
TWINING CHARACTER FORMULA
FOR DEMAZURE MODULES

SATOSHI NAITO AND MASAHAHU KANEDA

$0$ . INTRODUCTION.

Let $g$ be a finite-dilllensional colllplex sellli-silllple Lie algebra with $C^{1}$,artan subalgebra
$\})$ alld Borel subalgebra $b\supset \mathfrak{h}$ . Let $\triangle\subset \mathfrak{h}^{*}$ be the set of roots of $g$ relative to $\mathfrak{h}$ . We cluoose
the set of positive roots $\triangle+such$ that the roots of $b$ are $-\triangle+\cdot$ Let $\{0_{i}’|i\in I\}$ be the set
of silIlple roots in $\triangle+,$ $\{h_{i}|\dot{p}\in I\}tlle$ set of silllple coroots in $\mathfrak{h},$ $A=(a_{i./}\cdot)_{i_{J}\in I}.\cdot$ the $C^{1}ar\tan$

nlatrix with $a_{lj}=\alpha_{j}(h_{i})$ , and $W=\langle\uparrow^{7}i| ? \in I\rangle\subset GL(\mathfrak{h}^{*})$ the Weyl group. We take and
fix a, Chevalley basis $\{\epsilon_{o}, .f_{t_{-}Y}|c\backslash ’\in\Delta_{+}/\}\cup\{h_{i}| ; \in I\}$ of $g$ , and let }$)_{\mathbb{Z}}= \sum_{i\in I}\mathbb{Z}h_{i}$ .

A bijection $\omega$ (of order $lV$ ) of the llldex set $I$ such that $a_{\omega(i).\omega(./)}.=a_{l/}\cdot$ for all $j,\dot{)}\in I$

induces a unique autolllorphislll $\omega$ , called a (Dynkill) $diag1^{\backslash }al11autolll(rphislll$ , of the Lie
algebra $g$ such that $\omega(\epsilon_{t)l})=\epsilon_{tJ_{\omega(’)}},$ $\omega(.f()i)=.f_{t\rangle}\omega(()$ . and $\omega(/\iota_{i})=l?_{\omega(l)}.$ for $j\in I$ . We denote
by $\langle\omega\rangle$ the cyclic $subgI^{\backslash }oup$ (of order $N$ ) of Aut (g) generated by the dia,graln autolnorphislll
$\omega$ . The restriction of $\omega$ to $\mathfrak{h}$ induces a transposed $ljlap\omega^{*}:$ [$)^{*}arrow \mathfrak{h}^{*},$ which sta,bilizes the
integral weight lattice [$)_{\mathbb{Z}}^{*}=$ {A $\in[)^{*}|\lambda(/?,\cdot)\in \mathbb{Z}$ for all ? $\in I$ } $\simeq Ho111(\mathfrak{h}_{\mathbb{Z}}, \mathbb{Z})$ . We set
$g^{0}=\{x\in g|\omega(.\iota^{t})=.\iota\cdot\},$ $\mathfrak{h}^{U}=\{fi\in\})|\omega(h)=f|\},$ $W^{\omega}=\{w\in|/V|\omega^{*}w=\iota\iota)\omega^{*}\}$ ,
$(\mathfrak{h}^{*})^{U}=$ {A $\in|)^{*}|\omega^{*}(\lambda)=\lambda$ } $\simeq(\mathfrak{h}^{()})^{*}$ , and $(\mathfrak{h}_{\mathbb{Z}}^{*})^{U}=\{\lambda\in \mathfrak{h}_{\mathbb{Z}}^{*}|\omega^{*}(\wedge)=\lambda\}$ .

Let $\wedge g$ be the orbit Lie algebra, which is the clual $coll$ ) $plexsell\dot{U}$-silllple Lie algebra of the
fixed point (sellli-silllple) subalgebra $g^{U}$ of $g_{1}$. i.e.. a $C(1111^{jlex}se111i- si_{111}1)1(^{\lrcorner}$ Lie algebra with
the opposite D.vnkin diagralll to that of $g^{U}$ . Let $\wedge \mathfrak{h}$ be the $(^{-\{}a,r\tan$ subalgebra of $\wedge g,b\wedge\supset\wedge \mathfrak{h}$ the
Borel subalgebra, and $\hat{\Delta_{+}/}\subset\wedge$}$)^{*}$ the set of positive roots chosen so that the roots of $\wedge b$ are
$-\triangle\wedge+\cdot$ Let $\{\alpha_{j}\wedge|l\in I\}\wedge$ be the set of silnple roots in $\triangle\wedge+and\overline{W}=\langle_{7_{?}}^{\wedge}|l\in I\rangle\wedge\subset GL(\mathfrak{h}^{*})\wedge$

$tlTe$ Weyl group, wllere $t1\overline{\perp}e$ index ,
$\backslash ^{B}etI\wedge$ is a set of representatives of the $\omega$-orbits in $I$ .

It is known that tllere exist an isolllorphislll of groups $(-)$ : $\overline{\nu V}arrow W^{\omega}$ a,nd a $\mathbb{C}- lillea,r$

$is()nlorphislllP_{\omega}$ : $\mathfrak{h}^{U}arrow\wedge \mathfrak{h}suc1_{1}$ that if $P_{\omega}^{*}:\mathfrak{h}^{*}\simarrow(\mathfrak{h}^{U})^{*}$$\wedge\simeq(\})^{*})^{U}$ is $tlle$ transposed lllap of $P_{\omega}$ ,
then $(-)(L\{))\wedge|_{(\mathfrak{h}^{*})^{0}}=P_{\omega}^{*}otl^{)}O\wedge(P_{\omega}^{*})^{-1}fo1^{\cdot}$ all $u$ )$\wedge\in W$ . We $set_{}w_{l}\cdot=(-)(_{\backslash }^{\wedge}, i)\in W^{\omega}$ for $i\in I\wedge.$ Ill
particular, ( $T/V^{\omega}.$ {tlli $|/\in I\}$ )

$\wedge$

forllls a $(^{1}oxete1^{\cdot}sv\backslash telll\backslash ’$ .

$()tlr$ preprint is available from $Naitos$
) home page:

http: //www.lnath.tsukuba. $aL.jp/\sim naito/$ .
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$\backslash _{A}$ AITO AND KANEDA

For dolllillant $\lambda\in(\mathfrak{h}_{\mathbb{Z}}^{*})^{U},$ $1et_{\chi}L(\lambda)$ be the sllllple $g^{-111()}dule$ of $1_{1}ig1\downarrow est$ weight $\lambda$ . It
adlllits a unique $\mathbb{C}$-linear $\langle\omega\rangle$ -action such that $\omega\cdot(.\mathfrak{j}\cdot\iota))=\omega(.?\cdot)(\omega\cdot\iota))$ for each $J^{\cdot}\in g$ ,

$p)\in L(\lambda)$ and $s\iota$ ch that $\omega\cdot\iota$) $\lambda=v_{\lambda}$ , where $t$ )
$\lambda$ is a (nonzero) highest weight vector of

$L(\lambda)$ . So $tllerefore$ does its dual lnodule $L(\lambda)^{*}\simeq L(-w_{U}(\lambda))$ with $\iota$)
$U$ the longest element

ill $|/V$ . Let $U(b)$ be the universal enve1 $(I)i_{ll}g$ algebra of $b$ , and for each $uJ\in l/V^{\omega}$ , let
$.J_{1t’}(\lambda)=l\mathfrak{t}(b)\iota_{\mathfrak{l}\iota’\{\lambda)}^{)^{*}}\subset L(\lambda)^{*}$ be $.Iosep$ ]$us$ 1110dule of highest $weig1_{1t}-\iota$ ) $(\lambda)$ in $L(\lambda)^{*}.$, with
$\iota_{1\iota’(\backslash )}^{)^{\star}}$

, a $(no11’ze1^{\cdot}\langle))$ weight vector in $L(\lambda)^{*}$ of weight $-\iota$ ) $(\lambda)$ . Sillce $\mu’\in\nu V^{\omega}$ , the weight
$\backslash fectol\cdot\iota_{1\{’(\backslash )}^{*}$

’ $\in$ $L(\lambda)^{*}t$ urns out $t()$ be $f|_{-X(^{s}}d$ by the a $c^{\backslash }ti()1T$ of $\langle\omega\rangle$ , (
$i\prime lld$ hence .Joseph’s

$111t)(1u1\epsilon^{1}1_{\iota\iota},(\lambda)\subset L(\lambda)^{*}$ is $\langle\omega\rangle$ -invaria $nt.$ Ill $tlTe$ talk we will $1$) $rove$ a $forllltll^{rd}$ of Delllaz\iota re

type for the twining character $c1_{1^{\omega}}(\cdot J_{\mathfrak{l}\mathfrak{l}^{1}}(\lambda))of.J_{l\downarrow},(\lambda)$ defined by

$ch^{-U}(J_{t\iota\prime}(\lambda))=\sum_{\mu\in(\mathfrak{h}_{Z}^{*})^{0}}Tr(\omega|_{J_{\prime},(\backslash )_{\mu}},)e(\mu)$

in the groul) algebra $\mathbb{C}[(\mathfrak{h}_{\mathbb{Z}}^{*})^{U}]$ over $\mathbb{C}$ of $(\mathfrak{h}_{7}^{*}\triangle)^{U}$ with basis $\epsilon(l^{l}),$ $\mu\in(\mathfrak{h}_{A}^{\overline{*}})^{U}$ . As a corollary,
we will find a st $1^{\backslash }iki_{1l}g$ relatioll:

$c1_{1^{\omega}}(.J_{lt},(\lambda))=P_{\omega}^{*}((^{\backslash }1_{1}.J_{tt’}\wedge(\lambda))\wedge\wedge$ .

$\iota vhel\cdot e\lfloor l)\wedge=(-)^{-1}(L\downarrow,’)\in\overline{\nu|_{/}^{\gamma}}$ . $\wedge\lambda=(P_{\omega}^{*})^{-1}(\lambda)\in\wedge \mathfrak{h}^{*}$ , and ch $\hat{J_{11},}\wedge(\lambda)\wedge\in \mathbb{C}[\mathfrak{h}^{*}]\wedge$ is $tlle$ ordinary
$c11$ aracter $of.$] $osepll’ s$ lllodule $J_{1t}\wedge(\lambda)\wedge,\wedge$ of highest weight $-tlJ(\wedge\lambda)\wedge$ over the orbit Lie $algebrag\wedge$ .

