
CANONICAL REPRESENTATIONS AND
BEREZIN KERNELS*

G. van Dijk

The theory of so-called canollical representations is about to becolIle a
very interestilug part of representation theory because it colllbines so lnany
areas of lllatllelllatics: colllplex analysis. theory of $.JoI^{\cdotda}11$ a,lgebras, $1_{1}ar-$

lllonic analysis $oll$ symllletric spaces, etc. The ternlinology originates from a,

paper on $SL(2,R)$ , where $R$ is a ring of functions, by Vershik, Gel’fand and
Graev [39]. But actually these representations were $intl\cdot oduced$ by Berezin,
around 1975. $()ur$ lecture presents $\partial 11$ introduction to canonical representa-
tiolls, where we $rest1^{\backslash }ict$ as far as the group is collcerned to $(_{T}’=kSlT(1, n)$ . At
certain points in $f,1le$ exposition we give an $outloo1_{\backslash }^{r}$ to tlle general colltext.
$A_{111}ongtlle$ lllain $1^{\cdot}ecelltcont1^{\backslash }ib\iota\iota tors$ to the subject are (in alphabetical or-
der): $.\angle t1^{\cdot}az_{J}.v$. va11 Dijk. $Engli\check{s}’$ . Hille, Molchanov. Neretil]. $()$ lafsson, $\emptyset rsted$ ,
Pasquale. Peetre. $Ul$) $11leier$ , Unterberger, $7_{\lrcorner}hang$ (see $ffifel\cdot ellces$ ).

1 Outline of the exposition

We will discuss the following itellls:
1. $Defi_{1l}$ itioll of tlle canollical represcllratioll\uparrow /\

$\cdot$

$\lambda$ a $r(^{s}Ja111U111ber$

2. $A_{S\backslash 111}.\prime ptotic$ behaviour for $\lambdaarrow\infty$

3. $b_{1}^{\gamma}$pectral $clecollll$) $osition$ of ,
$T_{J}\backslash$

4. $\subset_{J}^{1}onnectio11$ with tensor $1$) $1^{\cdot}oducts$ and $1^{\backslash }estrictions$ of $hol()11lorl\supset hic$ and
allti-holonl( $1^{\cdot}phic$ representations

*Notes based on a $1ecf_{}\iota\iota re$ in $Tabal\cdot ka$ (Tunesia) 1999
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2 Definition of $\pi_{\lambda}$

Let $G=SU(1, \uparrow?)$ be $t1_{1}e$ group of $(\uparrow t+1)\cross(?l/+1)col1J1^{1)}1ex11la\uparrow|rices$ of
$deterlI\dot{u}nant1,$ $w1_{1}ich$ leaves the following Herlllitia]] $fo1^{\cdot}111$ invariallte

$[.\iota\cdot, y]=\overline{y}_{0^{L}}t_{0}’-\overline{y}_{1}.\downarrow.1-\ldots-\overline{.\iota J}_{\iota^{1,\iota}},\cdot.$ . (2. 1)

Let $Ii’=S(U(1)\cross U(n))$ be the $st_{1}andaxdlll’\subset ixilllal$ colllpact subgroup of $G$

and set $X=G/K$ . $X$ has several realizations; a bounded rcalization is given
by

$B=\{y\in C^{n} : ||y||^{2}=|.t/1|^{2}+\ldots+|y_{n}|^{2}<1\}$ . (2.2)

The group $G$ acts transitively $011B$ : let $g\in G,$ $g=$ with $a$ :

1 $\cross 1,$ $b:1\cross\uparrow\iota,$ $c:n\cross 1,$ $d:n\cross\uparrow l$ matrices., $t_{(}hen$

$g \cdot y=.\frac{dy+c}{\langle b,\iota/\rangle+}$a(2..
$\cdot$3)

where $\langle b, .y\rangle=b_{1/1}.t+\ldots b_{l},y_{n}$ . $()$ bserve $t11’dtA’$ is $t1_{1}e$ stabilizer of $\sim\sim’=$ [$)$ . A
$G- ill\backslash rariant$ measure on $B$ is given by

$d\mu(.y)=(1-||y||^{2})^{-(\prime\iota+1)}\subset^{-}ly$ . (2.4)

