ﬂgEZ\N
1
5(4) @0 5) Q04
orbits X(,) | {z1 = 23 = 0,23 # 0} | {25 — 2173 = 0, 312973 # 0}
Ey#@ 260 — P2 € Z\N arbitrary




Note that
|Bo,paoB) =1 <= fo=-1,-2,-,
IEngt(1:2)(ﬁ)| =1 <= 2ﬂ1 - ﬂ2 - _17_27' "t
|Ey(B)| =1 <= 26, — B2, = —1,-2, -~

Example 3 A = ((2) 1 (1)) not homogeneous.
2
S(4) o @ (5)
orbits X, {0} {z1 # 0,29 = z3 = 0}
E(.)%Q ,31,,32€Z\N ﬂzEZ\N>o
0
S(A) ng (1) Q_Z_OA
orbits Xy | {1 = ©3 = 0,23 # 0} | {23 — 3,2} = 0, 217223 # 0}
By + O B €Z\N arbitrary
Note that
|Bost20/(8)| =1 <= B2 =0,
|Egypte0(B)] =2 <= fo=-1,-2,---,
IEQ;ot(O,l)(ﬁ)l =1 < ,31 = —1, —2, cee,
IE{O}(ﬁ)l =2 &= 1617)82 - _17 —2a .
100 O
Example4 A=({0 1 0 1
001 —1

Put a; =*(1,0,0),a2 =%0,1,0),a3 = *(0,0,1), a4 = *(0,1,~1).



L s(4) | {0} | Q001 |
orbits X, {0} {z1 #0,22 = 23 = 24 = 0}
Eoy#9 | B,Beb1+ PP+ P €Z\N Ba, B2+ Pz € Z\N
| S(4) | Q02 | Qxp0a3 \
orbits Xy | {z2 #0,21 = 3 = 24 = 0} {z3 #0,71 = T2 = 74 = 0}
E()%Q ﬂ17ﬂ1+133€Z\N ﬁl;ﬁZeZ\N
i S(4) i Q004 l Qx0(a1, a3) '
orbits X(y | {4 # 0,21 = 22 = 23 =0} {z123 # 0,22 = z4 = 0}
Ey#o B+ Bs, P2+ B3 €Z\N B € Z\N 1
l S (A) | ng(az, aa) | @30(02, a4)
orbits X, {z2z3 # 0,21 = 4 = 0} {z2z4 # 0,21 = z3 = 0}
Ey#@ 61 € Z\N B+ 0P €Z\N '
I S (A) ng(al, a4) | ngA
orbits X, {z124 # 0,22 = 23 = 0} {z12223%4 # 0, T122 — 2324 = 0}
Ey+#92 Ba+Ps € Z\N arbitrary

Note that for any o € S(A), E(,) # @ implies |E,(8)| = 1.
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