$Altho\iota g1_{1}$ our problelll can be $sta$,ted purely $a_{I}1gebraically$ as above, it $seellJs$ very diffi-
cult (at least for us) to solve it only by algebraic lllethods. Hellce we resort, to (algebro-)

geollletric lllethods. For that $]^{)ur}1$)( $Se$ , we introduce lllrre notation. Let $G$ be a connected,
$si_{111}1)1_{d}v$ collne(ted $sellli- si_{111}ple$ linear algebraic $g1^{\cdot}0\iota\iota 1$) over $\mathbb{C}$ with llla,xilllal torus $T$ and
Borel $snbg_{1^{\backslash }}o\iota pB\supset T’ s’\iota$ch that Lie $((_{7}|)=g, Lie(T)=\mathfrak{h}_{/}$. and Lie$(B)=b$ . Then the
$ch_{\subset t\Gamma’d(}\prime terg1’()\iota\iota 1^{J}$ A $=H_{()111}(T, C_{-}^{t}\prime L_{1})$ of $7^{\urcorner}111d_{\nu}V$ be identifiecl with $\mathfrak{h}_{Z}^{*}$, by $t\prime d$ king the differ-
ential at the idelltit.v elelllellt, $i.e.$ , by the lllap $\lambda-+d\lambda.$ Fol each $’\in I$ and $\lambda\in\Lambda,$ we

will write $\langle\lambda, c\iota_{l}^{\vee}. \rangle=((^{-}1\lambda)(h_{i})$ , where $0^{\vee},\cdot\in Ho111(\zeta^{t},L_{1_{1}}.T)$ is the coroot of $cv_{\dot{l}}\in$ A. There
exists an autolllorphislll of $G$ whose differential a,t the identity elelllent coillcides with the
$diag1^{\backslash }\prime d111$ autolllorphislll $\omega$ of $g$ above. By abuse of llot,ation, we will denote by $\omega$ this
a $\iota to111(rI^{J1_{1}isll1}$ of $(_{\tau^{1}}d’$ nd by $\langle\omega\rangle$ the $t$ yclic $sllbg1^{\cdot}ou1^{J}$ (of order $fV$ ) of Aut $(G)$ generated by
$\omega$ . We will a $1,\backslash ’\langle$

$)$ denote $t_{d}ht^{s}$ induced action of $\omega\in\langle\omega\rangle$ on A by the.$\backslash ^{\backslash }i\lambda 11\iota e$ lett,er $\cup\cdot’$ . and set
$\Lambda^{\omega}=$ { $\lambda\in$ A $|\omega\cdot\lambda=\lambda$ }, $\wedge^{\prime t_{+}^{\omega}}=$ { $\lambda\in\Lambda^{\omega}|\langle\lambda,$ $0^{\vee},\cdot\rangle\geq 0$ $f_{t)1}.$ . all $’\in 1$ }.

By a (, $\lambda$ $\langle\omega\rangle$ -lllodnle $M$ , we will $111t^{\backslash }an$ a $finite- di111en_{c}^{c^{1}},ion\prime cill’d$ tiona] $G$-lllodule tha $t$

$ci\prime cllllit‘\backslash$’ a $\mathbb{C}- lil\iota e<ir\langle\omega\rangle$-action such that $\omega\cdot(\supset c7\uparrow\iota)=\omega(jc)(\omega\cdot\uparrow 7l)$ for each $g\in G$ a,nd $m\in M$ .
$Rega1^{\cdot}di_{ll}g$ tlle $e‘ iellli$-direct $1^{JIoduct}(_{\tau\lambda}’[_{\backslash }\omega\rangle$ of $(_{J}’$ and $\langle\omega\rangle$ as a linear algebraic group, this
is the sallle as a ration $a1$ $(_{\tau^{t}\lambda}\langle\omega\rangle-11\iota odtlle$ . Likewise for $B\rangle\triangleleft\langle\omega\rangle- a,ndT\lambda\langle\omega\rangle-11lodules$. Let
$\mathbb{C}[\Lambda^{\omega}]$ be the $gro\iota 1$) algebra over $\mathbb{C}$ of $\Lambda^{\omega}$ with basis $(,(\mu),$ $\mu\in\Lambda^{\omega}$ . For a $T\lambda$ $\langle\omega\rangle$ -lllodtlle
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$V$ , we $defilletl\tau etw^{\gamma}i_{11}i_{1l}gc1_{1ara(}\cdot te1^{\neg}c1l^{\omega}(V)\in \mathbb{C}[\lrcorner/\backslash ^{\omega}]$ of $1^{f}\uparrow$ ( be

$c1_{1^{\omega}}(V)=\sum_{\mu\in\Lambda^{\omega}}T\perp\cdot(\omega|_{V_{l}},)e(\mu)$
,

$wllereV_{\mu}=$ { $u\in V|tt)=\mu(t)\iota)$ for all $t\in T$ } is the $\mu$ -weight space of $\iota\nearrow$ .

Recall that $W\simeq lV_{G}(T)/T,$ $wlue\Gamma e1\backslash ^{r_{G}}(T^{1})$ is $tljellorlll\dot{c}1$ lizer of $7^{\urcorner}$ in $G$ . Fix $tl$ ) $\in W^{\omega}$ .
and let $X(u).)$ be the associated $kb^{t}cll11bert$ va $ri(^{\lrcorner}t\backslash .’$ over (C. $w(hicll$ is the $Z\dot{c}il\cdot iskiclos111^{\backslash }e$ in $t1_{1}e$

$f|_{c}r\iota gvariet\backslash .\gamma G/B$ of the Brullat cell $Bti$ ) $B/B$ . $w]_{1e1\epsilon^{1}}ti$ ) $del$ )( $tes$ a $1^{\cdot}ight$ coset $1^{\cdot}e1^{Jlesentativc}$

of $tl$ ) in $1\backslash r_{G(T)}hxe(1$ by $\omega\in$ Aut $(G)$ . If $M$ is a $B\lambda\langle\omega\rangle-11loclule,$ thell tlle B-equivariant

OY $(w)$–lllodule $L_{X(((’)}(M)dssoci(ited$ to $M$ carries a struct,ure $\iota’\grave{J}f$
‘

$(B, \langle\omega\rangle)$-equivaria $11t$
”

( $=$. $B\rangle\triangleleft\langle\omega\rangle$ -equivariant) sheaf, so that its collollltlogy groups $H^{\cdot}(arrow\lambda^{f}(\iota)),$ $\mathcal{L}_{X(I1^{f})(M))}$ are
$B\lambda\langle\omega\rangle- 11lodules$ . ( $T1_{1}e$ precise definition of a $(B, \langle\omega\rangle’)$ -equivariant slleaf will be given in
the talk.)

For each $\lambda\in\Lambda^{\iota\nu}$ , we let $\mathbb{C}_{\lambda}$ denote $tlle$ one-clilllellsiollal $B\lambda$ $\langle\omega\rangle$ -lllodule $011$ which $B$

acts via $\lambda tlll\cdot 0\iota\iota gh$ tlle quotient $Barrow?1$ a $11\subset[\langle\omega\rangle t1’ i\backslash ^{r}i_{C\backslash }\lfloor]y$ . $\backslash /\backslash /’ e$ call $H^{U}(X(\{\downarrow)).\mathcal{L}_{X(’\iota’)}(\mathbb{C}_{J}\backslash ))$

for $\lambda\in\Lambda_{+}^{\omega}$ a Delllaztlre lllodule. .Josepll $s111oclule.J_{ll},(\lambda)$ adlllit‘s a $stl\cdot ucture$ of $B\lambda\langle\omega\rangle-$

lllodule, and we have an isolllorphislll of $B\lambda\langle\omega\rangle-11\perp odule‘ s$

$J_{1(1}(\lambda)^{*}\simeq H^{U}(X(w), \mathcal{L}x(111)(\mathbb{C}_{\lambda}))$ ,

where $J_{\iota\iota},(\lambda)^{*}$ is the dual $B\lambda$ $\langle\omega\rangle$ -lllodule of $J_{w}(\lambda)$ .

For $?\in I\wedge$, we define the $\omega- DelllaZUl\cdot e(1^{jerato1}\hat{D}_{l}\cdot$ to be a $\mathbb{C}$-lillear elldoll\perp orphislll of
$\mathbb{C}[\Lambda^{t\lambda/}]s$ uch that

$\hat{D}_{l}\cdot(e(\mu).)=\frac{e(\mu)-e(-s_{l}\cdot\beta,\cdot)e(Ll)i(\mu))}{1-e(-.\sigma_{j}\beta_{i})}$ for $\mu\in\Lambda^{\omega}$ ,

wltere $\beta_{i}=\sum_{k=U}^{1V_{l}-1}0_{\omega^{A}(i)}$ and $s_{i}=‘ 2/\sum_{h}^{N,-1}=0a_{j.\omega(i)}’$
) with $lV_{i}tlle$ nulllber of elelnents of the

$\omega$-orbit of $l\in I$ .

The following is $0\iota\iota r$ lllain restllt.

THEOREM 0.1. $LcfMbr$ a.f7nite-di,71 $f..\uparrow l\cdot\backslash ’ O\uparrow\iota a/,.otio/la/Bx\langle\omega\rangle- l1\overline{l}$ odnle. [$1)\in|/V^{\omega}$ and
$/ettl)=\iota)i_{1}w_{l\rangle,\sim}\cdots w_{i_{1}},bc$ a reduced $cx\cdot p$ ression in $thc(’cJ.t\cdot rtcr\cdot.-\backslash \cdot y_{-}^{q}.t_{I^{C}}m(W^{\omega}, \{w_{l}\cdot|l\in I\})\wedge$ .

Th en to $\xi$ hane in $\mathbb{C}[\Lambda^{\omega}]$ .

$\iota^{\omega}(M)=,\cdot\sum_{\geq U}(-1)’$

.
$ch^{L\nu}(H’.(X(U)),$ $\mathcal{L}_{X((A1)(M)))}$

$=\hat{D}_{i_{1}}\hat{D}_{i_{\underline{9}}}\cdots\hat{D}_{ln}.(ch^{\omega}(M))$ .
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$Irlpartic\cdot ular_{j}$ for $\lambda\in\Lambda_{+}^{\omega}$ . we have

$Ch^{\omega}(H^{U}(arrow\lambda^{r}(’\mu)),$ $\mathcal{L}_{X\langle_{1t^{f}})(\mathbb{C}_{\backslash \prime})))=}\hat{D}_{j_{1}}\hat{D}_{i_{2}}\cdots\hat{D};,\}(\epsilon(\lambda))$ .

There is thus revealed a striking relation between twining characters for $g$ and $01^{\cdot}dinal\cdot y$

$cha1^{\backslash }acte1^{\cdot}s$ for $t_{}he$ orbit Lie algebra $\wedge g$ . Let $\wedge \mathfrak{h}_{\mathbb{Z}}=\sum_{i\in I}\wedge \mathbb{Z}/\iota_{l}\wedge$. $a1\perp d\mathfrak{h}_{\mathbb{Z}}^{*}\wedge=$ Holll $(\mathfrak{h}_{\mathbb{Z}}, \mathbb{Z})\wedge\subset\wedge \mathfrak{h}^{*}$

For dolllinant $\wedge\lambda\in\wedge \mathfrak{h}_{\mathbb{Z}}^{*}$ , let $L(\lambda)\wedge\wedge$ be the $silnpleg- 11lod\iota\iota le\wedge$ of highest weight $\wedge\lambda$ , and for each
$u)\wedge\in\overline{W},$

$1et.J_{1^{\wedge}}‘’(\lambda)\wedge\wedge=l\mathfrak{t}(b)v_{\hat{w}(\lambda)}^{*}\wedge\wedge\wedge\subset\hat{L}(\lambda)^{*}\wedge$ be Joseph’s llloclule of highest weight $-1l$ )$(\wedge\lambda)\wedge$ ,

with $\wedge tJ^{*}\iota\iota’\langle\wedge,\backslash$

)
$\wedge\in\hat{L}(\lambda)^{*}\wedge a$ (nonzero) weight vector of weight $-u$)$(\wedge^{\wedge}\lambda)$ .

COROLLARY 0.2. $L‘ f\lambda\in(\mathfrak{h}_{\mathbb{Z}}^{*})^{U}b\epsilon dom’ i.nant$ and $w\in W^{\omega}$ $Wf.\backslash --et\iota\{)\wedge=\Theta^{-1}(n))\in\overline{T/V}$

$and\wedge\lambda=(P_{\omega}^{*})^{-1}(\lambda)\in\wedge \mathfrak{h}_{\mathbb{Z}}^{*}$ . $The\uparrow$ } $t0\not\in,$
$/\iota a\iota$) $\epsilon i\uparrow t\mathbb{C}[(\mathfrak{h}_{7\Delta}^{*})^{U}]$ .