Define for $\lambda\in R$ :
$l_{\lambda}^{1}(g)=(\rfloor-||.t/||^{2})’\backslash$ (2.5)

if $y=g\cdot 0$ .
The $ful\perp ction\psi_{\lambda}$ is left and right $I\iota’$-invariant and thus gives in a standard

way rise to a $G$’-invariant $1\backslash ^{r}er\rceil le1$ on $X\cross X$ by

$\iota 1_{\lambda}’(g_{1}^{-1}g_{2})=\{\frac{(1-||.tj||^{2})(\rfloor-||z||^{2})}{[1-(.\iota/|_{\sim}7)][1-(_{\tilde{\mathcal{L}}}|\iota/)]}.\}’\backslash =B_{\lambda}(y, \sim’)\sim$
$(‘ 2.6\backslash )$

if $\mathcal{L}\sim=g_{1}\cdot 0,$ $y=g_{2}\cdot 0$ , which is called the $Ber6_{\vee}^{\sim}i\uparrow\iota$ kernel of $X$ . It is not difficult
to see that $B_{\lambda}$ is a positive-definite kernel for A $\geq 0$ , which llleans that for
every finite set of $colllplex$ nulnbers $\mu_{1}\ldots.,$ $\mu_{N}$ alld points $z_{1},$ $\ldots$ , $Z_{N}\in B$ the
expression

$\sum_{i_{/}}^{N}..\cdot\mu f.\overline{\mu}_{J}\cdot B_{\lambda}(_{\sim\cdot\sim}^{\sim.\wedge}’\cdot)/l$ (2.7)
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is positive. There are several ways to $a_{\text{・}}ssociate$ to a $G$-invariant positive-
definite kernel on $X\cross Xa$ , unitary representa,tion of $G$ . The following lnethod
is appropriate. Let $V$ be the colllplex linear spa,ce of all functions.$f$

. of the
forlll

. $f \cdot(_{\sim}\wedge\cdot)=\sum$

.

$\mu_{i}B_{\lambda}(_{\sim’\sim i}^{\sim\sim})$ (finite sulll). (2.8)

If $g(z)= \sum_{/}.\cdot’/,$ $B_{\lambda}(_{\sim}^{\sim}’, y_{J})$ , we define a scalar product by

$(.f \cdot|g)=\sum_{i_{:./}}$

.

$\mu_{i^{\overline{lJ}_{/}}}.\cdot B_{\lambda}(y_{/}.\cdot, \sim i)\sim$ . (2.9)

This is really a,n inner product. Set $\mathcal{H}_{\lambda}$ for the Hilbert space colllpletion of
$\iota\nearrow$ with respect to this inner product a,nd let $Gact_{\iota}$ by

$\pi_{\lambda}(g).f\cdot(z)=.f\cdot(9^{-1}$ . $\sim I\sim\cdot$ (2.10)

The $represent_{ation}\pi_{\lambda}$ is unitary and is $ca$,lled a canonical representation of
$G$ . The kernel $B_{\lambda}$ or the function $\prime l_{\lambda}^{1}$, is called the reproducing kernel of $\pi_{\lambda}$ .

3 Asymptotic behaviour of $\pi_{\lambda}$ for $\lambdaarrow\infty$

The $f\iota\iota nction$

$Q(_{\sim}\sim)=(1-||_{\sim}^{\sim}||^{2})^{-1}$ (3.1)

gives a $pal\cdot a,11letrization$ of the $K$ orbits on $B$ (spheres), which is suitable for
our purposes. Observe that $\psi_{\lambda}’(_{\sim}^{\sim})=Q(z)^{-\lambda}$ . We will consider the distribu-
tion

.$f \cdotarrow\int_{B}Q(_{\sim}^{\sim})^{-\lambda}.f\cdot(_{\sim}^{\sim}’)d\mu(_{\sim}^{\sim})$ $(.f\cdot\in D(B))$ (3.2)

for $\lambdaarrow\infty$ . In order to get sollle finite answer, let $T_{J}\backslash$ be the normalized
distribution

$\frac{\Gamma(\lambda)}{\pi^{\prime\iota}\Gamma^{1}(\lambda-\prime\prime 1)}Q(_{\sim}^{\sim}’)^{-\backslash }$

’ (3..$\cdot$3)

Tllen one has
$\langle T_{J}\backslash , .f\cdot\rangle=.f\cdot(0)+\frac{1}{4\lambda}/\Delta.f\cdot(0)+\mathcal{O}(\frac{1}{\lambda^{2}})$ (3.4)

for $\lambdaarrow\infty$ , where $\triangle$ is the $G$-invariant Laplace opera,tor of $B$ :

