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We consider here the following setting.

Let G be a real reductive linear Lie group which is contained in the complexification
Ge. We fix a maximal compact subgroup K of G and let 8 be the corresponding Cartan
:nvolution. We denote by go (resp. & )the Lie algebra of G (resp. K) and denote by g (resp. &)
its complexification. We denote also by the same letter 6 the complexified Cartan involution

on g. We denote by o he complex conjugation on g with respect to go.

Definition 1. Assume that a parabolic subalgebra q has a Levi decomposition q = [+ u
such that | is stable under 6 and o. Such a Levi decomposition is called an orderly Levi

decomposition.

A 6-stable or o-stable parabolic subalgebra has a unique orderly Levi decomposition. In
fact, if q is @ (resp. o)-stable, then [=¢qN o(q) (resp. [=4gN 8(q) ).

Let g be a parabolic subalgebra of g with an orderly Levi decomposition q = [+u. We fix
a 0 and o-stable Cartan subalgebra h of [and a Wey! group invariant non-degenerate bilinear
form (, ). Let L be the corresponding Levi subgroup in G to [

We denote by “R”’  the right adjoint functor of the forgetful functor of the category of
(g, K)-modules to the category of (q, LN K)-modules. Introducing trivial u-action, we regard
an (I, L N K)-module as a (g, LN K)-module. So, we also regard “'RQ’L « s a functor of the
category of (I, L N K)-modules to the category of (g, K)-modules. We denote by (“RQ’LHA)
the i-th right derived functor. (See [Knapp-Vogan] p671)

Let V be a finite dimensional semisimple [-module. We denote by 6(V) a one-dimensional

representation of [ defined by §(V)(X) = 3tr(X1v).



We consider two extreme cases. Let Z be a Harish-Chandra ({, L N K)-module with the
infinitesimal character A + 4(n).

(1) (Hyperbolic case) If q is stable under the complex conjugation of g with respect
to G, there is a parabolic subgroup ) = LU whose complexified Lie algebra is q and whose
nilradical is U. In this case, we have (“"ng’?nh)'(Z) =0 for all z > 0. In fact, (“Rﬁ:IL%K)O(Z)
is nothing but the unnormalized parabolic induction “Indg(Z).

We clarify the definition of the parabolic induction. “Indg(Z) (or we also write “Ind(Q 1
G;Z)) is the K-finite part of

{feC®(G)@H| fgtn) =n(t"")f(9) (9€G,teL,nel)}

Here, (7, H) is any Hilbert globalization of Z. If Z is unitarizable, so is “Ind(Q 1 G; Z® Cg(“))
(unitary indﬁction).

(2) (Elliptic case)  Assume q is 6-stable and put S = dim(u N ¢). In this case,
“Rg:ﬁjK)S(Z) is essentilally “a usuall cohomological induction”. We stress that usually the
chomological induction in the elliptic case is normalized by the 2§(u)-shift of the parameter
(cf. [Vogan(green)], [Knapp-Vogan] Chapter V).

We call Z weakly good (or A is in the weakly good range), if Re(\, @) > 0 holds for each
root o of b in u. We call Z integrally good (resp. weakly integrally good ), if (A, &) > 0 (resp.
(A, a) > 0) holds for each root a of § in u such that 2<i:‘; € Z.

Theorem 2. ([Vogan 1988] Theorem?2.6)
(1) If Z is weakly integrally good, then ("Rﬁfmh-)i =0 fori#S.
(2) 1If Z is irreducible and weakly integrally good, ("Rﬁfm k) (2) is irreducible or zero.
(3) If Z is irreducible and integrally good, ("Rﬁ:?nh)S(Z) is irreducible.
(4) , If Z is unitarizable and weakly good, (“ngfnk-)s(Z) is unitarizable.

Definition 3. A pair (p,q) is called a 08 pair of parabolic subalgebras, if it satisfies the
following conditions (S1-2)

(S1) q (resp. p) is a 6-stable (resp. o-stable) parabolic subalgebra of g.
(S2)  There ezists a 8 and o-stable Cartan subalgebra b of g such that h C pnq.

Hereafter, we fix a 08 pair (p,q). Let h be any 6 and o-stable Cartan subalgebra of g
contained in p N q. For o € A(g, b)), we denote by g, (resp. s,) the root space (resp. the



reflection) corresponding to a. Since f is 6-stable, 0 and o induce actions on A(g,h). We
easily see o = —oa for any o € A(g,h).

For a subspace U in g, we denote by A(U) the set of roots in A(g,h) whose root space is
contained in U. We put

m:h+ Z foy N= Z By n= Z f-a
a€A(n)

a€A(p)N(—A(p)) a€A(p)—A(m)

[=h+ Z oy U= Z fa, U= Z B-a-

a€A(@)N(-A(1)) a€A(q)—A(N) a€A(u)
We immediately see q = [+ u (resp. p = m + n) is an orderly Levi decomposition of q (resp.
p) and the nilradical satisfies o(u) = i (resp. 6(n) = 7). Moreover, u (resp. R) is the opposite
nilradical to u (resp. n).
We denote by L¢, Pc, and Mc the analytic subgroups of G¢ with respect to [, p, and m,
respectively. We put L = Lc NG, P=PcnNG, M = Mcn G.
We easily have:

Proposition 4. Under the above setting, we have the followings.
(S3) 1Np is a parabolic subalgebra of [ and LN P is a parabolic subgroup of L.
(S4) mngq is a parabolic subalgebra of m.
(S5) Inm is a8 and o-stable Levi subalgebra of the both INp and mN .

The followings is the main subject of my talk.

Conjecture 5. Let Z be a Harish-Chandra (INm,LOMN K)-module with an infinites-

imal character A € b*. assume (A — 6(unm) — d(n),e) > 0 for all & € A(u) such that
Z(A—S(ur(ﬂm);é(n),a) cz.

Then, we have
() “IndZ((“Ryom tosrnr) ™ (2)) (“REFg) ™ (“IndBa (Z @ Casurm)))

The above conjecture can be regard as a generalization of the transfer thorem ([Knapp-
Vogan 1995] Theorem 11.87, [Schmid 1988] p361) for standard modules.
For a Harish-Chandra (g, K)-module V, we denote by [V] the distribution character of

V. In [Matumoto 2002), we proved the following weaker version.



Theorem 6. Let Z be a Harish-Chandra (1N m,L N M N K)-module with an infinitesi-

mal character A € §*. Assume (A — S(unm) — é(n),a) > 0 for all & € A(u) such that
oS- S0)a) ¢ 7. Then, we have

() [IndG((RIMEE o) ™ ™ (2))] = (R L) ™™ (“IndEr (2 © Casunn)]
Another weaker version of the conjecture is: , )
- (oSS
Theorem 7. Let Z be a Harish-@l\a%ﬂ m, L N M N K)-module with an infinitesimal

character \ € b* which is fohomologically induced from a finite- dimensional repressentation.

J

Assume (A — §(unm) — §(n), @) > 0 for all o« € A(u) such that 2{= 8("?"‘))5(")"’) € Z. Then
Conjecture 5 holds for Z.

The main ingredients of the proof of Theorem 7 are:

(1) The resolution of finite dimensional irreducible representation by standard module.
([Johnson 1984))

(2) The dimension of the space of intertwing operators between “adjacent standard

representations” is at most one.
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