$ch^{\omega}(J_{\mathfrak{i}1^{f}}(\lambda))=P_{\omega}^{*}(ch,J_{1t^{f}}-(\lambda))\wedge\wedge$ ,

$\iota vh\epsilon \mathfrak{l}^{\tau}\epsilon P_{\omega}^{*}$ on the right-hand.$\backslash ^{\backslash }-id\epsilon$ is a $\mathbb{C}- al.g\epsilon br\cdot ai.,\backslash ^{\urcorner}omorphi_{-}^{\backslash }.\backslash m\mathbb{C}[\mathfrak{h}_{\mathbb{Z}}^{*}]arrow^{\sim}\mathbb{C}[(\mathfrak{h}_{\mathbb{Z}}^{*})^{t)}]\wedge$ de.fined by
$P_{\omega}^{*}(\epsilon(\mu)\wedge)=\epsilon(P_{\omega}^{*}(\mu)\wedge)$ for each basi.$-\backslash -\epsilon/,\epsilon m\epsilon\uparrow\iota te(\mu)\wedge$ . $\mu\wedge\in\wedge \mathfrak{h}_{\mathbb{Z}}^{*}$ . of th, $e$ group $alg\epsilon bt^{\backslash }a\mathbb{C}[\mathfrak{h}_{\mathbb{Z}}^{*}]\wedge ov\epsilon r$

$\mathbb{C}0.f.[)_{\mathbb{Z}}^{*}\wedge$ .

1. PRELIMINARIES.

1.1. $Diagra\ln$ autoniorphisnis. Let $g$ be a fillite-dill\iota ensional $C(1111^{Jlex}se11\dot{u}- si_{111}ple$

Lie algebra with ( $\prime ar\tan$ subalgebra $\mathfrak{h}$ and $Bt$) $rel$ subalgebra $b\supset \mathfrak{h}$ . Let A $\subset \mathfrak{h}^{*}$ be the set
of $1^{\backslash }oots$ of $g1^{\backslash }e1\dot{e}i$ tive to $\mathfrak{h}$ . We choose the set of positive $1^{\cdot}oots\Delta_{+}/,{}^{t}juch$ that the $1^{\cdot}oots$ of $b$

are $-\triangle+\cdot$ Let $\{\alpha_{l}\cdot| ; \in I\}$ be $tlle$ set of silllple $1^{\cdot}oots$ in $\triangle+,$ $\{f1_{\dot{b}}|l\in I\}$ the set of silllple
coroot $s$ in $\mathfrak{h}$ , A $=(a_{i./})_{i_{J}\in l}$. the Cartan lnatrix with $a_{i./}=\alpha_{/}.\cdot(/\iota_{i}),$ and $W=\langle\uparrow j|i\in I\rangle\subset$

$GL(\mathfrak{h}^{*})tlle$ Weyl groul). $\backslash Ve$ take alld fix a $C^{1}\prime hevalle\}^{r}$ basis { $\epsilon_{t)}..f_{X}(-|$ a $\in\triangle_{+}$ } $\cup\{h;|i\in I\}$

of $g$ , and let $\mathfrak{h}_{\mathbb{Z}}=\sum_{i\in I}\mathbb{Z}fi_{\dot{l}}$ .

We fix a bijection $\omega:Iarrow I$ of the index set $I$ such tha,t

$a_{\omega(i)_{tv}(_{J})}.\cdot=a_{\dot{\iota}/}$ for all $l,\cdot\dot{j}\in I$ .

IIet, $lV$ be the order of $\omega$ , and ]$\backslash r_{i}$ the nulllber of elelnents of the $\omega$-orbit of $’\in I$ . This $\omega$

can be extended in a unique way t,o an $automol\cdot 1$) $hislll$ (also delloted by $\omega$ ) of order $N$ of
the Lie algebra $g$ in sucl] a $wa,.v$ that

$iil$

.

$f_{-}^{=}\in\in III’..$

’
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$Note_{J}$ that the restriction of $\omega$ to the $C^{1}a1^{\cdot}\tan$ subalgebra $\mathfrak{h}$ induces a transposed lllap
$\omega^{*}:$

$\mathfrak{h}^{*}arrow \mathfrak{h}^{*}$ such that $\omega^{*}(\lambda)(h)=\lambda(\omega(h))$ for $\lambda\in \mathfrak{h}^{*},$ $h\in \mathfrak{h}$ . We set

$(\mathfrak{h}^{*})^{()}=\{\lambda\in \mathfrak{h}^{*}|\omega^{*}(\lambda)=\lambda\}$ and $(\mathfrak{h}_{\mathbb{Z}}^{*})^{U}=\{\lambda\in \mathfrak{h}_{\mathbb{Z}}^{*}|\omega^{*}(\lambda)=\lambda\}$ ,

$whel\cdot e\mathfrak{h}_{7^{?}}^{*}\Delta=$ { $\lambda\in \mathfrak{h}^{*}|\lambda(h;)\in \mathbb{Z}$ for all $i\in I$} $\simeq Ho\iota 11(\mathfrak{h}_{\mathbb{Z}}, \mathbb{Z})$ . Note that the Weyl vector
($J=(1/2_{J}^{\backslash } \cdot\sum(\}\in\triangle+c)’$ is $i_{11}(\mathfrak{h}_{\mathbb{Z}}^{*})^{U}$ .

1.2. Orbit Lie algebras. We $c1_{1}oose$ and fix a set $I\wedge$ of representatives of the $\omega$-orbits
in $I$ , and set $\hat{A}=(\wedge a_{ij})_{i_{J\in}I}.\wedge$, where $\wedge a_{ij}$ is given b.v

$\wedge a_{i./}=.\underline{\sigma}_{J}\cross\sum_{k=0}^{A_{J}^{r}-1}a_{i.\omega^{k}(j)}$ for $i,$ )
$\in I\wedge$ with $s_{j}= \sum^{N_{J}-1}k=Ua,.(v^{A}(j)2$ for $\dot{J}\in I\wedge$.

Set for each $i\in I\wedge,$ $I_{i}=\{\omega^{A}(l)|0\leq k\leq lV_{i}-1\}\subset I$. We know that for each $\iota\in I\wedge$,

$\sum_{A\in I,}a_{ik}=1$
or 2.

Moreover, there are only two $1^{Jossibilities:}$

(a) if $\sum_{k\in l},$ $a_{iA}=1$ . then $lV_{j}$ is even and the subgraIJh of t,he Dynkin diagralll corre-
sponding to the subset $I_{i}\subset I$ is of type.$4_{2}\cross\cdots\cross.4_{2}$ (where $A_{2}$ appears $l\backslash r_{l}/2$

tillles),
(b) if $\sum_{A\in I_{l}}a_{\dot{\iota}k}=2$ , then the subgraph of $t1_{1}eD_{d}vnki11diag\iota\cdot a‘ 111co1^{\cdot}1^{\cdot}espo\rfloor 1di_{1l}g$ to $t1_{1}e$

subset $1_{i}\subset I$ is totally disconnected alld of type $.4_{1}\cross\cdots\cross A_{1}$ (where $z4_{1}$ appears
$lV_{i}$ tinies).

The $01^{\cdot}bit$ Lie algebra associated to the cliagralll $\dot{c}lutolllorphislll\omega\in Aut(g)$ is defined
to be the colllplex $semi- si_{ll1}ple$ Lie algebra $\wedge g$ associated to $tlle(^{t,a}rtdn$ lllatrix $1^{\wedge}4=(cx_{i}.)_{i_{:./}\in 1}\wedge/\cdot.\wedge$

with the $(^{\sim_{t}}-’\subset\backslash rt$

($in$ subalgebra $\wedge\}$

), the Borel subalgebra $\wedge b\supset\wedge \mathfrak{h}$ , the set of positive roots
$\triangle\wedge+\subset\wedge[)^{*}$ chosen so tltat the roots of $\wedge\wedge \mathfrak{d}are-\triangle+,$ $tlle$ set of $si_{111ple}$ roots $\{\hat{\alpha}_{i}|i\in I\}\wedge\subset\wedge \mathfrak{h}^{*}$ ,
$t1_{1}e$ set of $si_{111p}1$ ($\lrcorner$ coroots $\{h_{i}\wedge|l\in I\}\wedge\subset\wedge \mathfrak{h}$ , and the VVey] $group\nu-\nu^{\tau}=\langle\uparrow l\wedge|l\in I\rangle\wedge\subset GL(\})^{*}$ )

$\wedge$

.

Remark 1.2.1. We can easily $ded\iota\iota cetlla,t$ the orbit Lie algebra $\wedge g$ is the dual $c^{\backslash }onlplex$ sellli-
silllple Lie algebra of the fixed poillt (sellli-silllple) subalgebra $g^{U}=\{x\cdot\in g|\omega(x)=\backslash ’\iota\cdot\}$ of
$g$ , i.e.. a colnplex $se111i- si_{111}ple$ Lie algebra which has the opposite $D_{\}}\prime nki11$ diagram to that
$ofg^{U}$ .
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We set $\mathfrak{h}^{U}=\{fi\in \mathfrak{h}|’\omega(h)=h\}$ . Then there exists a linear isolIlorphislll $P_{\omega}$ : $\mathfrak{h}^{U}arrow\wedge \mathfrak{h}$

givell by

$f_{\omega}^{J}( \sum_{A\in I},$ $h_{k})=1V_{l}\cdot h;\wedge$ for each $l\in l\wedge$.

This lllap $P_{\omega}$ : $\mathfrak{h}^{U}arrow^{\sim}\mathfrak{h}\wedge$ induces $dtrans1$) $os^{\backslash }ed_{111’d}pP_{tA/}^{*}:\mathfrak{h}^{*}arrow^{\vee}(\mathfrak{h}^{U})^{*}$$\wedge\simeq(\mathfrak{h}^{*})^{U}s\iota$ch that

$P_{\omega}^{*}(\lambda)(ft)=\lambda(P_{\omega}(/7))\wedge\wedge$ fo $\iota^{\backslash }\lambda\in \mathfrak{h}^{*}\wedge\wedge f_{l}\in \mathfrak{h}^{U}$

Note $t1_{1’d}t$ . if $\wedge\wedge \mathfrak{h}_{\mathbb{Z}}=\sum_{i\in I}-\mathbb{Z}/|,\cdot$ ancl $\wedge \mathfrak{h}_{\overline{//}}^{*}arrow=Ho111(\mathfrak{h}_{\mathbb{Z}}.\mathbb{Z})\wedge\subset\wedge \mathfrak{h}^{*}$ . then $P_{\omega}^{*}(\mathfrak{h}_{A}^{*}\Gamma)\wedge=(\mathfrak{h}_{\mathbb{Z}}^{*})^{U}$ .

$1/Ve$ now $defille$ the $subg1^{\cdot}ou_{1^{)}}W^{\omega}$ of $W$ by

$W^{\omega}=\{\iota v\in\nu V|\omega^{*}ll)=w\omega^{*}\}$ .

$It_{}$ is $klT$($wn$ that $thel\cdot e$ exists an $istlll(rl)hislll$ of $groul$) $s(-)$ : $\overline{W}arrow W^{\omega}$ flolll $tlleW^{1^{\vee}}e.,v1$

group $\overline{W}$ of the ( $1^{\cdot}|\supset it$ Lie $algebr_{C}’t\wedge g$ onto the $g1^{\cdot}0\iota pW^{\iota\nu}$ snch that the $f_{0}$ ] $1owingdiagl\cdot alll$

collllnutes for eacll $tl$)$\wedge\in\nu\nu^{r}$ :
$\wedge \mathfrak{h}^{*}arrow f_{\wedge}^{\lrcorner*}(\dagger)^{*})^{U}$

$|\{’\iota\wedge$ $\downarrow\ominus( 1’)\wedge|_{(\})^{*}1^{0}}$

$\wedge \mathfrak{h}^{*}arrow P_{\sim}^{*}(\mathfrak{h}^{*})^{U}$ .