$\triangle=4(1-||z||^{2})\sum_{A^{\wedge}.l}^{n}(\delta_{kl}-z_{k^{\tilde{L}}l}-)\frac{\partial^{2}}{\partial_{\tilde{\mathcal{L}}}k\partial\overline{z}_{l}}$. (3.5)
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So $T_{\lambda}arrow\tilde{\delta}$ , or $\pi_{\lambda}$ tends to $tlle$ regular $re1$) $resc^{1ntation}$ of $Gol1L^{2}(B, d\mu)$ . In
terllls of ((

$Berezin$ quantization” $t_{\lrcorner}hisi_{l11}plies$ , putting $\lambda=,\frac{1}{L}’$. with $h$ Planck’s
constant, tlldt the correspolldence principle holds [2].

4 Spectral decomposition of $\pi_{\lambda}$

In order to $deCO1111^{jose\pi_{\lambda}}$ into irreducible unitary $rel$)$resentations$ , we expand
$\sqrt{}\}\lambda$ into zonal spherical functions of positive type. This is an equivalent
setting. For $\lambda>p((J=??)$ this is easily done. since then $\psi_{\lambda}$’ belongs to
$L^{1}(G)\cap L^{2}(G)$ .

The forlllula reads as follows:

$\psi_{\lambda}(g)=‘\frac{1}{2\pi I\iota^{\nearrow}}.\int 0^{\cdot}a_{\lambda}(\mu)\varphi_{i\mu}(\backslash q)\frac{d\mu}{|c(i\mu)|^{2}}\infty$ (4. 1)

with
$a_{\lambda}(\mu)=./(z^{t}.\psi_{\lambda}’(g)\varphi_{-l}\cdot\mu(g)dg$ . (4.2)

Furtllerlllore, $I\iota’$ a constant $clel$) $ending$ on the $norlllalization$ of llleasures and

$c(6)=1^{\urcorner}(l \iota)2^{\prime\dot{\iota}-s}\frac{\Gamma(.\backslash )}{\Gamma((s+n)/2)^{2}}$ . (4.3)

lf $A$ is the subgroup of $G$ consisting of the $nlatrices$ :

$a_{t}=$ (4.4)

one has the decolnposition: $G=K.4_{+}I\iota’$ or $D=K-4_{+}\cdot 0$ (the $pl\iota\iota s$ sign
$ll\eans}t\geq 0)$ , and

$\psi_{\backslash },(a_{t})=\cosh t^{-2\backslash }$
’ (4.5)

The spherical function $\varphi-i\mu 1las$ an explicit forlll:

$\varphi_{-i\mu}(a_{t})=F(\frac{\dot{\iota}\mu+n}{2}, \frac{-i\mu+n}{2};n, -\sinh^{2}t)$ , (4.6)

and
$dg= \frac{2\pi^{l\iota}}{I^{\urcorner}(\uparrow 1)}(sill1^{-}\perp t)^{2\prime\iota-2}(\frac{\sinh 2t}{2})dkdtdk’$ . (4.7)
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We thus get to $co$ lllp\iota te $(setti_{ll}gx=|(,,inh^{\sim}t):)$

$a_{\backslash },( \mu)=\frac{\pi^{\prime\iota}}{\Gamma(??)}.\int_{(j}^{\infty}’\Gamma^{\forall}(\frac{i_{l^{4}}+\prime 1}{2}, \frac{-i\mu+\uparrow 1}{2};’ l,\cdot-.\iota\cdot)$ .

$.\iota^{l\dot{\iota}-1}.(1+.\iota\cdot)^{-\backslash }\prime d.\iota\cdot$ . (4.8)

By [18], 20.2 (9) this is equ $c" 1$ to

$a_{\lambda}( \mu)=\pi^{\prime\iota}\frac{I^{\urcorner}(\lambda+\frac{i\mu-n}{2})\Gamma(\lambda+\frac{-i\mu-r\iota}{2})}{I^{\urcorner}(\lambda)^{2}}$. (4.9)

$The_{arrow}$ theory, developed so far for $SU(1, \uparrow\})$ , has been extended to all $H\epsilon rmitia\uparrow$?

