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g-deformation of the group algebra k[W] associated to the
elliptic root system A§“) (1>2)

Tadayoshi Takebayashi

1 Introduction

Elliptic root systems ( extended affine root systems ), have been introduced and studied by K. Saito
([1], [2] )- The Weyl group associated to the elliptic root system is called elliptic Weyl group, and
the relations of the generators of the elliptic Weyl group have been described by the author and K.
Saito from the view point of a generalization of Coxeter relations ( [5], [6] ). In the cases of finite
or affine root systems, the Hecke algebras and their representation theory are well known ( [3], [4]
), and one can consider the Hecke algebra as a q-deformation of the group algebra k[W]. In this
paper, in the case of the elliptic root system A,(l’l) (I > 2), we give a similar g-deformation k[W](q)

of the group algebra k[W], where W is a hyperbolic extension ( a central extension ) of the elliptic
Weyl group W ( [6] ).

2 Elliptic Weyl group and elliptic root system of A,(l’l)

Let F be a real vector space of finite rank with a symmetric bilinear form [ : F x FF — R.
A subset ® of F is called an elliptic root system, if I is positive semi definite and the radical
rad(I) = {& € F | I(z,y) = 0 for Yy € F} is of rank 2 over R and satisfies a system of an
axiom for a generalized root system belonging to I ([1]). In the sequel, we restrict in the case

of A,(I’l). Let €1,¢€2,...,€41 be orthonormal vectors belonging to the real vector space F, and
rad(I) = Ra@®Rb. Then the root system & and the Dynkin diagram of Al(l’l) are given as follows
(1)) :

d={x(ei—¢)+nb+ma (1<i<j<i+1), (n,meZ)}

*
Aglyl) g (21
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AMY (1> 2) of

where ag:=€41 —€1+b, oi:=¢—¢€41 (1<i<l),ando} :=a;+a (0<i<I).

Let w; := wq, and w} := way be the reflections corresponding to the roots a; and af, respectively.
Then w; and w} (0 < ¢ <) generate the elliptic Weyl group of A,(I’l), and the following has been
established.

Proposition 2.1 ( [5], [6] )

(I)  The relations of w; and w} are given as follows :

Forany o, ﬂ) e{00,011"')al)a(‘)jai)""yal‘}
B o = wh =1,
[0 3
e} e} = (wawp)? =1,
o B
o0——=O0 = (wawp)® =1,
o B

= WaWaWpWy = WWpWiWa = WWalaWy = WalaWaWp
= waw;wa = wgwjwg,
(il) wowjwywy------ wwi_ww = 1.
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(I1)  If we consider only the relation (i), then the corresponding group is
the hyperbolic extension W of the elliptic Weyl group W.

(Remark) In the case of A,(I‘l), the following relations can be obtained from (i):

o 5

' B

D =  (wewpwiwp)® =1, a@o . = (wawhwewpwywp)? = 1.
[ )

o 1Y

3 g-deformation algebra k[W](q) of the group algebra k[W]
In this section, let k be a field, and we define a g-deformation algebra k[m () of the hyperbolic
extension W of the elliptic Weyl group W of Az(l’l) (1 > 2), according to Kazhdan-Lusztig [4].
Definition 3.1 For each simple root @ € {ap,0q,---,u}, we define the elements T, T, €
End(F ® k(g%,q™%)) by the following actions:
( To(a) = —a,
To(a*) = ga* — (g + 1),
| Tu(B) =g+ (if O—O ),
a B

{ T(8)=¢8 (f O O ),

a B

( Ta(e) =qa—(¢+1)a",

Ty(a®) = —a®,

s

T:(B) =B +¢/%* (if O—O ),
ot f

@)= (F Q Q)

Under these actions, we examine the relations of the generators T; := Ta; and T} := Ta
i <1), then we obtain the following.

Proposition 3.2

For any @, ﬁa 6{aO;aly"')ahaayaiy"'ya;‘}
M o = T2 = (g - DTa+4,
o
Im o e) = ToTp = TpT,
a B
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o—o0 = ToTpTo = TpTaTs,

(I11)

ToT3To — ToT2Tp = Q([Ta, T3] — [T5, T3)),
T3TpTa — ToTaT; = Q[Tp, T3],
TiT3Ta — TpTaT) = Q[Ta, T2,

32

1+9

where, ) =

By this proposition, we define the k[W](q) as follows.

Definition 3.3 The ¢-deformation algebra k[W](q) 1s the algebra presented by the following gen-
erators and relations:

Generators: Ty, Ty Va € {ag, a1, -+, o}
Relations:
(I) o) = Tg = (q - I)Ta +gq,
a
M o o = ToTp = TpTo,
a 1Y
o—0 = To Ty T = TpToTp,
a I
(1

ToT3To = Tp 13T = Q([Ta, T3] = [T5, T)),
TiTpTo — TpTaTy = Q[T5, T3],
TTTa — TTo Ty = QlTa, T3],

—al
where, Q = 91—+§—.

(Remark) The subalgebra generated by the Ty, Va € {aq,---,a;} ( or T ) is isomorphic to
the affine Hecke algebra of type A;.