$1\{or\urcorner$ each $\dot{\iota}\in\wedge I$, set $u\prime_{i}=\Theta(?_{i}^{\tau})\wedge\in W^{\omega}$ . Explicitly,

$1l’ j=\{$

$\prod_{A\cdot=0}^{A_{l}^{r}/2-1}(?_{\omega^{A}(’)^{?_{\omega^{A+\searrow_{t}/}}^{\tau}}(i)^{\gamma}\omega^{A}\langle\dot{\downarrow}))}‘.1\underline’$. if $\sum_{k=U}^{\Lambda^{(},-1}\overline{\subset}l_{\dot{\iota}.\omega^{A}\{l)}.=1$ .

$\prod_{\Lambda\cdot=u}^{N,-1}\uparrow_{\sim U}.A(l.)$ if
$\cdot$

$f \backslash r,\sum_{k=U}^{-1}(x_{i.\omega^{A}(l)}.=2$ .

Hence $e\prime d,cllw,\cdot$ is the longest elelllent of the subgroup $\nu|/^{r_{1}}$, of tlte Weyl group $W$ generat,ed
by $the/_{\lambda}.’ s$ for $k\cdot\in I_{j}$ . $F\iota rtherlllore,$ $(I’V^{\omega}, \{n)i|i\in I\})$ fornls

$\wedge$

a $C^{1}\prime oxeters\}^{\gamma}Stell1$ a,s $(\overline{M^{r},},$
$\{\uparrow\dot{l}\wedge|$

$’\in I\})\wedge$ is. We will denote the length $fullction$ of the $C^{t}oxeter$ systelll $(\nu V, \{\uparrow i|l\in I\})$

$(1^{\cdot}esp. (W^{\omega}. \{n)i| ; \in I\}))\wedge$ by (/: $Warrow \mathbb{Z}_{\geq U}$ (resp. $\ell:W^{\omega}\wedgearrow \mathbb{Z}_{\geq()}$ ).

$Rema’\cdot l\cdot 1_{\sim\cdot\sim}.’\prime y$ . Note tllat the longest $e_{\vee}1e111\Theta 11ttv_{U}\in W$ belongs to $W^{\omega}$ . In fact. we can
eagily $sl_{1ow}$ tludt tlle isolllorphislll (-): $Warrow^{\sim}\mathcal{V}V^{uJ}$ llldI)s t,he $1_{(11}gest$ elelllent $\hat{w}_{U}\in\nu V$ to the
longest $e]_{el11t^{Y}nt}n_{U}’\in\nu V$ .

1.3. The $\omega$-Delllazure operators. Recall $t_{I}he$ ordinary Delllazure opera,tor $D_{i}$ for
$l\in I$ on the group ring $\mathbb{Z}[\mathfrak{h}_{\mathbb{Z}}^{*}]=\coprod_{\lambda\in \mathfrak{h}_{Z}^{*}}\mathbb{Z}e(\lambda)$:

$D_{i}$ : $c(\lambda)-\succ\underline{\epsilon(\lambda)-e(-\alpha_{i})c(\uparrow^{\tau}i(\lambda))}$.
1 $-\epsilon(-O’j)$
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Let $\mathbb{C}[\mathfrak{h}_{\mathbb{Z}}^{*}]\wedge$ be the group algebra over $\mathbb{C}$ of $\wedge \mathfrak{h}_{\mathbb{Z}}^{*}$ with basis $\in(\lambda)\wedge$ . $\wedge\lambda\in\wedge|)_{\mathbb{Z}}^{*}\cdot De$fine $likew|set_{\mathfrak{l}}]_{1e}$

Delnazure operatol $D$ -, $\cdot’\in I\wedge$ , on $\mathbb{C}[\mathfrak{h}_{\mathbb{Z}}^{*}]\wedge$ to be the $\mathbb{C}$-linear $e1\urcorner$ dolllorphislll of $\mathbb{C}[\mathfrak{h}_{\underline{7}_{l}}^{*}]\wedge$ given
by

$D_{r,}^{\wedge}(e( \lambda))\wedge=\frac{e(\lambda)-e(-0_{i}’)_{G}\wedge,(?_{i}^{\tau}(\wedge\lambda))\wedge\wedge}{1-e(-0_{i})\wedge}$ .

Then transfer $D_{\tau_{1}}\overline{.}$ via $P_{\omega}^{*}$ onto the coroup algebra $\mathbb{C}[(\mathfrak{h}_{\mathbb{Z}}^{*})^{U}]$ to clefille the $\omega$-Delllazure
$()pel\cdot at()1^{\cdot}$

$(L.3.\rfloor)$
$\hat{D},\cdot=P_{\omega t}^{*}o\perp)_{r}-o(P_{\omega}^{*})^{-1}$ for $l\in 1\wedge$.

Thus we can $easil\backslash .r$ clleck $tl\perp e$ fo $\lfloor$ ] $owing$ .

LEMMA 1.3.1. $L\epsilon t\iota\in I\wedge$. For each $\lambda\in(\mathfrak{h}_{\mathbb{Z}}^{*})^{U}$ . $wcha()e$

$\hat{D}_{f}\cdot(e(\lambda))=\frac{e(\lambda)-e(-s_{l}\cdot\beta_{i})e(t()_{p}\cdot(\lambda))}{1-\epsilon(-.\backslash _{i}\beta_{\dot{l}})}$,

and moreooer

$\hat{D};(e(\lambda))=\{$

$\epsilon(\lambda)+e(\lambda-cs_{l}\cdot\beta_{\dot{l}})+\cdots+e(\iota 1_{l}^{)}.(\lambda))$ if. $\lambda(/l_{t}.)\in \mathbb{Z}_{\underline{>}u}$ ,

$0$ $i.f\cdot\lambda(/t_{l})=-1$ ,

$-(e(\lambda+.\sigma_{i}\beta,\cdot)+e(\lambda+2.\nwarrow_{l}\beta_{i})+\cdots+\epsilon(\iota l)i(\lambda+\llcorner\sigma_{i}\beta_{i})))l].\lambda(h_{t}\cdot)\in \mathbb{Z}_{\underline{<}-2}$ .

$Re$mark 1.3.2. Let $\iota$) $=n$”$\cdot\iota$ ) $\cdot\cdots lp$)$1l2i_{\rangle 1}$ be a reduced expression of 1 $l$ ) $\in W^{\omega}$ in the $\subseteq^{t}oxeter$

systelll $(\nu V^{\omega}, \{\iota I_{l}. |l\in I\})\wedge$ , i.e., $l(u))\wedge=\gamma?$ . We set $\hat{D}_{1L},$ $=\hat{D}_{1},\cdot\hat{D}_{i\circ,\sim}\cdots\hat{D}_{i_{71}}\in E1\overline{\perp}d(L(\mathbb{C}[(\mathfrak{h}_{\mathbb{Z}}^{*})^{0}])$ ,
$whic]_{\hat{1}}$ does not $del$)$endo11$ the choice of the reduced $exl\supset ression$ of $w\in W^{\omega}$ .

$\rfloor.4$ . Twining cllaracters. Let (’ be a collllected, $si_{ll1}P_{v}1\backslash /’$ collllected $se111i- si_{111}1$) $1e$ linear
algebraic group over $\mathbb{C}$ with lllaxilllal torus $T$ alld Borel subgroup $B\supset T$ such $t1\iota_{\epsilon 1t}^{\tau}$

$Lie(G)=g,$ $Lie(T)=\mathfrak{h},$ $alldLie(B)=b.$ Thell $t1\overline{\perp}e$ character group A $=Ho111(T^{t}, (_{J}^{1}L_{1})$

of $T$ lllay be $idel\perp tified$ with $\mathfrak{h}_{\mathbb{Z}}^{*}$ by taking the differential at the identity elelllent, i.e.. by
$tl\perp e$ lllap $\lambda\vdash-+d\lambda$ . $For$ each $i\in I$ and $\lambda\in\Lambda$ , we will write $\langle\lambda, \bigcap_{l}^{v}. \rangle=(d\lambda)(h_{i})$ , where
$o_{i}^{\vee}\in Ho111(GL_{1}, T)$ is $t1_{1}e$ coroot of $0_{i}\in\Lambda$ . Let $\Lambda_{+}=$ { $\lambda\in\Lambda|\langle\lambda,$ $0_{i}^{\vee}\rangle\geq 0$ for all $l\in I$ }
be the set of $dolllinal\overline{l}t$ weights of A.

There $eX\dot{1}$st,s an a utolllorl of $(_{7}^{\tau}$ whose $diH^{\cdoterelltl}$ a 1 $ci’|$ the identitv eleltJel]l, $co\dot{l}1lcjdes$

with the $diag\iota\cdot alllautc\rangle$ $111(1^{\backslash }phi,s111\omega$ of $g$ . By abuse of $notat_{ciol}1$ , we will denote still by $\omega$

$t_{|hisauto111O1’}1^{Jhis111}$ of $Gal\perp d$ by $\langle\omega\rangle$ tlle cyclic $subgrou1^{J}$ (of order 1V) of $Aut(G)$ generated
$b.v$ the $\omega$ . Whenever there can be alllbiguity, we will write $d\omega$ for the autolllorlJhislll
of $g$ . Recall also that $t1_{1}e$ Weyl group $W\subset GL(\mathfrak{h}^{*})$ lllay be iolentifiecl with $\perp/V_{G}(T)/T$ ,

$1V_{G}(T)$ the llorlllalizer of $T$ ill $G$ . Each $\iota n\in W^{\omega}$ lifts to an elelllent of $N_{G}(T)$ fixed by
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$\omega\in Aut(G)$ , which will be denoted by $\iota i$). We will also denote the induced action of $\omega$ on
A by the sallle letter $\omega,$ ancl set $\Lambda^{t\nu}=$ { $\lambda\in$ A $|\omega\cdot\lambda=\lambda$ }, $\Lambda_{+}^{\omega}=\Lambda^{\omega}\cap\Lambda_{+}.$ Note that,
$\iota\iota nder$ the identification A $\simeq \mathfrak{h}_{\mathbb{Z}}^{*}\subset \mathfrak{h}^{*}$ , this $a\cdot ction$ of $\omega$ on A coincides with the restriction
of $((d\omega)^{-1})^{*}=((d\omega)^{*})^{-1}$ to $\mathfrak{h}_{\mathbb{Z}}^{*}$ .

By a (’ $\langle\omega\rangle- 11ltd\iota\iota leM$ , we will always lllean a hnite-dilllellsional rational G-lllt)(lule

that admits a $\mathbb{C}- linea,r\langle\omega\rangle$-action such that

$\omega\cdot(gm)=\omega(g)(\omega\cdot m)$ for all $g\in G,$ $\uparrow??\in M$ .

$Regal\cdot ding$ the sellli-direct product) $C\tau\lambda\langle\omega\rangle$ of $G$ and $\langle\omega\rangle$ as a linear algebraic group, this
is the sallle as a finite-dilllensional rational $G^{1}\lambda\langle\omega\rangle- lnod\iota\iota le$ . Likewise for $B\lambda\langle\omega\rangle-$ and
$T\lambda\langle\omega\rangle- 11loclules$ . $I_{y}et\mathbb{C}[\Lambda^{t\nu}]$ be the group algebra over $\mathbb{C}$ of $\Lambda^{\omega}$ with basis $\epsilon(\lambda),$ $\lambda\in\Lambda^{\iota\nu}$ .
Let $M$ be a $T\lambda\langle\omega\rangle-11lodule$ , and let

$M= \prod_{\lambda\in\Lambda}1|/I_{J}\backslash$
with $l1I_{\lambda}=$ { $?ll\in l\mathcal{V}I|t$ $ni=\lambda(t)rr\iota$ for all $t\in T$ }

be the weight space $d_{eCO111}position$ with respect to $T$ . Now we define the twining character
$ch^{\omega}(M)$ of $M$ to be

$ch^{\omega}(\Lambda l)=\sum_{\backslash \prime\in\Lambda^{A}}T_{1}\cdot(\omega|_{M_{\lambda}})\epsilon(\lambda)\in \mathbb{C}[\Lambda^{\omega}]$
.