$.\backslash ^{\neg}ym\uparrow 7?\epsilon t\uparrow tc.-\backslash ^{\neg}pac\epsilon_{-\backslash }^{-}.$. The deconiposition of $\psi_{\lambda}$ has beell obtained by Berezin
for the classical $sl$) $aces$ and $b.vUp_{ll1}eie1^{\cdot}$ and Unterberger [37] $fo1^{\cdot}$ all spaces,
but only for $‘ {}^{t}1arge’\lambda$ (as by $\iota\iota s,$ $\iota p$ to now).

We now consider the case $0<\lambda\leq/j.$ wllere $\sqrt{}$ ) $,\backslash st,ill$ is a positive-definite
function. By allal.vtic continuation in $\lambda$ we have obtained. applying the Paley
Wiener tlleorelll for $D=G/K$ , see [8]:

$(\sqrt{}),\backslash ,$ $.f\cdot)$ $=$
$2 \pi\sum_{l.s’>()}\uparrow\cdot/(\lambda)(\varphi_{s’}, .f\cdot)+$

$. \frac{1}{2\overline{/I}I\iota’}\cdot/Ux(1’\backslash (l\mu)(_{\Psi’-t\mu}..f\cdot)\frac{d\mu}{|c(’\oint’)|\underline{)}}$ (4.10)

with
$.-\backslash _{l(\lambda)}=\rho-2\lambda-21,1=0$ . $\rfloor.2’\ldots$ . (4.11)

and

$\uparrow’ l(\lambda)=‘\frac{2^{2\lambda+2l-2\rho}\pi^{lL-1}}{\Gamma(\uparrow 1)}.\frac{(\frac{-2\lambda-2l+2}{2})_{l}(1-\lambda-f)_{l}}{(\rho-2\lambda-2l+1)_{l}l!}$ . (4.12)

So we $1^{Jicku}1$) finitely lllan.v $c\cdot omp/\epsilon’??\epsilon\uparrow lfa?\cdot y.\backslash ^{\tau}\epsilon rlf.\backslash ^{\neg}1^{\backslash }e1$) $reselltatio11S$ . The case
$SI^{T},$ $(l).\zeta/)11dS1^{\cdot}ecent$,ly beell treated by Hille (thesis) [24]. How to $1$) $1^{\cdot}oc\in lecl$

for a general Herlllitiall $‘ b\backslash .flllllletri(‘\backslash$pace is a11 $()1^{Jen}]31^{\cdot}oblelll$ . For reference
we give the list of

$\cdot$

$i1’ 1^{\cdot}ed1_{-}1ci1$) $1eHerlllitl\dot{\subset}111s\backslash .\gamma 1lMllefi\cdot i\langle$ spa(es below in Table 1.
upper part.
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5Tensor products and restrictions of holo-
morphic and anti-holomorphic representa-
$t$ ions

There is a very $11i$ ( $e$ application of canonical $1^{\backslash }e1^{jresentations:}$ their $I^{\cdot}el$) $rod\iota 1(-$

ing $1\backslash ^{r}ernelcall$ be identihed with the $re1$) $roduci_{1l}g1\iota’e1^{\cdot}1\tau e1$ of tensol $\cdot$ products
of $bolol11(r_{]}\supset 1\perp ic$ and $anti- ho$ ] $(lllorPhicrc^{\Delta}1)1^{\cdot}esentations$ (llote: not of two holo-
llloIphic representations)

The space $L^{2}(G/K, l)$

Denote b.y $\backslash l$ (1 an integer) $tlle$ character of $It^{\Gamma}$ given by

$\lambda l$ : $arrow a^{l}$ (5.1)

where $|a|=1,$ $d\in U(n),$ a $\det d=1$ .
Let $(^{j}l=Ind_{A\uparrow G}\backslash l$ alld $\iota^{\gamma_{l}}$ the space of $\rho_{l}$ .

So $f\cdot\in$ ]$/_{l}^{r}$ if
(i) $ef$ : $Garrow C$ is llleasurable,
(ii) .$f(gk)=x_{l}(k^{-1}).f\cdot(g)$ ,
(ii) $||.f\cdot||^{2}=\cdot/G/I1^{-}|.f(g)|^{2}d\mu(\overline{g})<\infty,$ wllere $\overline{g}=gI\iota’$ .