In the following, we prove Proposition 3.2. Let T; be the representation matrix on the basis

(ag,0q,- -, a,a;), ie. T; (ag,af, -+, a1,0f) = (e, 0, -+, ,a7) T;, then from Definition 3.1,
we see that

To = q%(Eo,z + Eo 3+ Eo + Eo2041) — (9 + 1)(Eo,0 + Eo,1) + ¢1,

Ty = q¥(Eaizica+ Ezi2ic1+ Ezigiva+ E2i2i43) — (@4 1)(Eai2i + Ezi 2ip1) + ¢f, 1<i<1-1),
T = q%(Ezl,o + Eo1 + Eaupi—2+ Ea2i-1) — (¢ + 1) (B2t + Eoty2141) + ¢1,

where E; ; is the (20 + 2) x (2{ + 2) matrix whose (%, j) component is 1 and all others are 0 , and |
is the identity matrix. We set T} := f}’ + ¢, and identify Tj, ’f’,-/ with T;, T!, respectively. In
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the same way, 1:,-* = ﬁ*’ + ¢I are given by

fg = q%(E1,2+ Eis+ B+ Eiop1) — (¢ + 1)(E10+ Ev1) +4l,

Tr = ¢¥(Baig19i-2+ Boig1,2i-1 + Eait12i42 + Baig1,2i48) — (¢ + 1) (B2it1,2i + Faig1,2i41) + ¢/,
T = 43 (Eaty1,0 + Bargr,1 + Borpr2i-2 + Bargr,2-1) — (¢4 1) (Bargr,z + Buga 1) + g1

Then there hold the following relations.

Lemma 3.4

Forany a, ﬁ E{ag,al,---,a[,ag,ai,-n,a;‘}
M o = TE =—(g+ )T,
[0
My o = TVT) = TYTY,,
a B
o—-0 = Te Ty T, = qTp,
o B

[Té)T;,] = _'(q + 1)(T; - T;I)v
TXT, = —(¢+ nry,
T, Ty = —(¢+ 1Ty,

R QIIIR
l

TyTy — To Ty = g3 (T3 — Tp),
TyTy' Ty = To' T Ty,

TLTyTy = To Ty Ty

TLTyTy + ToTy' + Ty = 0,
THTyTh + Ta'To + Ta' = 0.

(Proof) 1t is proved by direct calculations by using the relation, in the representation matrix
Esit1k — E2ix = Egjy1,k — Eajx for any 1,7, k, which is obtained from the property af —o; =

* .
a; — aj. m}

( Proof of Proposition 3.2 )
(0, T2=(a—-NTa+9q)
T2 = (Ta+4ql)?
= T2 +2T, +¢°1
= —(¢+ 1T, +2¢T. +¢* (& Lemma3.4(I))
= (- D)(Tu—al)+41
= (¢-1)Ta+ql
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(D), ToTp =TpTx)

ToTp = (To+ad)(Tp +ql)
ToTh + o(T + Tj) + ¢*1
and TpTe = TpTo+q(Th+Th)+¢?l

so from Lemma 3.4 (II), we obtain the result.

(A1), TaTpTe = TpT.Tps )

TTpTa = ToTpT, + 9(ToTs + TpTy) + ¢ (Ta + Tp) + qT2 + ¢* T + ¢°1

= ToTpTo + 9(ToTs + TpTo) + ¢* (T + T5) — qTa +¢°I (<= Lemma 3.4 (I))

= q

in the same way,

TpToTs =

so we get the result.

(ToTp + TpTo) + *(TL + T5) +¢°1 (<= Lemma 3.4 (II))

UTpTo + ToTp) + (T + Ta) + ¢°1

(M), TuT3Te - TpTTs = Q(Ta, T2l - [T5, T)) )
In the same way as the previous case,

ToT3Te =
TpT;Tp =

S0, TaTETa—TpT‘:Tﬁ =

(T T + Tp'To + ¢*(To + T3') + ¢°1,

q(TpTy + T Ts) + ¢(Th + To) + ¢°1,

WToT5 + T3'To — ToT3 — Ta'Tp) + ¢*(Th + T3 —~ Ty — T2')

BT - Ty + T -T2 + AT+ T} — Ty —T) (< Lemma 3.4 (III))
(¢ - ¢%)(Te - T2~ (T} - T3"))

QTa,T;] - [T5,T;3]) (& Lemma 3.4 (I1))

(M), T2TpTa - TpTaTy = QT5, T3] )

ToTpTa = To'TpTo+q(Ta'To + ToTo + Ta'Tg) + ¢*(To + Ta' + Tj) + ¢°1
= (- UD)TT, + o(TpTe + T3 T3) + (¢ — V)T + ¢*(TL + T3) + ¢°1 < Lemma 3.4 (III))
ada B s g
= q(TpTo +Ty'Ty) + *(Te+ Ts) +¢* I (< Lemma 3.4 (II))
and similarly, TpToT; = ¢(ToT5' + TpTa) + ¢*(T3' + T) + ¢31

(
so, ToTpTa —TpToT; = q(T5'Ty - ToTy') + ¢*(Ty - T3')

= ¢3(T} -TH)+¢*(Tp-T;}") (& Lemma3.4 (III))
= (4% - ¢)(T3' - T))
= Q[Tp,T3] (&< Lemma3.4 (II) )

The relation T;Tﬁ" Toa —TpToT5 = Q[T,, T2, is similarly proved as the previous . m]
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