$R\epsilon l??a1^{\tau}k1_{-}./,.1$ . It easily follows that for eacl] $t\in I^{1}$ ,

Tr
$((t. \omega) ; 1\uparrow l)=\sum_{\backslash \prime\in\Lambda^{r}}Tr(_{L}\cdot,|_{M_{\lambda}})\lambda(t)\in \mathbb{C}$

since $\omega\cdot ltl_{\lambda}=M_{\omega\langle,\backslash )}$ for $\lambda\in\Lambda$ .

1. $\cdot$5. An important exanuple. Let $\lambda\in\Lambda_{+}^{\omega}a,ndL(\lambda)$ the $si_{111ple}$ rational G-module
of highest weight $\lambda$ . We can lllake $L(\lambda)$ into a $G\lambda$ $\langle\omega\rangle$ -llltdule as follows. Let $t’,\backslash$ be a
( $nonzel\cdot()1_{1}$ ighest weight vector of $L(\lambda)$ . If $\mathfrak{U}(g)$ is tlle $tlnivet\cdot salel11’\cdot e1_{t)}1$) $ingalgeb\iota\cdot a$ of $g$ ,
$t_{(}]lere$ is an is( $111O1^{\cdot}1^{jhisn1}$ of $\mathfrak{U}(’g)-111od\iota\iota 1es$

$\mathfrak{U}(g)/\sim\lrcorner(\lambda)\simeq L(\lambda)$ via $A^{\cdot}-\neq x\iota$ )
$\lambda$ ,

wluere $J(\sim\lambda)$ is the left ideal of $U(g)$ given by

$J(\sim\lambda)=\sum_{i\in I}(\mathfrak{U}(g)e_{i}+\mathfrak{U}(g)(/?_{i}-\langle\lambda,o_{j}^{\vee}l\rangle)+\mathfrak{U}(g).f_{i}^{\langle\backslash _{1,t,}\rangle+1}.,.)\vee$ .

Since $\lambda\in\Lambda^{\omega}$ , the left ideal $\tau J(\sim\lambda)$ of $U(g)$ is $\omega$-invariant, i.e., $d\omega$ -invariant. and hence $L(\lambda)$

acllllits a $stl\cdot uct\iota 11^{\cdot}e$ of $\langle\omega\rangle- 111od\iota\iota 1es$ uch that

$\omega\cdot(x\cdot\iota_{\lambda},’)=((cl\omega)(a\cdot))\iota\rangle\lambda$ for all. $\iota\cdot\in \mathfrak{U}(g)$ .

52



TWINING CHARACTER FORMULA FOR DEMAZURE MODULES 9

Therefore, the $L(\lambda)$ a $dll\dot{u}ts$ a $structul\cdot e$ of $G\lambda$
$\langle\omega\rangle$ -lllodule such that $\omega\cdot v_{\nearrow\backslash }=t\prime_{\lambda}$ . Note

that a $C_{7}’\lambda$
$\langle\omega\rangle$ -lnodule structure on $L(\lambda)$ such that $\omega\cdot\iota$ ) $\lambda=t$ )

$,\backslash$ is unique since $L(\lambda)$ is a
$cyc\cdot licG$-module generated by $\iota$ )

$\lambda$ .

$()nt1_{1eotller}$ hand, for $eac1_{1}l\in I\wedge$, we have $(P_{\omega}^{*})^{-1}(\lambda)(/z_{i})\wedge=\lambda(/x_{i})$ . Hence $\wedge\lambda=$

$(P_{\omega}^{*})^{-1}(\lambda)\in\wedge \mathfrak{h}^{*}$ is dolllinal\perp t integral. If $\hat{L}(\lambda)\wedge$ is the $si_{111pleg}_{-111od}\wedge ule$ of highest weight $\wedge\lambda$ ,
we kllow $t_{0}hat$

(1.5.1) $ch^{\omega}(L(\lambda))=P_{\omega}^{*}(chL(\lambda))\wedge\wedge$ .

where $P_{\omega}^{*}$ on the right-hand side is a $\mathbb{C}$-algebra $isolllorphislll\mathbb{C}[f)_{\mathbb{Z}_{A}}^{*}]arrow^{\sim}\mathbb{C}[(\mathfrak{h}_{\mathbb{Z}}^{*})^{U}]\wedge$ defined by

$P_{\omega}^{*}(e(\mu)\wedge)=\epsilon(P_{\omega}^{*}(\mu)\wedge)$ for $\mu\wedge\in\wedge \mathfrak{h}_{\mathbb{Z}}^{*}$ .

Assullle now tllat $J=I_{i}=\{\omega^{k}(;)|0\leq k\leq fV_{j}-1\}\subset I,$ $i\in I\wedge$, and let $P_{J}$ be the
standard parabolic snbgroup of $G$ associated to.J. Let $1J\in\Lambda^{\omega}$ with $\langle l/, \alpha_{i}^{\vee}\rangle\geq 0$ (hence
$\langle l/, CY^{\vee},\cdot\rangle\geq 0$ for all $j\in.1$ ). If $L_{J}(l/)$ is the silllple rational $P_{J}$ -lllodule of highest weight
$\mathfrak{l}J,$ then it relllains silnple as a ratiollal lllodule over the Levi factor $L_{J}$ of $P_{J}$ with the
unipotent $I^{\backslash }adic’d1[_{f}^{\tau_{J}}$ of $P$, acting trivially. $\backslash Ve$ call lllake $L_{J}(l/)$ illto a $P_{J}\lambda$ $\langle\omega\rangle$ -lllodule
in the sa,lne way as $L(\lambda)$ above.

Tlle following lelllllla is a first (but ilnportant) step towards our lllaill result (Theorelll
$0.\perp)$ .

LEMMA 1.5.1. $\nu V\dot{\iota}thth\epsilon$ $notc\iota tion$ $a\uparrow\iota da_{--}.\backslash ^{\neg\neg}.\backslash$ umption as $abo\iota$ ) $\xi$ . $\iota vehc\iota$ { $)t$ in $\mathbb{C}[\Lambda^{\omega}]$ .

$clu^{\omega}(L_{J}(l/))=\hat{D}_{i}(\epsilon(lJ))$ .

2. PROOF OF THE MAIN RESULT.

Since the proof of our lllain result is so silnple and clear lllodulo sollle algebro-
geollletric $argulllents$ , we give a (tdetailed $0\iota ltlille$

” of it ill this section. Fix $w\in W^{\omega}$

and let $arrow\lambda^{f}(\mu))$ be the associated Schubert variety over $\mathbb{C}$ . $i.e.$ , the Zariski (losure of the
$Bl\cdot tthatce]\rfloor B_{\ell}i)B/B$ ill the $f\rfloor ag$ variety $G/B$ . $F^{\urcorner}o1^{\cdot}$ a $B\lambda$ $\langle\omega\rangle$-lllodule $M_{/}$. the $\omega- E\iota ler$

characteristic $\backslash _{l}^{\omega_{1}},(M)$ is defined to be

$c_{\iota 1}^{\cup)},(M)=.\cdot\sum_{/\geq 0}(-1)^{j}ch^{\omega}(H^{J}(X(w)’.\mathcal{L}_{X(11’)(M)))}\in \mathbb{C}[\Lambda^{\omega}]$
.

Here recall that, since $M$ is a $B\rangle\triangleleft\langle\omega\rangle-11lodule,$ $tlleO_{X(w)}-111odule\mathcal{L}x(\}1^{f})(M)$ associa,ted

to $M$ is a $(B, \langle\omega\rangle)$-equivariant ( $=$. $B\rangle\triangleleft\langle\omega\rangle$-equivariant) shea,$f$ , and hence $tlTe$ coholllology
groups $H^{J}(X(w), \mathcal{L}x(t\iota 1)(M)),$ $j\geq 0$ , are $B\lambda\langle\omega\rangle$ -modules.
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Let $w=u$) $i_{1?1}\ldots t^{7},\cdot$ be a reduced expression of $\mu$) $\in W^{\mu/}$ in the $(_{-}^{-\{}oxc^{y}tersyst,elll$

( $W^{\omega}$ , {to $i|$ $;\in I\}$ )
$\wedge$

. i.e.. $(^{f’}\wedge(t))=7?$ . Nofe that we have $(’(t1))=(/(\iota l)i_{1})+\cdots+\parallel(w_{i_{n}})$ .

We want to $(\dot{3}11owt1_{1d}C$

$\iota_{1U}^{\omega}(M)=\hat{D}_{l_{1}}\cdots\hat{D},_{7l}\cdot(c1_{1^{\omega}}(11l))$ ,

where $\hat{D}_{/}.\cdot$ [or) $=,$ 1, $\ldots,$
$l_{?i}i^{c^{1}}‘$

’ the $\omega$-Dclllazure operator defilled ill.\S 1.3. In particular, we
will obtain a twining $ctlal\cdot actcr$ forlllula of the $De111’dzul\cdot el1\iota oc1n1eH^{U}(X(t()), \mathcal{L}_{X(\downarrow\iota’)}(\mathbb{C}_{\lambda}))$

$fo1^{\cdot}$ A $\in\Lambda_{+}^{\omega}.$ wllere $\mathbb{C}_{\backslash }$

, is $t,1_{1}e$ one-dilllensional $B\rangle\triangleleft\langle\omega\rangle-11lod\iota le$ on $w\prime lTichB$ acts by the
weight $\lambda$ throllgll the ([$uotient_{t}Barrow T$ alld $\langle\omega\rangle$ trivially.

2.1. Formula for $t1_{1}e\omega$-Euler cluaracteristics. Set $\hat{D}_{1},,$ $=\hat{D}_{i_{1}}\cdots\hat{D}_{j_{n}}.$ Thell we are
to show

(2.1.1) $\backslash _{\iota\iota^{f}}^{u/}(M)=\hat{D}_{\tau\iota},(ch^{\omega}(M))$ .

Let us firs\dagger lllake sollle $1^{\backslash }educt|o1ls.$ Since both sides of (2.1.1) are additive in $M$ , we lllay

assullle that $M$ is one-dilllensional of weight $\mu\in\Lambda^{\omega}$ on which $\omega$ is $a,cting$ by a scalar $(^{k}$

$fo1^{\cdot}$ a prilllitive $lV$-th $root_{}$ of $unit,.,\backslash ^{r}\tilde{(}$ in $\mathbb{C}$ and $k\in \mathbb{Z}$ . We $wi\lfloor$ ] denote stlch $M$ by $\mathbb{C}_{\mu.A}.$ .
$Th\iota s$ we are $1^{\backslash }ec11_{-}1cec1$ to showing that

$\backslash _{1(;}^{\omega}(\mathbb{C}_{l}‘.\wedge)=\hat{D}_{t11}(c1_{1^{\omega}}(\mathbb{C}_{\mu}.k))$ .

$\iota v1l$ ere $ch^{\omega}(\mathbb{C}_{l},.\int\sim)=\zeta^{A}\epsilon(\}1)$ .