Here $d\mu(\overline{yc})$ is the $invariant_{\lrcorner}11le\dot{c}lsure$ on $G/K\sim-B$ . lnstead of $l/_{l}^{r}$ one also
uses $tlle$ notation $L^{2}(G/K, l)$ . $G$ acts (via $\rho_{l}$ ) by $lef\urcorner j$ translations.

We shall identify $V_{l}$ with a space of $fu11cf_{}ions$ on $t1_{1}eunit_{e}$ ball $B$ in $C^{\prime\iota}$ .

Therefore, define
$1^{\angle}1.f\cdot(Lc/)=a^{l}.f.(_{\sim}c/)$ (5.2)

for $cf\cdot\in L^{2}(G/l\backslash .[)$ , $g=$ . Then $-4.f\cdot(gk\cdot)=/arrow l’.f\cdot(g)$ for all $k\in K$ . So

A. $f$

. is $defiJled$ on $B$ and one has

$||.f\cdot||^{2}=\cdot/B^{\cdot}|A.f(_{\sim}^{\sim})|^{2}(1-||z||^{2}\prime 1^{l}d\mu(_{\sim}^{\sim}’)$ . (5.3)

Let $\mathcal{H}_{l}$ denote the Hilbert $sl$) $ace$ of all llleas $m\cdot able$ functions $\varphi$ on $B$ such that

$./B^{\cdot}|\varphi(_{\sim}^{\sim})|^{2}(1-||^{\sim}L||^{2})^{l}(l\mu(_{\sim}\sim)<(\infty$. (5.4)

$\mathcal{H}_{l}$ is a $(_{y^{Y}}$-space: $G$ acts tlllitarily il] $\mathcal{H}_{l}$ by $\sigma_{l}$ . given by

$\sigma_{i}(y\subset)\varphi(_{\sim}^{\sim})=\varphi(g^{-1}\cdot\sim 7)(\langle b, z\rangle+a)^{-l}$ (5.5)
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if $g^{-1}=$ .

$A$ is a unitary intertwining $operator$ between $p_{l}$ and $\sigma_{l}$ .
The hololllorphic discrete series; Fock spaces
$Fo1^{\cdot}\lambda\in R$ consider $t,he$ Fock space $\mathcal{F}_{\lambda}$ of hololllorphic functions on $B$

$satisfy\underline{i}_{1\overline{1}}g$

$||.f \cdot||^{2},\backslash :=.\int_{B}$

.
$|.f\cdot(z)|^{2}(1-||_{\sim}^{\sim}||^{2})^{\backslash }\prime d\mu(_{\sim}^{\sim}, )<\infty$ . (5.6)

This space is non-trivial for $\lambda>p((J=r?),$ since $\mathcal{F}_{\lambda}$ contaills the function
which $is^{\backslash }$ identically 1 ill t,his case. One has

$||1||_{\lambda}^{2}=. \frac{\pi^{\prime\iota}}{2(\lambda-1)\cdots(\lambda-\uparrow 1)}$ . (5.7)

Moreover, $\mathcal{F}_{\lambda}$ is a closed subspace of $L^{2}(B, d\mu_{\lambda})$ , hence a Hilbert space, where

$d\mu_{\lambda}(z)=(1-||z||^{2})^{\lambda}d\mu(z)$ . (5.8)

It also $ha,s$ a, reproducing kernel, namely

$E_{\lambda}(_{\sim}^{\sim}, \iota\iota))=\frac{(\lambda-1)\cdots(\lambda-\gamma t)}{\pi^{n}}[1-(w, z)]^{-\backslash }$’

)
(5.9)

It is also a unitary lllodule for the action of the universal covering group $C_{7}^{\sim}$’

of $G$ ; for integer $\lambda(\lambda>\rho)$ it is even a $G- 1\iota\iota odule$ : a hololllorphic discrete
series representa,tion of scalar type. The group $G$ acts by

$\tau_{\backslash \prime}(g).f\cdot(_{\sim}\sim)=.f(’\frac{d\cdot\sim\sim+c}{\langle b,\sim\rangle\sim+a})(\langle b, \sim\rangle\sim+a)^{-_{J}\backslash }$, (5.10)

$g^{-1}=\cdot\tau_{\lambda}$ is an irreducible unitary representation.

