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WAVELET ANALYSIS WITH LATTICE BASIS

ASOO YASUHIRO

§1. Notations and Preliminaries. Let. A € GL(n;R) and A* = (A%)~1.
A=[at,...,a)), af = ((ejx);k=1,...,n) ,j=1,...,n.
We call @}’s the basis of the lattice I 4.
In the following, we define the Fourier transform of f € L*(R") as

W) F® = [ exp (VT 2)1(a)as,
and the inverse Fourier transfol:n as |
@) 1@) = ()" [ e (~v=Te-2) @)
Define o
[ =T ={Ak;k € Z,)},

I* =Ty = {A'k; k € Z,},

N =0y = {Az;z € Q,}, where Q, =[0,1]".
We call 2 ”the fundamental domain” of the lattice I'.

Definition 1. (Multiresolution Analysis with Lattice Basis)

A Mutiresolution Analysis with Lattice Basis(MRALB) i3 a family of closed
subspaces, V;, j € Z, of LA(R") such that :

(1) V;, j € Z is an increasing sequence such that

@ V=1L Vi=L*®);
JjEZ JjEZ
(2) f € Vj if and only if f(2x) € Vj4, forj€Z ;
(3) f € LA(R™) belongs Vp if and only in f(z —7) € Vo
forallyel;
(4) There exists g € Vg such that {g(x — v);7y € '} is a Riesz basis of Vy.
The above condition(4) means that

there exists constants C;, C; , 0 < C; < (), such that
for any sequence a(y),y € I', we have an inequality

(*) C1Y_laMP <Y a(Mg(z =P < C Y la(m)I*-
730 ~y€I’ ~y€r
Assume that {¢(z — v);y € I'} be an orthonormal basis of Vp and let
(3)e(3) = Y etz - 7).

y€r

Then (2£) = mo(£)p(£), where mo(§) = 3 a(y) exp(—v—1¢ - 7), which is
2nI™ — periodic for £ € R™ and we call it a filtering function.
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ASOO YASUHIRO
For f,g € LZ(IR"), define
—— e
@ C(f, 9)(€) =Y_ S+ 2my)g(+ 27y,

~yel'
which is 2a'* — periodic.

Theorem 1. Suppose o(z) € L2(R™). Then, a system
(2% (s — ) €T, j €L}
i3 an orthonormal basis of V;(j € Z) if and only if
(5) Cloro)(E) = | del(A)], a.0. € € R

Corollary 1. Let a system {e(z —7);y € T'} be an orthonormal basis of Vp.
Then we have an identity

(6) ) Imo(¢+7A™n|* =1a.a. {€R”,
neE
where E — {0,1}".
To prove the Theoreml, it is sufficient prove it for Vp,
and use the 2nT' — periodicity of the function C(¢p, )(£) with its Fourier series

expansion, with the Planchrel formula.
Note the fact that

(7) Assume l<;(\0)‘ = y/|det(A)|. Then ¢W) are 0, v* €I'*,
(8) Assume |mo(0)| = 1. Then mo(nA*n) =0, n € E=E—{0}.

Assume that {g(z — v);y € I" } be a Riesz basis of V; and define
the function ¢(z) as

) = [T L
O = VI 2 E ®

Then, {2% ¢(2z — v);v € '} is an orthonormal basis of V;.
We intend to make decomposition

Vier = ;@D Wil € 2). (10)
Suppose 9.(z) € V},¢ € E and let

$e(2) = me(©)0(E),
where ¥o(x) = ¢(z), and m.(£) is 2a[* —~ periodic.
Then we have

Theorem 2. The system {p:(z —7);7y € I',e € E} is an orthonormal basis of
Vi if and only if the matriz

U(g) = (("ns(E + WA*’?))(e, n)€EE2,
is unitary for almost all £ € R™.
Let
Py=Y ¢z - 7)el@—),
eI
and

Py =23 o2z - 7)p(Fz — 7).
vyer

The operators P;j(j € Z) are orthogonal projections of L?(R") onto V;, and
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WAVELET ANALYSIS WITH LATTICE BASIS

define Qj = Pj+1 - 1:,1'.
Define W; = I'mage(Q;). Then V;,; = V; @ W;.