$Ptlt_{l}$ for silllplicity $\sim-/=t\{" j_{j},$
$1\leq$ ) $\leq??$ . We $11d$ve all isolnorpllislll of $B\lambda\langle\omega\rangle$ -lnodules

(2. 1.2) $H^{\cdot}(X(tl)),$ $\mathcal{L}_{X()(\mathbb{C}_{\ell l.A}))}\}(f..\simeq H^{\cdot}(X(_{\sim 1}^{\sim}\ldots..\sim_{\iota}\sim,).\mathcal{L}_{X(\sim\sim\ldots..-?)}(1-1\mathbb{C}_{\mu.A}.))$.

allcl for $eacll\underline{.\sigma}$ with $1\leq L^{\backslash }\leq 71-1$ , a $B\lambda\langle\omega\rangle$ -equivariant spectral sequence

(2. 1.:;) $H’.(\wedge\backslash ^{\nearrow}, \mathcal{L}(H’.(X(_{\sim s+1r}\wedge’\ldots. .n\sim\sim\prime i).1\mathcal{L}(\mathbb{C}_{g1.A}.))))\Rightarrow H^{l+./}.(X(_{\sim s}^{\sim}\ldots.’.\sim_{l\iota}\sim), \mathcal{L}(\mathbb{C}_{\mu.A}.))$.

$I- Iel\cdot eX$ ( $\ldots$ . $,$ \sim t-) for 1 $\leq.\underline{\sigma}\leq t\leq$ }} is the $so- C’d|1c^{\backslash }d$ Bott-Salllelson variety, and
$\angle_{X(\approx\backslash }’.\ldots..-_{f}.)(\mathbb{C}_{\mu.A}.)$ is the shea, $f$ of $\mathcal{O}_{X(}$ -...... $\approx;)^{-111odules}$ associ,a ted $t,0$ the $B\lambda\langle\omega\rangle-11lodule\mathbb{C}_{\mu.k}$ .
$Not_{\mathcal{T}}e$ that, sillce $z_{s},$

$\ldots.,$
$\sim- t\in W^{\omega}$ alld their rigllt coset $reI$) $reselltatives\sim s\sim,$ $\ldots.\sim f\sim\in A^{/V_{(_{\mathcal{J}^{-}}}(T)}$‘

are hxed by $\omega\in$ Ant $(G)$ , the Bott-Salllelson variety $X(_{\sim s_{t}}\wedge\cdot\ldots. , \sim t\sim)$ is all $\langle\omega\rangle$ -invariant $s1\iota\dagger$) $-$

variety of $(G/B)^{t-s+1}$ . (The proofs of (2.1.‘2) $aljd(2.1.3)$ are not so difficult, but $1^{\cdot}atller$

long. $Fo1^{\cdot}c|etails$ . see our preprint on Naito’s hollle page.)

$Rt$” $?la’\cdot k\sim(J.1.1$ . $Thel\cdot eal\cdot es^{t}e\backslash r$eral equivalent (or inequiva,lent) clefillitiolls of a $Bott- S^{r}\mathfrak{l}d$ lllelson
$_{(}’\{1^{\cdot}ietv$ , but in $tlle$ talk, we stick to that of [Ja]:

$X(_{t}./1, \ldots, ./L_{1},)=$ { $(g_{1}B,$ $\ldots\urcorner g_{\iota},B)\in(G/B)^{f\iota}|g_{i-1}^{-1}g_{j}\in\overline{Btj_{j}B}$ $f_{()1}$. all $l.$ }

for $y_{1},$ $\ldots,$
$.t/_{1},\in\nu V$ . $If.J_{lfo}1^{\cdot}1\leq l\leq?l|s$ a subset of $I$ $a,ncl\sim\sim,,$ is the lollgest $elelllent$ of

the $s\iota\iota bg1^{\backslash }oup\nu V,f=\langle\uparrow\wedge\cdot|k\in.I_{i}\rangle$ of the Weyl group $\nu V,$ thel] the Bott-Salllelson $variet_{c}y$
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$X(Z_{J_{12}}\ldots , z_{J_{\})}})$ is slllootll. Moreover, if we asstlllle tllat $(^{)}(z_{J_{1}\sim J_{\eta}}\ldots\sim)=l^{/}(z_{J_{1}})+\cdots+(_{d}/(_{\sim J_{n}}^{\sim})$ ,

t,hen the restrict ioll $\phi$ of the n-th projectioll $\pi_{fL}$ : $(G/B)^{\prime\}}arrow G/B$ to the $Bot_{J}t$-Salllelsoll
variety $X(z’ 1’\ldots, Z_{J_{\}?}})\subset(G/B\backslash )^{1)}$ gives a Delllazure-Hansen $desi_{l1}gularization$

$c_{\mathfrak{l}^{\prime):}}’.X(_{\sim J_{1}}^{\sim}\ldots..\sim J’\sim,|)arrow X(\vee\sim J_{1}\ldots z_{J_{)1}}.)$

of the Schubert variety $X(_{\sim J_{1}}^{\sim}\cdots\sim\sim,,7)$ . Note tllat $t1\overline{\perp}e\phi$ induces an is( $111O1^{\cdot}1^{Jhisll1}$ of suit able

open and dense $s_{\backslash }^{t}ubva\iota$ ieties.

Now it follows that

$\iota_{w}^{\omega}(\mathbb{C}_{\mu.k})=,\cdot\sum_{\geq 0}(-J)’.\cdot c1_{1^{\omega}}(H^{j}(X(_{\overline{L}l}, \ldots, \sim_{7)}\sim’),$

$\mathcal{L}_{X(_{\sim}\ldots..\simeq)(\mathbb{C}_{\mu.A})))}-l\}1$ $b_{V}.(.2.1.2)$

$=, \cdot\sum_{\geq U}(-1)^{j}(\sum_{i\underline{>}U}(-1)^{i}ch^{arrow/}(H^{l} (X(_{\sim 1}^{\sim}), L(H^{j}(X(z_{2}, \ldots . z_{\iota},), \mathcal{L}(\mathbb{C}_{\mu.A}))))))$ by (2.1.3)

$=, \cdot\sum_{\underline{>}0}(-1)’\iota_{\approx}^{\omega_{1}}(H’.(X(_{\sim 2}’, \ldots, \sim_{f)}\sim),$

$\mathcal{L}_{X(-.-)(\mathbb{C}_{\mu.k})),)}\rangle\ldots..-?1^{\cdot}$

By induction on $n$ , we lnay assullle that $w=n$ )
$l$

. for sollle
$i\in I\wedge$ in proving $(2.\rfloor.1)$ . So put

$J=I_{l}$. and let $P=P_{J}$ be $tl\tau e$ standard parabolic subgroup of $G$
’ associated to.$J$ . We are

to show

(2.1.4) $\backslash _{1U,}^{\mu\prime}(\mathbb{C}_{l^{l.h}}.)=\hat{D},\cdot(\zeta^{A}e(\mu))$ .

Assullle first that $\langle\mu, 0_{i}^{\vee}\rangle\geq 0$ (alld hence that, $\langle\oint^{f_{}cv_{A}^{\vee}\rangle},..\geq 0$ for all $k\in.7$ ) . $Le\uparrow\lrcorner L_{J}(\mu)$

be the $si_{ll1}ple$ rational $P_{J}$-nlodule of highest weight $\mu$ adlnitting an $\langle\omega\rangle- act_{cion}$ as $ilT$ \S \rfloor .5,

alld let $(^{A}$ be the one-dilllellsi $o$llal trivial $P_{J}-111odule$ with $\omega$ acting by the scalar $t^{\succ k}$

LEMMA 2.1.2. Let th ( notation $c\iota\uparrow ld$ as.s $umptior\iota$ be $c\iota s$ abovt. Th $(?ltorhr\iota\iota)etfi\epsilon.f(j/fo\iota ving$

$\dot{l}_{-}.\backslash ^{\neg}omo7^{\cdot}phl...sm\tau 0.fP_{J}\lambda\langle\omega\rangle- modul\epsilon_{--}.\backslash ^{\neg}$ .

$H^{U}(P_{J}./B,$ $\mathcal{L}_{P_{J}/B(\mathbb{C}_{\mu.A}))\simeq L_{J}(\mu)\underline{\triangleright’}0_{\mathbb{C}\dot{t}^{A}}}^{\cdot}$

(This lelllllla is, in a sense, $cl\cdot ucial$ to the proof of our $1ljain$ result. $Althougl_{1}$ no one

doubts the truth of this leIllllla, its collll proof would be ratller long.)
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12 NAITO AND KANEDA

Now we deduce tha,t

$’\backslash _{1Uj}^{\omega}(\mathbb{C}_{\mu.k})=ch^{\omega}(H^{U}(P/B, \mathcal{L}_{P/B}(\mathbb{C}_{\mu.k})))$ by Kelllpf
$\cdot$

s va,nishing $theo1^{\cdot}elll$

$=ch^{LU}(L_{J}(\mu)-m_{\mathbb{C}}(^{k})$ by Lelllllla 2.1.2
$=(^{k}ch^{\omega}(L_{J}(\mu))$

$=\dot{t}^{A^{\sim}}\hat{D}_{i}(\epsilon(\mu))$ by Lelllllla 1.5.1
$=\hat{D}_{i}(\zeta^{-A}.6(l^{l}))$ .

If ( $\mu,$
$0_{t}^{\vee}\rangle=-1$ (alld hence $\langle\mu,$ $\alpha_{A}^{\vee}.\rangle=-1fo1^{\backslash }$ all $k\in J$ ), then $\}$) $oth$ sides of (2.1.4)

vanish.

Assullle finally that, $\langle\mu, \alpha_{\dot{\iota}}^{\vee}\rangle\leq-2$ ( $a,nd$ hence $tha,t\langle\mu,$ $\alpha_{A}^{\sqrt{}}.\rangle\leq-2$ for a,ll $k\in J$ ). Set
$\rho_{J}=\frac{1}{2}\sum_{(J\in\Delta_{J}^{+}}\alpha$ with $\Delta_{J}^{+}/=\triangle+\cap\sum_{A\cdot\in J}\mathbb{Z}\alpha_{k}t_{\mathfrak{l}}he$ positive root systelll of $P_{J}$ . By direct
checking, using the $T\lambda\langle\omega\rangle-11lod\iota le$ isolnorphislll $($ Lie $(P)/Lie(B))^{*}\simeq\oplus_{(\}\in\triangle_{J}^{+}}\mathbb{C}.f_{cv}$ , we see
that as $Bx\langle\omega\rangle- nlodules$ ,

$\bigwedge_{11_{\vee}^{\backslash }}^{‘’t\prime},11^{f)}($ Lie $(P)/Lie(B))^{*}\simeq \mathbb{C}_{-2)}/J^{U}.(^{\backslash }-’-?_{t(^{1},\veearrow}(-1)^{(\iota 11,)-1}‘)$ ,

where ($-/(\iota v_{i})=di_{l1}u(P/B)$ and $(-1)^{\ell t^{1(l},)-\perp}$ is the one-dinlensiona,l $B\lambda$ $\langle\omega\rangle$ -lllOdule with
$B$ acting $tri\vee ially$ and $\omega$ by the scalar $(-1)^{\ell(\iota u_{\dot{l}})-1}.$ Then the $B\lambda\langle\omega\rangle$ -equivariant Serre
duality reads

(2.1.5)

$H’.\cdot(P/B, \mathcal{L}_{P/B}(\mathbb{C}_{\mu.A}))^{*}\simeq H^{\iota’\langle_{tt^{f}},)-i}(P/B, \mathcal{L}_{P/B}(\mathbb{C}_{-k^{1-2\rho r\cdot-A}}C_{\backslash }^{x}-)_{(1_{arrow}^{t}}(\wedge-1)^{(\iota\iota;)-1}‘’))$

’

$\simeq\{$

$H^{U}(P/B_{J}.\mathcal{L}_{P/B}(\mathbb{C}_{-\mu-2\rho’.-k}))C_{-}^{X}3_{\mathbb{C}}(-1)^{(’(\}\iota 1)-1}$’ $if_{J}$

.
$=(/(\iota\downarrow)i).7$

$0$ otherwise (by Kelllpf).