Let us denote by $\overline{\mathcal{F}}_{\backslash }$

, the $s^{t}pa,ce$ of colllplex conjugates of elelllents in $\mathcal{F}_{\lambda}$ .
It consists of anti-hololllorphic functions and gives $1^{\backslash }ise$ to an obvious unitary
action $\overline{\tau}_{\lambda}$ of $\tilde{G’}$ a,s well. So

$\overline{\tau}_{\lambda}(g).f\cdot(_{\sim}^{\sim})=.f(\frac{d\cdot\sim 7+c}{\langle b,\sim\rangle\sim+a})\overline{(\langle b_{\mathfrak{y}}.\sim\prime\rangle\sim+a)}’\backslash$ (5.11)

if $g^{-1}=,$ $.f\cdot\in\overline{\mathcal{F}_{J}^{\cdot}}\backslash ,$ $\lambda\in Z$ .
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$F\{or\lambda\in N(\lambda>())$ we ooet $1^{Ja1’ t}$ of the $dnti- 11olo11jorp1\tau i(^{\tau}dlscrete$ series of
scalar type.

Tensor products
$(^{\wedge},\{onsider$ the Hilbert space tensor product

$\mathcal{F}_{\backslash /},(\hat{-}r_{2}\overline{\mathcal{F}}_{\lambda}$ (.5.12)

with $\lambda>p$ . It $co$nsists of functions $F\in L^{2}(B\cross B,$ $d\mu,\backslash \otimes(l\mu_{\lambda})$ such tllat
$F(z, w)$ is $hoLolIlOl\cdot phic$ in $z\dot{\subset}illdanti-]_{\overline{1}O}10111o$rphic in $w$ . The group $\overline{G}$ acts
diagonally. It turns out tllat we actually have a $G$-action, which for integer
$\lambda$ is given by

$L^{-.F(z,w)}‘/0=F(g_{\overline{u}^{1}\sim}.\sim, g_{()}^{-1}\cdot w).(a+\langle b_{7^{\vee}}\sim\rangle)^{-_{J}\backslash }\overline{((x+\langle b,t1)\rangle)}\lambda$ (5.13)

if $g_{\overline{0}^{1}}=$ .

Let $A_{\lambda}$ denote the linear lllap $\mathcal{F}_{\lambda_{\sim}^{(x)}2}-\wedge\overline{\mathcal{F}}_{\lambda}arrow\prime \mathcal{H}_{0}=L^{2}(B, d\mu)$ given by

$F(_{\tilde{c},Ll)})arrow F(_{\sim,\sim}^{-\wedge})(\perp-||\approx||^{2})^{\backslash }$ (5.14)

One luas (see [6]):
$\bullet$ $A_{\backslash }$

, is a bounded, $||A_{\lambda}||^{2}\leq 1/c_{\lambda}$ . where $c_{\lambda}=||1||_{\lambda}^{2}$ .
$\bullet$ $A_{\backslash },$ is an intertwining operator: it intertwines the $G- a,ctiolls(5.13)$ on

$\mathcal{F}_{\backslash \overline{\theta}_{2}},(\overline{\mathcal{F}}_{\backslash }\wedge,$ and $\sigma_{0}$ on $\mathcal{H}_{0}$ ,
$\bullet$ $A_{\backslash }$ has trivial kernel and dense $i111’age$ ,

The adjoint of $- 4_{\lambda}$ . The Berezin kernel
One can easily $deterllline$ an explicit expression for $A_{\lambda}^{*}$ and then for $\Delta 4_{\lambda^{A}}4_{\lambda}^{*}$ ,

which lllaps $L^{2}(B, d\mu)$ in itself.
One gets:

$A_{\lambda}A_{\lambda}^{x_{1}}f\cdot(_{\sim}\sim)=$

$./B^{\cdot}E_{\lambda}(z, y)E_{\lambda}(t/, \sim)\sim.f\cdot(.|/)d\mu_{\backslash }’(y)(1-||z||^{2})^{\backslash }$ (5.15)

So $A_{\backslash },A_{\lambda}^{*}$ is a kernel operator with $kerl\perp el$

$B_{\lambda}(z, .|/)=c_{\lambda}^{-2} \{,\frac{(1-||_{\sim}^{\sim}|.|^{2})(1-||\ell j||^{2})}{[1-(_{\sim}\gamma 1j)][1-(_{lj,\tilde{c}})]}.\cdot\}^{\lambda}$ (.5.16)
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This is again the Berezin kernel (up to a factor); it is $G$-invariant, positive-
clefillite, a,nd defines a bounded Herlnitian forlll on $L^{2}(G/K)$ for $\lambda>(J$ .

