HBU YT LR, 2002

pp-30-38

On the coefficients of Okamoto polynomials *
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1 Okamoto polynomials

1.1 Introduction

The Okamoto polynomial @, = Q,(z) € Z[z] (n =0,1,2,...), is defined by

the recursion

Qni1Qno1 = (2* + 20— 1)Q) + Q1Qu — Q) (1)
with the initial condition Qg = @); = 1. The first few is

Q2 = $2 + 17
Qs = 26 + 5z + 522 + 5,
Q4 = 2% + 142'° + 6528 4 1402¢ + 1752* 4 35022 + 175,
§ = 230 4 55228 4 1295226 + 173252 + 1475252%% 4 8543152%° + 357087518
6 +11836825216 + 36295875214 + 118243125212 + 371896525210 + 83821237523
+11465203752° + 10116356252* + 101163562522 + 337211875,

Q¢ = %2 +912%° + - .- 4+ 86075017153125z% + 28691672384375.
7

The non-trivial fact that the right-hand side of the recursion can be divisible
by Q-1 in Q[z] is proved by Okamoto [9]. It is easy to see that these are
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monic polynomials with integral coefficients. Okamoto polynomials arises
from the 7-functions for rational solutions of Painlevé IV,

1 3 b
S YAY .3 4 2 9 2 _ _
y 2y(y) + oy eyt + (z a)y+y

with @ = —n and b = —2(n + $)?. For further information, e.g., the explicit
form of the rational solutions in terms of Okamoto polynomials, see [9].

1.2 The constant term

The constant term of the Okamoto polynomials are given by the following
formula.

Theorem 1

n—1 n—1
an(O) = H(Gk + 1)2(n—k)—1 « H(Gk _ 1)2(n—k)7
k=1 k=1 )
Qa0 = [Tk 17100 ot + s
k=1 k=1

Remark 2 This formula is also derived from the hook-type formula [10].

1.3 Higher coefficients

It is easy to see that Okamoto polynomials are even; we denote
Qu(z) =Y gi(n)”.
J=0

Theorem 3 For each j, the function

N > m — ¢;(2m)/q(2m) € Q
extends to a polynomial function in m. Also for

No>me ¢(2m+1)/g(2m+1) € Q.



Example 4

@1(2m)/qo(2m) = m

¢2(2m)/go(2m) = m(m —1)/2,

q3(2m)/q0(2m) m(m — 1)(5m + 2)/30,

q4(2m)/qo(2m) = m(m — 1)(m + 1)(35m — 18)/840,

g5(2m)/qo(2m) = m(m — 1)(m + 1)(35m? — 38m — 8)/4200,

a0(2m)/an(2m) = m(m — 1)(m + 1)(385m° — 687m? — 94rm + 120)/ 277200,
¢:(2m)/qo(2m) = m(m — 1)(m + 1)(m — 2)(1001m® — 167m? — 942m — 72) /5045040,
q1(2m +1)/qo(2m + 1) = m,

2:(2m + 1)/go(2m + 1) = m(m +1)/2,

q3(2m +1)/qo(2m + 1) = m(m + 1)(5m — 2)/30.

Remark 5 The polynomial giving ¢;(2m + 1)/qo(2m + 1) is obtained from
that of (—1)q;(2m)/qo(2m) by the substitution m — —m.

1.4 Interpolation
We denote the polynomial a;(t), b;(t) € Q[t] for j =0,1,... such that

a;(m) = ¢;(2m)/qo(2m),  bj(m) = ¢;(2m +1)/go(2m + 1).

Note that b;(t) = a;(—t) for an even j, and b;(t) = —a;(—t) for an odd j.
We define

[e o)

Alz,t) = a;(t)z™, 4m%ﬂ=§:@mﬁﬁ

=0

Note that B(y/—1z,—t) = A(z,t). Okamoto polynomials are obtained by
the substitution ¢ = m up to a constant multiple:

Q2m(z) = Q2m(0)A(z, m), Q2m+1(2) = Q2m+1(0) B(z, m).
We divide the recursion (1) by the constant
Q2m+1(0)Q2m-1(0) = (6m — 1)Q2m(0)2, or
Q2m+2(0)Q2m (0) = (6m + 1)Q2m+1(0)?, respectively.

Then we obtain

Theorem 6
(6t — 1)B(z,t)B(z,t — 1) = (22 4+ 4t — 1)A(a, t)? + A"(z,t) A(z, t) — A'(x,1)?,
(6t + 1)A(z,t + 1)A(z,t) = (22 + 4t + 1) B(z,t)* + B"(z,t)B(z,t) — B'(z,1)?,

2

r—
where ' = 5-,

as before.



The element A (also B) here is considered as an element in the ring Q[t][[2]]
of formal power series with coefficients in Q[t]. It, moreover, is contained in
a smaller subalgebra.