(The use above of the $B\lambda\langle\omega\rangle$ -equivariant Serre duality is the lnost essentia,l part of the
proof of our lllaill result.)

$Rr$ marA$\cdot$ $‘ 2.1.,‘ 3$ . Put $X=P/B$ dlld $\gamma\gamma$ } $=dillL^{\prime\tau}(-,X$ . Let $/1\Lambda$ be a $(B, \langle\omega\rangle)$-equivariant $O_{X^{-}}$

lllodule that is $locall.\backslash \gamma$ free of finite $1^{\cdot}ank$ over $O_{X}$ . The $B\lambda\langle\omega\rangle- ecluivari\prime d11t_{r}$ Serre $dualitv\backslash J$

(see our preprint on Naito’ $s$ hollle page) $a,ssert_{}s$ that, as $B\lambda\langle\omega\rangle$ -modules,

$H^{i}(X./\vee 1^{\vee}C_{-}.Jx\Omega_{\acute{\acute{x}}^{\iota}})\simeq H^{\prime\prime\iota-i}(X. \mathcal{M})^{*}$ for all $0\leq i\leq\gamma\eta$ ,

where $\mathcal{M}^{\vee}=\mathcal{H}om_{X}(/\vee l, O_{X})$ is the dual sheaf of $\mathcal{M},$ $\Omega_{\chi^{i}}^{r1}=\bigwedge_{x^{\iota}}^{\prime 1}\Omega_{X}^{1}$ is $t_{}he$ ca,nonical

sheaf on $X$ , a,nd $H^{r\iota-i}’(X, \mathcal{M})^{*}$ is the dual $B\lambda$ $\langle\omega\rangle$ -lllodule of $H^{\gamma)\iota-i}(X, /14)$ . This Serre
duality will be a consequence of the triviality of the $B\lambda\langle\omega\rangle$ -action on the one-dilllensi $\langle$ $)$nal
vector space $H^{l\}\iota}(X, 1t_{\lambda}^{7\}l},)$ . Since the triviality of the $B$-action on it is known, it relllains
to show the trivia, $1it_{c_{d}v}$ of the $\langle\omega\rangle$ -action. There are llla,n.v ways to show it. but the way
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we take here is (we think) purely algebro-geometric and elelllentary: first take a $P\lambda\langle\omega\rangle-$

equivaria,nt closed illllllersion ?: $Xarrow \mathbb{P}=\mathbb{P}(L(\lambda))$ for sufficiently dolninant $\lambda\in\Lambda_{+}^{\omega};$ then
use the fact that the full autolllorphislll group $PGL(L(\lambda))$ of $\mathbb{P}(L(\lambda))$ acts trivially on the
one-dilllensional vector space $H^{l}(\mathbb{P}, f]_{JP^{\backslash }}^{l})$ with $l=di111_{\mathfrak{l}\overline{|}^{\tau},\vee}\mathbb{P},$ where (thougll not so $tri\lambda^{f}\cdot ia1$ )

$H^{l}(\mathbb{P}, tt_{\mathbb{P}}^{l})\simeq H^{7\}l}(\mathbb{P}, t_{*}\zeta 1_{\acute{X}}^{J\iota})\simeq R^{\prime\prime\iota}(X, \zeta\}_{X}^{71\}})$

a,s $P\lambda\langle\omega\rangle-11lodules$ .

The $p1^{\backslash }tof$ of the following lellllna is easy.

LEMMA 2.1.4. $L\epsilon tJbc$ an $\omega- rnvariant.-\backslash -ub.\backslash \epsilon t$ of I. $L1IJthrlong\epsilon.\overline{s}t\epsilon lcmenf$ of th, $eW\xi\iota/l$

group $\nu V_{J}$ of $P_{J}$ . $a\uparrow?d1c.\cdot$ \dagger $lJ\in\Lambda^{\omega}$ bcuch that $\langle lJ, O_{A}^{J^{\vee}}.\rangle\geq 0$ for all $k\in.J$ . Th en $\iota ve$ have $th\epsilon$

$fcJflo$zving isomorph ism of $P_{J}\lambda\langle\omega\rangle- moduf\epsilon.\backslash$ .

$L_{J}(\nu)^{*}\simeq L_{J}(-w_{J}(\iota/))$ .

The isolllorphisIIl (2.1. $\cdot$5) together with Lelllnlas 2.1.2 and 2.1.4 $i_{111}plies$ that, as $B\lambda$

$\langle\omega\rangle-lnodules$ ,

(2.1.6) $H^{(to,)}/)(P/B, \mathcal{L}_{P/B}(\mathbb{C}_{\ell’.A}))\simeq(L_{J}(-\mu-2\rho_{J})^{*}\triangleright-)\mathbb{C}\zeta^{A})(^{\backslash }.\overline{.}\#_{t}c(-1)^{(1\iota_{l})-1}‘)$

,

$\simeq L_{J}(u)_{1}\cdot(\mu+2\rho_{J}))(\backslash -J_{1C}\zeta^{\Lambda}\mathfrak{t}^{x}-3_{\mathbb{C}}(-1)^{l’(\{\iota^{f})-1}i$

Then, setting $\mu\wedge=(P_{\omega}^{*})^{-1}(\mu)$ ,

$\iota_{\iota A1,}^{\omega}(\mathbb{C}_{l},.h\cdot)=(-1)^{\ell(w_{l})}$ ch $\omega(L_{J}(n)i(\mu+2\rho_{J}))(\overline{-}R_{(C^{\tau}}t^{-k}(_{\backslash }^{-},\wedge)\mathbb{C}(-1)^{\ell^{1}((11,)-1})$ by (2.1.6)

$=-\zeta^{A}t’ h^{\omega}(L_{J}(u)i(\mu+2_{(^{j}J})))$

$=-\zeta^{A}\hat{D}_{j}(e(\mu)i(\mu+2(J/)))$ by Lclmlla 1.5.1

$=-\zeta^{A}(P_{\omega}^{*}oD_{r}\wedge,$ $\circ(P_{\omega}^{*})^{-1})(e(w_{i}(\mu+2\rho_{J})))$

$=-\zeta^{A}(P_{\omega}^{*}oD_{r}\wedge,)(e(?_{l}(\wedge.\mu\wedge+0_{i})\wedge))$ since $(P_{\omega}^{*})^{-1}(2\rho_{J})=0_{j}\wedge$
.

$=-\zeta^{k}P_{\omega}^{*}(-D_{\Gamma}\wedge, (e(\mu)\wedge))$

$=(^{\sim k}(\hat{D}_{i}oP_{\omega}^{*})(e(\mu)\wedge)$

$=t^{\succ k}\hat{D}_{i}(e(\mu))$

$=\hat{D}_{j}(\zeta^{k}\epsilon(\mu))$ .

Thus in all cases (2.1.4) holds, and we are done.

lf $\lambda\in\Lambda_{+}^{\omega},$ then for $d_{}ny$ Schubert, variet.v $X(tlJ)$ ,

$H’(\wedge Y(n)),$ $\mathcal{L}_{X(\iota u)(\lambda))}=0$ for all $j\geq 1$
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by the Delllazure vallishillg $the\iota$) $relll$ of $Andel\cdot sen$ et al. $Henc^{\backslash },e$ we hdve $1^{J1^{\backslash }ove\zeta 1}$

THEOREM 2.1.5. Let $Mb\epsilon a.fi\uparrow\iota it\epsilon- dime\uparrow l\cdot\backslash ^{\neg}io\uparrow lafr\cdot ationalB\lambda\langle\omega\rangle- modul\epsilon$ and $w\in W^{\omega}$ .
Thcn $\iota veh,at^{f}t$ ’ $tt\mathbb{C}[\Lambda_{\omega}]$ .

$\backslash _{1(/}^{\omega}(M)=,\sum_{\geq U}(-1)^{J}ch^{\omega}(H’.\cdot(X(tl)).\mathcal{L}_{X(_{l\{l})(M)))=\hat{D}_{ pl}(ch^{\omega}(M))}$ ,

$\{p)hc’.f\perp 7_{t\prime}\wedge,=\Gamma J_{1},\cdot\hat{D}_{l}\cdots\hat{D}_{l,1}\wedge 2^{\cdot}.f_{\dot{O}l^{\backslash }}a\uparrow\}.|/’\cdot\prime duc’..d\rho.\iota\cdot p\uparrow.\xi.\backslash .-\backslash \cdot lO\prime l\mu)=1l)\cdot u_{l\underline{)}})\cdots ul_{1}\prime_{l_{)1}}.0.f\cdot w\in W^{\omega}l?l$

$lhe$ ( $\cdot.\cdot’(\nu \mathfrak{s}_{/}^{\gamma}\omega,$ $\{tl_{j}^{)}|l\in I\}\wedge)$ . $I\uparrow l$ particular. for $\lambda\in\Lambda_{+}^{\omega}$ . $\iota v\kappa ha\{$)’

$c_{J}h^{\omega}(H^{0}(arrow\lambda’(u)),$ $\mathcal{L}_{X(111)(\mathbb{C}_{\backslash })))},=\hat{D}_{\iota},,(\epsilon(\lambda))$ ,

$ll^{1},he7^{\tau}\epsilon \mathbb{C}_{\lambda}$ is $th\epsilon on\epsilon- dimen.-\backslash i\neg or\iota a/B\lambda\langle\omega\rangle$ -module on $tt\prime hic\cdot hB$ acts by $th\epsilon\iota\iota$) $\epsilon$ i.qht $\lambda$ thro u.qh
$th\epsilon q\iota\iota otie\uparrow ltBarrow T$ and $\omega tr\iota vially$ .

Theorelll 2.1. $\cdot$5 above reveals that $t,hel\cdot e$ exists a $striki_{1l}g$ relation between the $\omega$-Euler
$c1_{1\partial ra(}\cdot teris\{,i(\backslash _{l1}^{\omega}(\mathbb{C}_{\lambda})\in \mathbb{C}[(\mathfrak{h}_{\mathbb{Z}_{4}}^{*})^{U}]$ for $g$ and $tlleol\cdot dinal_{d}vF_{J}^{1}tllercharactel\cdot isti\langle$ for the orbit
Lie algebra $\wedge g$ . To state $t_{1}1\tau e$ relation, we need sollle $not_{d}t_{1}ion$ . Recall that $tlTe$ orbit
Lie $algebl\cdot ag\wedge$ is the dual $colll$]) $lexse1\iota 1i- si_{l1l}ple$ Lie algebra of the fixed point subalgebra
$g^{U}=\{_{c}\iota\cdot\in g|\omega(.\iota\cdot)=.\iota\cdot\}$ of $g$ . Let $C_{7}^{\wedge}$’ be a (onnected, simmply collnected $se111i- si_{111}ple$

linear algebraic group over $\mathbb{C}$ with lllaxillla,l torus $\hat{T}$ and Borel subgroup $\hat{B}\supset\hat{T}$ such that
$1_{\lrcorner}ie(\hat{G^{Y}})=g\wedge$. $Lie(7^{\wedge}\urcorner)=\mathfrak{h}\wedge,$ $d’11dLie(\hat{B})=\mathfrak{h}\wedge$ . For $\mu_{\grave{\prime}}\wedge\in\overline{\nu \mathfrak{s}^{\gamma}/}\simeq A^{/V_{\hat{G^{t}}}(\hat{T})/\hat{T}}$ . we $ta1^{r}\backslash e$ a right coset
$1^{\cdot}t^{1}p_{leSe11}tati\backslash \prime c^{1}tl’\wedge|\in 1V_{\hat{G}}‘(\hat{T})$ of $u$ )

$\wedge$

. and define tlle $Sch1_{-}1bert$ variety $A^{\wedge}\lambda^{\nearrow}(\downarrow\{))\wedge$ over $\mathbb{C}$ by

$-\hat{Y}(u))\wedge=\overline{\hat{B}^{\wedge}\mu)\hat{B}/\hat{B}}=\overline{\hat{B}_{\mu)}^{\wedge}\hat{B}}/\hat{B}\subset C_{7}^{\wedge}’/\hat{B}$ .