For e € E, ,
Wo,n = (n(z —7);7€T),
and
Wo = P Wo.n)-
nEE

Then, we have a decomposition V; = V @ Wy under the condii;ions of Theorem?2.
In this case, for j € Z,n € E, and y €T, let Yiimy) (@) = 2T (22 — 7).

Define W(;,;) = (¥(j5,7)(); 7 €T), and W; = @, .5 W(;), then
; .
Vs =V, DW; = v DD W
k=0
[ o]
LA(R") = Vo D P W
k=0

Definition 2. We call the system (Y(j,n,)(2);5 €Z, 1€ E, ~e r)
an wavelet basis of L*(R™).

§2. Simple example(n = 2). Let A= (@ a3) and g(z) = xn(z),
’ ‘071? = (akj)i=1(j =1, 2)
Put a point p € R? as sal + ta3.
Then we identify ) with Q.
In the folowing, we put 7)3 = (0,0), 77{ =(0,1), 7)5 =(1,0), and ﬂ:t; =(L,1).
In this case, we get

= ¢ Z £ An;
9(€) = | det(A)| exp(~v/~1 .Af,a)gsim(-%—s),

sin(wz)

where sinc(z) = =57

¢(z) = det(4)|~Hg(2).
Let u(s,t) be a function such that

- 1 2 f A’I)
B 3 3 -—.——‘1—
u(§) = | det(A)| jlzll sine( = ).
Then, we have the following formula’s,
Arp Am )

<p(s,t)='u,(s—-——2——,t—— 5

9(28) = exp(~v=TE L m(e)(E),

mof€) = exp(~v =T 2B i)

where u(2€) = m(£)u(€), and
2

m(€) = [J cos(¢-2%).

Jj=1
Thus, we have the following formula’s
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miE -+ mA*0) = m(§) = con(2) cos( S22
0 mig+nam) = = sin( G con( S5
m(€ + wA ) - Cos(é.;h’l)sin(f.;hh)
m(€ + wA*n3) - Sin(f : ;47;1 Jsin (g . ,24,72)
Now, define

m(§;e0) = m(§)
m(&;e1) = m(€ +mwA* )
m(&;e2) = m(€+TA )
m(€;e3) = m{€ + A ns)
Then , the matrix
U(€) = (m(& +mA™ny;ex)) )k 18 unitary

where e, = m, k = 0,1,2,3.
Thus we could apply Thorem?2 in §1 to get wavelet basis v, ’s.
In the following, we will give these wavelet basis. Put P = (s,t).

["/151('7") : ] Tn'el(é) = \/_—]-‘exP(“\/:Ti%ﬂg)m(ﬁ;sl)

a—

Va6 w) & VEimenu)

1 - - -
Ve, (P u) = X-1/2,1/2 M5 AT P) = X(-1/2,0/(m A P) + x1o,1/2(i A71 P))
[det(A)]
1 _ _ -
Pe, (P) = et )!X{O,I](U;A IP)[“ X{0,1/2]("7§A 1P) + X[1/2,1](7IiA 1P)]

[Yeal®) = ] mey(§) = V-Texp(—v/=T1E42)m(E; )

va&w Y VimGeu)

1
er (P ) = — e { AL P) (= (o120 (1A P LALP
Ve (P 1) o A)IX[ 12,72/ M= X-1/2,0/(n5 )+ Xpo,1/2(m5 )}

1 _ - -
VYer (P) = mX[e,l](ﬂiA lP)[‘“ X[O,l/2](77§A 1P) + X[1/2,1](77§A IP)]

[¥e,(2) : ] meg(€) = —exp(—v=T5R)m(E;e5)

——

b€ w Y —mEeu)