Let R be a commutativeringand R=Ip > DI; D--- bea decreasing
sequence of ideals of R such that the intersection NI} = {0} We define the
valuation v(a) of an element 0 # a € R by the largest £ such that a € I.
The norm of a is defined to be |a| = ¢7*(?). Then R is a normed ring. We
denote by R its completion. The ring

= {Z anu™ € R[[u]] | lim v(a,) = oo}

n—+o0

is of our interest. The image of the natural ring homomorphism
R{(u)) = Rl[u]] = (R/1¢)[[v]]

is contained in (R/I;)[u] C (R/Ix)[[u]]-

Example:

(i) Take R = Z and I, = (p*), then the completion R is Z,, the ring of
p-adic integers.

{Z anu™ € Z,[[u]] | lim v(a,) = oo}

n—00
n=0

is called the Tate algebra. This ring naturally arises in the function the-
ory of p-adic analytic functions. For example, the Weierstrass prepa-
ration theorem holds in this ring as in the ring of germs of (usual)
holomorphic functions [1].

(ii) Let F be a field, and take R = F[t] and I = (t¥), then the completion
R is the ring of formal power series F/[[t]].

(iii) In our case, we take R = Q[t] and the ideals are [ = (HJ_*k( -17)),
which is a shifted analogue of the case (ii). We see that our functions
A and B arising above are contained in R((z)). The equations in The-

orem 6 are considered as an interpolation (or an analytic continuation)
of the Toda equation (1).

Remark 7 We also have a different type of description of coefficients. We
denote by d,, the degree of Q,; that is, d, = n(n — 1). Then, for example,

G4n-2(n) = (n = 1)n(2n —1)/6,
4i,-a(n) = (n — 2)(n — Dn(n + 1)(4n? — 4n — 9)/72,
i, —6(n) = (n — 2)(n — 1)n(n 4 1)(2n — 1)(4n* — 8n® — 41n* 4 45n + 180)/1296.



2 Another family of Okamoto polynomials

There is another family of Okamoto polynomials, denoted by R, = Rn(z) €
Z[z], with the recursion

RoyiRn_1 = (2> +2n)R: + R'R, — R.” (2)
with the initial condition Ry = 1, R; = z. The first few is

R2 :II,‘4+21'2—1,

Rs = 2% + 82" + 14x° — 35z,

R, = 2% + 202 4 14022 + 420210 + 35028 — 9802® — 4900z* — 4900x2 + 1225,

Rs = 2% + 402% + 650z + 5600z + 2747527 + 72240z 4+ 34300x13
—509600x!! — 262762522 — 700700027 — 7357350x° + 6131125,

Re =z 4+ 70234 +--- + 184117683750x% — 30686280625.

It is easy to see that R,,, is even and that Ry, is odd for a non-negative in-
teger m. The constant terms (resp. the lowest order terms) of these Okamoto
polynomials are given by

Theorem 8

R2n(0) = (-1)" ﬁ{(Gk +1)(6k — 1)}*"79,
Ryn41(0) =0,
Rpi1(0) = (=1)" JJ{ (6K + 1)(6k — 1)}?"~ 0+,
k=1
We denote
Ran(z) = Z ri(2m)z¥, Romt1(z) = Z ri(2m + 1)z¥ 1,

Then the same statement as Theorem 3 holds. First several examples are

ri(2m)/ro(2m) = —2m,
ro(2m)/ro(2m) = —
r3(2m)/ro(2m) = —2(m — l)m(m +1)/15,

r4(2m)/ro(2m) = (m — 1)m?*(m + 1)/42,

rs(2m)/ro(2m) = (m — )m(m +1)(7m? + 2)/525,

re(2m)/ro(2m) = (m — 1)m?*(m + 1)(101m? — 74)/34650,
r7(2m)/ro(2m) = (m — 1)m(m + 1)(649m? — 1501m?* — 90)/1576575,



ri(2m+1) =0,

ro(2m 4 1)/ro(2m + 1) = —m(m + 1)/5,

rs(2m + 1)/ro(2m + 1) = —4m(m + 1)(2m + 1)/105,

ra(2m + 1)/ro(2m + 1) = —m(m + 1)(m?* + m — 1)/170,

rs(2m + 1) /ro(2m + 1) = ( — )ym(m + 1)(m + 2)(2m + 1)/5775,

re(2m + 1)/ro(2m + 1) = (m — 1)m(m + 1)(m + 2)(m* + m + 15)/90090,

r(2m +1)/ro(2m + 1) = 2(m — )m(m + 1)(m + 2)(2m + 1)(19m?* + 19m + 15)/2627625.

Question 9 The fact that ro(2m) has a product-type formula as in Theo-
rem 8 is explained by the hook-type formula, Yamada [10], see also Mizukawa-
Yamada [6]. There is no hook-type formula applicable for ri(n) with j > 1,
as well as ro(2m + 1), but still the above expression suggests us to have some
product-type formula.