For each $\wedge\lambda\in\wedge \mathfrak{h}_{y}^{*}$ , we denote by $\mathcal{L}_{\hat{K}(\iota\iota;)}-\wedge(\mathbb{C}_{\backslash \prime}^{\wedge})t1_{1e}$ ( $1_{oC’d}11y$ free) $\hat{B}^{-e(1^{t1}}|variantshe^{r}df$ of $0_{\hat{\lambda}(_{11^{1}}^{\wedge})^{-}}$,

lllodules associated to the one-dilllensional $\hat{B}- 11lodule\mathbb{C}_{J}^{\wedge}\backslash on$ which $\hat{B}$ a,cts by the weight
$\wedge\lambda$ through the quotient $\hat{B}arrow\hat{T}$ .

$\wedge Now$ we are $read_{r.v}$ to $s\dagger$,ate the $follow|ng$

$C()R()L1IARY2.1.6$ . Let $\lambda\in(\mathfrak{h}_{\mathbb{Z}}^{*})^{U}$ and $n’\in_{-}W^{\omega}$ $M^{\gamma}c.sftL${ $)$
$\wedge=(-)^{-1}(n’)\in\overline{\nu V}$ $and\wedge\lambda=$

$(I_{\omega}^{2*})^{-1}(\lambda)\in\wedge \mathfrak{h}_{\mathbb{Z}}^{*}$ . Th $\xi’\uparrow m$ ) $\xi hatf\xi l\uparrow 1th\epsilon al_{t}q(bra\mathbb{C}[(\mathfrak{h}_{\mathbb{Z}}^{*})^{U}]$ .

$\backslash _{11f}^{LU}(\mathbb{C}_{\backslash },)=,\cdot\sum_{\geq U}(-1)’.ch^{\omega}$
(If ’

$(.\lambda’(tl’),$ $\mathcal{L}_{X(11^{1)(\mathbb{C}_{\backslash })))}}$,

$=P_{\omega}^{*}$ ( ,
$\cdot\sum_{\geq 0}(-1)’.\cdot$

ch $H^{j}(\hat{X}(tli)\wedge, \mathcal{L}_{\hat{X}(1^{\wedge}\iota l)}.(\Theta_{\backslash },\wedge))$ ),
$tl^{f}li\epsilon’\cdot c$ ch $H’.\cdot(\wedge^{\wedge}\lambda^{r}(t1J)\wedge.\mathcal{L}_{\hat{X}(1t))}\wedge(\prime \mathbb{C}_{\overline{\lambda}}))\in \mathbb{C}[\mathfrak{h}_{\underline{7/}}^{*}].f_{0\mathfrak{l})}\wedge..\cdot\in \mathbb{Z}_{\underline{>}U}$ $i.\backslash ^{\backslash }th\epsilon 0’\cdot d_{i},\iota a\uparrow..|/c\cdot/?,aractcrof\backslash \cdot$ the $\dot{)}$ -th
$c\cdot oh$ omology $\backslash q\uparrow\cdot o$ up $fi^{f}(\lrcorner\hat{Y}(\iota\iota))\wedge,$

$\mathcal{L},,\wedge,(\backslash (_{\mathfrak{l}\iota f}^{\wedge})\mathbb{C}_{\overline{\backslash \prime}}))of.\lambda^{\gamma}(\iota\iota))\wedge\wedge$ .
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(This $illlllledjatel.,v$ follows frolll $Theol\cdot elll2.1.5$ and the orclinary Delllazure character for-

lnula for $tlu$ ( orbit Lie algebra $\wedge g.$ )

2.2. $Josepll’ s$ modules. Let us finally $retul\cdot n$ to Joseph’ $s$ $111odule.J_{1t},(\lambda)$ . with $u$) $\in|/V^{\omega}$

and $\lambda\in$ A $\omega+\cdot$ Thus let $\iota)^{*}\lambda$ be a (nonzero) lowest weight vector of the dual lllodule $L(\lambda)^{*}$

( $whic_{J}1_{1}$ is the dual elelllent of a (nonzero) highest weight vector $\iota$ )
$\lambda$ of $L(\lambda))$ , and let

{ $\dot{v}\in 1V_{G}(T)^{\omega}$ representing } $v\in W^{\omega}$ . Since $v_{\lambda}^{*}$ is fixed $b.,v\omega$ , so is $\dot{\mu}$ ) $\iota)^{*}’\backslash \cdot$ .Joseph’s lllodule
$J_{t},,(\lambda)$ of highest weight $-n$) $(\lambda)$ in $L(\lambda)^{*}$ is defined to be

$\prime I_{1U}(\lambda)=\mathfrak{U}(b)(\iota ii\tau_{\lambda}^{)^{*}})\subset L(\lambda)^{*}$

$wllel\cdot eu(b)$ is the $|\iota niversal$ enveloping algebra of $b=Lie(B)$ . Note that, sillce $\omega\cdot(\dot{u})\iota)^{*},)\backslash =$

$\iota i)\iota_{\backslash })^{*},,$ $.]_{(})sepl1’ S$ lllodule $J_{111}(\lambda)_{1S^{1}}$ a $B\cross\langle\omega\rangle- sub_{111()dule}$ of $L(\lambda)^{*}Vl$loreover. $s\dot{l}nce\dot{u}$ ) $0\iota)^{*}\lambda$ is a

$(llonzero)$ highest weight vector of $L(\lambda)^{*}$ fixed by $\omega$ , there is an isolll$()rphislIl$ of $(_{arrow 7\lambda}^{v}\langle\omega\rangle-$

lllodules

(2.2.1) $L(\lambda)^{*}\simeq L(-u)U(\lambda))$ ,

which enables us to regard $.J_{1t},(\lambda)$ as a $B>\triangleleft\langle\omega\rangle$-submodule of $L(-w_{U}(\lambda))$ . Tlten we obtain

a short exact $sequel\perp ce$ of $B\lambda$ $\langle\omega\rangle$ -lllodules

$0\vdash.1_{I\iota)}(\lambda)^{*}arrow L(-t1)_{\cup}(\lambda))^{*}\vdash\prime 1_{1t’}(\lambda)^{\perp}\vdash 0$ .

with ,$J_{\iota\iota)}(\lambda)^{\perp}=\{\varphi’\in L(-w_{U}(\lambda))^{*}|\phi(.J_{1t)}(\lambda))=0\}$ . On the other hand, $I_{J}e111111a2.1.2$ for

tlue case $J=I$ colnbinecl with (2.2.1) yields an $iso111or1^{Jhi_{S111}}$ of $G’\lambda$ $\langle\omega\rangle$-lllodules

$H^{U}(G/B, L_{G/B}(\mathbb{C}_{\lambda}))\simeq L(-L1)(U\lambda))^{*}$

Since the restriction ]llap

$H^{U}((_{J}^{v}/B.\mathcal{L}_{G/B}‘(\mathbb{C},\backslash ))arrow H^{U}(X(t1)),$ $\mathcal{L}_{X(|(1)}(\mathbb{C},\backslash ))$

is known to be a ( $B\lambda\langle\omega\rangle$-equivaria $nt$ ) $su1^{\backslash }jectiol1$ , we obtaill an $i_{S()111()r}1^{Jhisl11}$ of $B\lambda\langle\omega\rangle-$

111$()dules$

$.I_{1(},(\lambda)^{*}\simeq H^{()}(X(\mu))_{7}\mathcal{L}_{X(\iota\iota^{f})}(\mathbb{C}_{\lambda}))$ .

or equivalentl.$v$

(2.2.2) $J_{w}(\lambda)\sim-H^{U}(X(w), \mathcal{L}_{X(\{(1)}(\mathbb{C}_{\lambda}))^{*}$

$lVe$ now define $d\mathbb{C}- linea\perp$ colljugatioll $-:\mathbb{C}[\Lambda^{\omega}]arrow \mathbb{C}[\Lambda^{\omega}]$ b.v

$\sum_{\mu\in\Lambda^{\omega}}a_{\mu}e(\mu)=\sum_{\mu\in\Lambda^{\omega}}a_{\mu}e(-\mu)$
with $a_{\mu}\in \mathbb{C}$ for $\mu\in\Lambda^{\omega}$

Then we obtain the following $t‘ heol\cdot elll$ frolll the $B*\langle\omega\rangle_{111()}-dulei_{S()111t)1}\cdot p1_{1}i_{Sl11}(2.2.2)$ .
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THEOREM 2.2.1. $L\epsilon t\lambda\in\Lambda_{+}^{\omega}ar\iota du$) $\in\nu V^{\iota v}$ . $Th\epsilon rl\iota v\epsilon’ hav\epsilon$ in $\mathbb{C}[\Lambda^{\omega}]j$

$ch^{\omega}(J_{w}(\lambda))=ch^{\omega}(H^{0}(X(uj), \mathcal{L}x(|Lf)(\mathbb{C}_{\lambda})))$ .

By colllbining Theorellls 2.1.5 $and2.2.1$ , we obtain the following

COROLLARY 2.2.2. $L\epsilon t\lambda\in\Lambda_{+}^{\omega}ar\iota d\iota\iota$) $\in W^{\omega}$ . $Th\not\in n\iota ve$ havc in $\mathbb{C}[\Lambda^{tA/}]$ .

$ch^{\omega}(.J_{lt},(\lambda))=\hat{D}_{l1},(\epsilon,(\lambda))$ .

$Fil\perp ally$ , by colllbining Corollary 2.1.6 and Tlleorelll ‘2.2.1, we obtain a relllarkable
$1^{\cdot}elation$ between tlle $t_{l}wining$ character $ch^{\omega}(.J_{1l},(\lambda))of.]oseph’ s$ lllodule $J_{1t},(\lambda)$ for $ga,nd$

the ordinary character of Joseph $\prime s$ lnodule for the orbit Lie $algebrag\wedge,$ which is the dual
$collll)lex$ selni-sinlple Lie algebra of $g^{0}.$ For each $u$)

$\wedge\in\overline{\nu V}$ , let
$.J_{\iota\iota}^{\sim(\lambda)=\mathfrak{U}(\mathfrak{d})(\iota tJt_{\backslash }^{)_{\wedge}})\subset\hat{L}(\lambda)^{*}}\wedge,\wedge\wedge\cdot\wedge\wedge\wedge*$

,

be.Joseph’s $111O$dule of highest weight $-\iota${
$)(\wedge^{\wedge}\lambda),$

$with\iota)_{\wedge}\approx’\backslash \in\hat{L}(\lambda)^{*}\wedge$ a lowest weight vector of
$\hat{L}(\lambda)^{*}\wedge$

COROLLARY 2.2.3. $L\epsilon t\lambda\in(\mathfrak{h}_{\mathbb{Z}}^{*})^{0}$ be dominant and $w\in W^{\omega}$ . $W\epsilon$ set $\iota v\wedge=\Theta^{-1}(w)\in\overline{W}$

$and\wedge\lambda=(P_{\omega}^{*})^{-1}(\lambda)\in\wedge \mathfrak{h}_{\mathbb{Z}}^{*}$ . Then $w\epsilon ha\iota\epsilon$ in $\mathbb{C}[(\mathfrak{h}_{\mathbb{Z}}^{*})^{U}]$ .

$ch^{\omega}(J_{w}(\lambda))=P_{\omega}^{*}(ch\hat{J}_{\hat{w}(\lambda)}\wedge(\lambda))\wedge$ .
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