2 2
1
e P; _— — tA—-IP tA-—lp — tA-IP tA~1P
Ves (P; 1) o A)I[ X(-1/2,0/(12 )+ Xpo,1/2)(n3 M= x(-1/2,0(n} )+ Xpo,1/21 (% )
1 - - _ -
Ve (P) = W[*X[o,l/z](ﬂgfi LP) + Xp1/2,1) (AT P~ X012 (FE AT P) + Xp1/2,1(nt A1 P))
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WAVELET ANALYSIS WITH LATTICE BASIS
In summary, we get

Proposition 1. The functions o(s,t), ., (,t), ¥.,(3,t), and 1., (s,t)
generate an othonormal basis of the space V1, and 9., (3,t), ¥c, (3, 1), andipe, (s, t)
generate an orthonormal basis of the space Wp.

Note that

/ (s, )dsdt = /[aHA)]; / e, (8, t)dsdt = 0 (G = 1,2,3).

In the next paragraph, we will describe ”2-dimensional splines” .
§3. Spline system of order r(n = 2). Let ¢(s,t) = mxg (8, 1).

Forr = 0,1,2,..., define

Fr(s,t) = ¢*(4,1).
The Fourier transform of the function F,(s,t) is
E (&) = e+
. r+1 —
= | det(A)]F" exp(~i——¢ - Ano)[u(€)] "
We have the correlation function C(F,, F,.)(¢)
C(Fr, F)(€) = |det(A) Y |u(€+2my)|”

cnt EP‘

- H(Sm2(r+1)(€ A’?J) Z 1

3.
ot ez | (850 4 k;]20r+1)

@

®3)

Let

" _ Pysfeon(t)
forg€N, ¢22, ,.ezz(”"")" Sin’()

, Where P, is a polynomial of degree q . Then, we have an equation

(4) C(F,, F)(€) = | det(A)"* HPzr(cosﬁ £ dngy)

j=1
Define a function G,(s,t) having its Fourier transform

G0 = ldet(A)I——C%),)—@.

Note that G(£) = O(|¢]7%") as [¢] = .

Definition 8. We call the system {G.(z —v);y € '} a spline system of
order r on the lattice basis.

Now let U,(€) = /Taet(A)] [T, (sinc™+ (5224 ) i # (cos( $241))).
Then, we have an expression

r4+ 1)}a11 +a T4 1}az1 +a
Grloyt) = Uy(o - CH DG T ow) ,  (r+ Dlan + o),
In the following, we treat cases of r is odd,and even, separately.
Case of r +1=20(0c =1,2,...); (r is odd)]
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In this case, we have expressions

T.@) = v[3e(A) ‘II(smc ) Py (eos(S5))

%) (§ s [ Pro—slood251)
(&) = l;[l(cos ) Pyo—a(cos(§ - A’h)))
U, (26) = mr(é‘;ﬂo)m
We have also expressions

g € Am [ Paoa(sin($9B)) o, € Am [ Paooa(cos(£972))
Mr(é +7A 771"'70) = Sln‘2 ( 3 )\/Pzia—z(cos(g .2Alm) cos? ( D) \/P,;a_z(oos({ 214772)

oy a0 Any [ Pag—a(cos(S85) o0 € An Pyo—a(sin(£5))
Mr(£+7l’A 172,7)0)*9082 ( 5 1)\/P::_2(COS(£ A’h) ( 2 \/Péa_z(c(s(g.Am)

oy 206 A | Paooa(sin(S5)) g, £ Anz Pyo—y(sin(£5™))
me(€ + wA*ng;m0) = stn ( > 1)\/P4,,-2(cos(£-2An) 20( )\/PM~2(COS(E.A172)
Define

me(&n5) = me(€ + TA ;370)
mg15) = exp(—v/Te 26 - Amyme(Em5)( = 0,1,2,3)

Then the matrix (m& + mA*®e;; nk))J . isunitary.
To calculate wavelet functions "p(s,t;m)(d = 1,2,3)” , we introduce two
auxiliary functions

(6)

(1)(2) - /exp(\/-gz) 3zncr+1(2ﬂ)
P2r(cos(§)
O L . , Par(sin($))
(2)= / exp(vV—1¢ )[sm( )smc( )] +1\j Py, (cos(§))Par(cos($))

The function }(z) is even, real-valued function for r=0,1,2,... ,

however the function 2(z) is even, real-valued for r : odd and

is odd, pure-imaginary valued for  : even. The attached are graphs of some of
integrand functions of these functions.