Restrictions
Consider the group $H=SO_{0}(1, rt)$ inside $G=SlT(1, \uparrow?,)$ . It has a special

property: $S()_{0}(1, r|)\cdot 0=B(R^{r\iota})$ , the $rea,1$ unit ball, which is a fuliy $re.\backslash ^{\neg}tr\cdot ictit$) $\epsilon$

$.-\backslash ^{\urcorner}ub\uparrow l?a’\iota ifofd$ of $B$ . This means the following: if. $f$ is an entire hololllorphic
function on $B$ and.$f\cdot(x)=0$ on $B(R^{?t})$ , then. $f$ is idelltically zero. $C^{t}o111pletely$

silllilar to $tlle$ above one ca,n restrict.f
$\cdot$

$\in \mathcal{F}_{\lambda}$ to the real ball:

.$f\cdot(z)arrow.f\cdot(\alpha\cdot)(1-||\backslash \prime l\cdot||^{2})^{\backslash /2}’$ . $(5.\rfloor 7)$

$C^{1}$,all this $11\iota ap44_{\backslash },$ again. $Clearly.4_{\backslash }$, is one-to-one.
Consider $A_{\lambda}$ a,s a, lllap $\mathcal{F}_{J}^{-}\backslash arrow D’(B(R^{n}))\simeq D’(H/H\cap K)$ , the space

of distributions on $B(R^{\prime n})$ or $H/H\cap K$ . $A_{\backslash },$ is a,n intertwining operator
for the $H$-actions, at least for $\lambda\in 2N,$ $\lambda>p$ . It is easy to deterllline
$A_{J}^{*}\backslash$ : $D(B(R^{71}))arrow F_{\backslash },$ and then $A_{\lambda}A_{\backslash }^{*},$ , which is again a kernel operator, with
kernel

$c_{\lambda}^{-1} \frac{(1-||x||^{2})^{\lambda/2}(1-||y||^{2})^{\lambda/2}}{[1-(.1\tau/)]^{\lambda}}.,\cdot$ (5.18)

This kernel is $H$-invariant and positive-def nite for $\lambda\geq 0$ , a,nd is thus given by
a positive-dehnite $bi- K\cap H$-invariant function $\psi_{\lambda}’$ . One gets $\psi_{J},\backslash (a_{t})=\cosh t^{-_{J}\backslash }$

$(u1)$ to a constant). One lllay call this the $B\epsilon re_{\sim}^{\sim}i\uparrow lk\epsilon’\cdot?lf/.fo\uparrow\cdot H=SO_{U}(1, r\iota)$ .
The function $l_{\lambda}^{7}$ is clearly in $L^{1}(H)$ for $\lambda>p$ . Since $44_{\backslash },\cdot 4_{\lambda}^{*}$ $C’dn$ be seen as
a collvolution operator on $H:A_{\backslash -},4_{\backslash \prime r^{\wedge}}^{*}(=\varphi*\psi_{\lambda}$”( $r^{\cap}$ right $K\cap H- invariant_{c}$. it
is clear that] $\mathcal{A}_{\backslash },\cdot 4_{\backslash }^{*}$

, is a bounded lllap froll] $L^{2}(B(R^{n}))$ into itself. Then it is
obvious that.$4_{\backslash },(F_{\backslash },)\subset L^{2}(B(R^{r\iota}))$ and that $14_{\lambda}$ is bounded $fo1^{\backslash }\lambda>p$ ; indeed

$|\langle 41_{J}\angle f\backslash .\cdot)\varphi\rangle|^{2}=|\langle.f\cdot, A_{\backslash }^{*},\varphi\rangle|^{2}\leq||.f\cdot||_{\lambda}^{2}||A_{\lambda}^{*}\varphi||^{2}$

$=||.f\cdot||_{\lambda}^{2}(A_{\backslash }.A_{\backslash }^{*}.\varphi|\varphi)\leq||.f.||_{\lambda}^{2}||A_{\backslash },A_{\backslash \prime}^{*}||||\varphi||^{2}$ (5.1 $(.J)$

$($ .$f\cdot\in \mathcal{F}_{\backslash \cdot(},r\triangleleft\in D(\prime B(R^{l\iota}))$.
This observation is due to B. $\emptyset 1^{\cdot}st,ed(nnl)ublished)$ .
In order to decolllpose the $1^{\cdot}estriction$ of $\tau_{\backslash \prime}(\lambda\in 2N, \lambda>p)$ to $H=$

$\llcorner t_{)}^{\eta}O_{0}(1, ?1),$ $if_{l}$ is sufficient to decolIlpose }$1_{\backslash \prime}’$ . This is done $ilJ[8]$ , even for all
$\lambda\geq 0$ .