3 Proof

3.1 Schur functions

Okamoto polynomials are expressible by a special kind of the Schur functions.
We recall standard notations briefly. Let A be the partition of N = [A|. We
denote by x» the irreducible character of the symmetric group Sy of N
letters, and the value at the cycle type 1™12™2--- by x,(1™12™2 - ). A
definition of the Schur function is

sy = Z ya(lmigme )2

my,M2," >0

The coefficient of ¢tV in s, is given by the hook formula;

AN /N = ([T R()

SEX

where h(s) is the hook length of X at the box s in the Young diagram .
In terms of symmetric functions of variables {z1,2,...}, the variable

ty = Z z¥ [k is essentially a power sum of degree k. The generating function

i>1
of the complete symmetric functions h, in {zy,zs,...} is
Zhu —Hl——u:c —exp<2tku).
21



The Schur function in variables (z;,...,2y) is given by the Weyl character
formula

Sy = det(x?‘+N_i)/ det(z) ).
The Jacobi-Trudi formula is
sy = det(hx,—it;),

which is used in the proof of our theorem.
The Okamoto polynomials are expressible by the Schur function [4] [7]
with the special type of partition (2n —2,...,6,4,2);

Qn(ﬂl) = CnS(2n-2,....6,4,2)s

after the substitution ¢; = =, t, = 1, t3 = t4 = --- = 0 in the right-hand
side of the expression above. Since @,(z) is monic, the constant ¢, above
is explicitly described by the relation cnx(2n_2,._.'6,4’2)(1N ) = NI, where the
number of boxes is N = (n — 1)n. Also, R, corresponds to the partition
(2n—1,...,5,3,1). A partition A is called k-reduced if no hook with length
of a multiple of k. The partition (2n — 2,...,6,4,2) and (2n —1,...,5,3,1)
are examples of 3-reduced partitions.

4 Yablonskii-Vorob’ev

Yablonskii-Vorob’ev polynomial corresponds to Painlevé II, and has been
discussed in the joint work with Kaneko [5]. Here we only summarize the
data.

Okamoto Yablonskii-Vorob’ev

Painlevé IV II

symmetry Agl) A(ll)

Schur 3-reduced 2-reduced

parition (2n—2,...,4,2) (n,...,3,2,1)
(2n-1,...,5,3,1)

specialization || t; = z,t; = 1/2, t, ==x,t3=1/3,
ta=tg=--=0 |ty=ty=---=0

cycle type 1*27 1*37

period 2 3

The recursion

Tn+1T -1 = .'ET,? + T,,;/Tn d (:r,,lt)2



with Ty = 1, Ty = = (T-; = 1). Painlevé II
Prr: y" = 2y° — day + 4n.
The expression of the rational solutions of Py in terms of Yablonskii-Vorob’ev;
y = (08(T/ Ty )’ = T/ T = Thoy [ Tucs.
First few examples of Yablonskii-Vorob’ev polynomials are

T2:.T3—1,
T3:CE6—5.'L'3‘—5,

Ty = 2 — 1527 — 175z,

Ts = 2% — 352'% 4+ 1752° — 12252° — 122502 + 6125,
Ty = 22! — 7028 4 115525 — 980022 — 673752° — 14148752° + 47162502° + 2358125,
T, = 228 — 2162% + 4725222 — 8085029 + 24255026 — 12733875z"% — 202327125z1°

1303490687527 + 11802415625,
Ts = 236 — 21023 + - - - 4+ 1772132706093752> — 59071090203125.

Let us denote
To(@) = 3 4(n)a¥*,
J=0

where § = §, is the remainder of the degree of T, by 3, ie., § = 0 for
n=3m—1orn=3mand§=1for n=3m+ 1. We have
to(n) = (=)l HDRIZ=((40m=29/6 1y f (inm1) /311 /21l (n+1)/3)) -

Note that ¢o(3m +1) is not a constant term but the coeflicient of z!. Finally,
the same statement as Theorem 3 holds. Examples are

t1(3m)/to(3m) = m,

t2(3m)/to(3m) = —m(m + 1)/10,

t3(3m)/to(3m) = —(m — 1)m(m + 1)/210,

t4(3m)/to(3m) = —(m — 1)m(m + 1)(19m — 6)/46200,

t5(3m) /to(3m) = —(m — 1)m(m + 1)(155m? + 572m — 48) /21021000,

tl 3m+1) :0,
to(3m + 1) /to(3m + 1
t3(3m +1)/to(3m + 1) = —m(m + 1)/350,

(
( ( = 3m(m + 1)/70,
( (
ta(3m + 1)/to(3m + 1) = —9(m — L)m(m + 1)(m + 2)/200200,
( (
( (

— N N N

ts(3m + 1) /to(3m + 1) = 3(m — 1)m(m + 1)(m + 2)/3503500,
to(3m + 1)/to(3m + 1) = —(m — 1)m(m + 1)(m + 2)(207m? + 207m + 50) /4526522000,
tz(3m + 1)/to(3m + 1) = 9(m — 1)m(m + 1)(m + 2)(107m? + 1 — Tm + 4)/348542194000.

The polynomial giving t;(3m—1)/to(3m—1) is obtained from that of ¢;(3m)/to(3m)
by the substitution m — —m.
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