For cases of r : odd(i.e.r + 1 : even), we have the following results :

Theorem 3. Let r:odd(r=1,3,5,...). Then we have the following
expressions for the scaling function G.(s,t) and the wavelet functions

¢T(31t;£.‘i)(j =1, 273))) 2

‘ . _ ) 9228 — a12t r + 1 —ag8+ayt r+1
w"‘(s’ti 50) = 'd t(A) "/’r ( det(A) )¢r ( det(A) - 2 )
. _ (1) (1) (9228 — 012t r + 1 —a918 +ay;t _r +1
¢r(s,t,€1) = ,—__-Tl de!;(A) 1117- ( det(A) )¢r ( det(A) 2 ) R
1 azps—apl T + 1 —ag1s+ant r+1
) = @) 922 12 (1) —921 ut _
vrlstie) = e (i) ¥ (—Setca) 5)
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WAVELET ANALYSIS WITH LATTICE BASIS

1 a8 —aypt 741 —an8+ant r+41
cen) = . (2)( 2228 12t @ 21 ut
¢r(8,t,50) det(A) '/’r ( det(A) D) )¢r ( det(A) ‘ 2‘ )

, where ,(s,t;€0) = Gr(s,t).

Case of r +1=20 +1(0 = 1,2,...); (r is even)]
In this case, we define

m.(&e1) = (—vV=1) " m,.(€ + mA*n;0)
) m, (€ €2) = (~V=1)"m, (€ + A m; &)
my(£; €3) = (~1)"'m, (£ + mA*ns; £0)
and -
¥(2) = & .,rexp(mez){—msin(§>sinc(f,;>r+l,\/ Pl g
Then, the Theorem 3 is valid.
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spline2.nb

sinc[x_] := Sin[nx]/ (nx)

Pt 1 14+2¢t2
-~ 3
. x 2
51nc[2—"-]
flx ] :=

\PIcos[ £ 11

{ Fourier Tansform of function U(2;1))}
1.4

N\

5 10

2 P(sin[£1]

glx_] := (Sin[—:-] sinc[—{—])

4x P[Cos[Z]]P[Cos[Z]]

{Fourier Transform of function U(2:;2)}

-10 -5 5 10

2 +11¢24 2¢8

Plt_] 15

sinc[T";]a

\/P[COS[fll

#

fix_]

{Fourier Transform of function U(2;1)}
2

-20 10 20
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' x X 113 P[sin[$]]
gtx_] = (stn[ 7] sinc[ ) \)Pmo-t%n Plcos(31]

{E’ouriei Transform of function U(2;2)}
1t

0.5

-1

17 + 180 t2+ 114 t* + 4 ¢¢
315

P[t ] :=

sinc[%]‘

\JrIcos[21]

{Fourier Transform of function U(3:1)}

fix_] :=

-20 -10 10 20

P(sin[31]

[x_] := (sin[x]sinc[ = )‘
gL == N an P[Cos[=]1] PICos[Z]]

{Fourier Transform of function U(3;2)}
1

-20 . =10 10 20

62 + 1072 t2 + 1452 t* + 247¢t%+ 2 t°

P[t_] i= 2835
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sinc[-;";]5

1/P[Cos[%]]

{Fourier Transform of function U(4;1)}
4

flx_] :=

-20 -10 10 20

5 P[Sin[Z£1]

P[Cos[$]]P[Cos[Z]]

{Fourier Transform of function U(4;2)}
’ 1
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(Si [x] sinc| x ])1
: n|— —_—
glx_] := 7 e
{Fourier Transform of function u(c:;2)}
0.6

0.4
0.2

<20 0 10 20
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