Observe that the tensor product case can be regarded a,s a silllilar restric-
tion problelll, namely frolll $G\cross G$ to the diagonal $\{(g, g) : g\in G\}\simeq G$ . $It_{c}$

leads $t_{1}o$ the fully restrictive sublllanifold $B$ in $B\cross B$ (diagonally elnbedded).
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This construction $ca,n$ be generalized to colllpactly causal $sy_{111111}etric$ pairs
(see Table 1; $g$ is the Lie algebra of $G,$ $\mathfrak{h}$ is the Lie algebra of the subgroup $H$

wllere we restrict $01_{-}1r$ holonlorphic representation of $G$ to). These pairs are
studied $b.v$ several peol a differe $nt$ point of view. The $c$-dual of $G$ also
has a lllea,ning: it can be used for an alternative illt,roduction of the Berezin
$kel\cdot nel$ (see $[.9],[24$ , section 3.4]). So it is quite surprising tluat Table 1 has such
an $i_{111}pacto1l$ our theory of canonical representations. The $d_{eCO111}po^{c\backslash },,ition$ of
the canonical $1^{\cdot}epreselltation$ (for $\lambda$ large) for tlle subgroups $H$ of Table 1
llas recently been given by Neretin [30] for allllost all classical groups and by
$van$ Dijk [6] for all tube type $ca$,ses (by a different lllethod). Here the case of
snlall $\lambda$ is a very interesting open problem too. The upper $pa$,rt of Table 1
$1_{1}as$ already been discussed in section 4.

$g$

Table 1:
$Irreducibleg$

compactly
$causal\dagger$

)

pairs

colllpactly causal $non- COllll;$) $actlycauS_{C}’i1$

(Faraut and ()lafsson [20]).

$g$

colllpactly causal
$g^{C}$

$non- collll;)actly$ causal
$\dagger)$
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6 Some notes
Here $al\cdot e$ sollle not,e $‘ s$ and $rellla1^{\cdot}1_{\backslash }\prime s$ .

$\bullet$ $(^{t}ano11ic\dot{c}tl1^{\cdot}e1)1^{\backslash }esellt^{r}d$tiolls have beell $illtre$) $d\iota\iota((^{Y}c1ft)r(-\cdot la|sslcalHe\Upsilon 11litian$

s.vlllllletl $\cdot$ ic spaces by $Bel\cdot czill$ [2,3.4.5] and later. in a $diffel\cdot eIlt$ context, by
Vershik, Gel’fand and $(_{J1}^{\tau}\cdot aev$ for $SL(2, R)$ $[39,40]$ .

$\bullet$ A lllore conceptual treatlllent for Herlllitian synlllletric spa,ces in the
$cont_{1}ext$ of.Jordan algebras $1la,s$ recently been given by $Up_{ll1}eier$ and Unter-
berger (1994) [37].

$\bullet$ An extension to hyperbolic $sl$) $aces$ , also for $S^{l}111’(ill$ values’ of the param-
eters, and for lille bundles over these $slJaces$ , is due to Hille and van Dijk
$(1 (.)95,1996)[8.23]$ . For $G=SU(p, q)$ see $Hille’stllesis[24]$ .

$\bullet$ $C_{}^{1}anonical1^{\tau}eI$) $resentd$ tions for $P^{dla- IIc^{1}1^{\backslash }111iti_{d11}}$
’ spaces were $1^{J\Gamma O}1$) $osedaljd$

introduced by Molchanov (1996). He follows the alternative introduction,
lllentioned above [26].

$\bullet$ A $tho1^{\backslash }0\iota\iota gh$ tl’eatlllent of the rank ( $11e^{1}p_{d}\prime ra- He1^{\cdot}111itians\backslash .\prime 11111letric$ space
$SL$ ( $\uparrow l$ . R)/GL(n-l, R) is due $t_{r}o$ van Dijk and Molchanov (1.9.98, 19.99) $[6,11]$ .
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